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Foreword by S. Murakami

Our everyday life is supported by countless electronic products, built with silicon
complementary metal-oxide semiconductor (CMOS) technologies. Thanks to
efforts to achieve high integration, the transistor density at the minimum cost has
been doubling every two years — a trend known as Moore’s law, which has
continued for over half a century. Moore’s law has provided us with a roadmap for
semiconductor technology. Nevertheless, as the chip size becomes smaller, we
encounter many obstacles, such as the production of heat in the circuit in operation,
leakage current and difficulties in the fabrication process. A breakthrough for this
limit for silicon CMOS is being strongly sought. One possibility for a breakthrough
is to utilize internal degrees of freedom of electrons.

The degree of freedom we utilize for electronics is the charge. Meanwhile,
quantum mechanics tells us that the electrons are waves; they also have spin
degrees of freedom. This wave nature and spins offer us new possibilities to
provide each electron with internal degrees of freedom. Among them are
spintronics and graphene, both currently attracting considerable interest.
Spintronics is the field in electronics using the spin degrees of freedom of
electrons. Because the spins obey the profound rules of quantum mechanics, there
are various and non-trivial ways to manipulate electron spins, in comparison with
conventional electronics. These various possibilities of spin manipulation show
great promise.

Graphene is a single sheet of graphite, a common material. Nevertheless, the
electronic band structure of graphene is unique and is made from a cone-shaped
dispersion. This band structure endows electrons with internal degrees of freedom,
such as pseudospin and valley-spin. These internal degrees of freedom also serve
like electron spins, offering various possibilities for electron manipulation.
Spintronics and graphene physics have developed rapidly in recent years, thanks
to the progress in theory, nanofabrication and measurement techniques.

This book reviews basic knowledge for spintronics and graphene
nanoelectronics. An introduction to the relevant mathematics, quantum mechanics
and fundamental aspects of electron transport in solids is given. The reader is then
introduced to the central issues of the book — spintronics and graphene. In these

Xi
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Xii Foreword by S. Murakami

topics we notice with great surprise that the electrons behave so differently and
elegantly in these materials. We can also see in this book that, in the fields of
spintronics and graphene, science and technology are close to each other; fancy
ideas from pure theory can be measured directly or even used in applications. The
role of gauge theory and topological structure is emphasized in this book. Actually,
due to the electronic band structure in solids, the space where an electron travels
becomes curved. The gauge theory describes how this space is ‘curved’. This
curvature sometimes gives ‘topological structure’ to the space. By formulating the
physics of electron transport in terms of gauge theory and topology, one can get
new ideas for novel physical phenomena like the spin Hall effect, topological
insulators and so forth. These abstract concepts hold great interest for condensed
matter physicists because they can indeed be found in nature and have great
promise for potential applications.

Professor Shuichi Murakami
Tokyo
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Foreword by B. Luk'yanchuk

Nanoscale electronics and photonics are becoming increasingly important areas
of research which have excited politicians and attracted a large number of
scientists, engineers and graduate students. Recent developments in nanoscale
photonics (e.g. plasmonics, near-field photonics and optical metamaterials) might
lead to new applications such as high-resolution lithography and heat-localized
nanoparticles for cancer treatment. Likewise, on the electronics front, spintronics,
graphene electronics and topological insulators might lead to high-density
memory and high-speed transistors. By extrapolation, the future of nanoscale
electrophotonics could be on the horizon.

Nanoscale electronics and photonics are modern contexts in which renewed
interest is found in physical effects discovered much earlier (e.g. the Rashba and
spin Hall effect in spintronics, and surface wave propagation in plasmonics). This
book is dedicated to the field of nanoscale electronics, one of the twin engines that
power modern research in applied physics. It is a good introduction to spintronics,
single electronics, molecular electronics, Hall effects, carbon nanostructures,
graphene and topological-based electronics. This book is of a theoretical nature,
and modern approaches such as non-equilibrium Green’s function (NEGF) and
topological methods are introduced to discuss physical concepts such as the spin
torque effect due to Rashba spin orbit coupling.

Professor Boris Luk yanchuk
Data Storage Institute, Singapore
Honorary Professor at Johannes Kepler University, Linz, Austria

Xiii
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‘This book will enable physics and engineering students to understand the most
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Preface

Due to its long history, the term ‘electronics’ is well known to laymen and experts
alike. But to prefix it with ‘nano’ is something that would baffle the laymen and
set the experts off on an endless debate. The main motivation for writing this book
arises from our distress at the confusion and the desire to seek an appropriate
interpretation. And we decided that this should be done in the context of modern
applied physics, an area which is exciting and relevant to many scientists
worldwide. It is a broad area which involves condensed matter, optical and atomic,
devices and nanotechnologies. We therefore think that nanoelectronics should be
about the discovery and implementation of new physics in electronic devices that
are approaching the nanometer scale. It should thus encompass, among others, the
modern topics of spintronics, topological insulators, carbon-based electronics
(principally carbon nanotubes and graphene), single electronics, quantum Hall
systems and devices.

There have been many good-quality condensed matter physics textbooks,
ranging from solid state, many-body physics to, more recently, mesoscopic
physics. On the other hand, there is no shortage of books on devices, particularly
semiconductor devices, which introduce the workings of bipolar, diodes and
complementary metal-oxide semiconductors (CMOS) transistors. Nonetheless, it
is hard not to notice that condensed matter physics has been rather decoupled
from the physics of electronic devices. Modern books on mesoscopic physics and
non-equilibrium Green’s functions (NEGFs) might have taken physics a few steps
closer to the world of devices, but clear links remain elusive. The main intention
of this book is to extend previous efforts to an extent that future efforts to complete
the link between physics and electronic devices will be greatly simplified.
Nanoelectronics is, however, an area so diverse and inclusive that a complete
study of it would require inter-disciplinary fields that would certainly overfill a
book this size. We thus remind readers that reading this book might need to be
complemented by other specialized textbooks.

This book contains seven chapters and focuses on the theoretical aspects of
nanoscale devices. Chapter 1 provides a revision of mathematics and quantum
mechanics, which will be of use in subsequent chapters. Chapter 2 introduces the

XVii
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XViii Preface

general idea of nanoelectronics as well as the many new contemporary topics that
define this concept. The concept of energy and many-body physics in condensed
matter system is introduced as a prelude to the more important topics of electron
and spin dynamics.

Chapters 3 and 4 provide the foundational study of electron charge and spin
dynamics in condensed matter and device systems. Hence, the concepts of
interaction, disturbances and non-equilibrium become important here. Discussions
begin with an equilibrium condensed matter system. The non-equilibrium
formalism is introduced for device systems with clear boundaries and external
fields. Chapter 5 is exclusively focused on spintronics and introduces the different
theoretical topics related to quantum spin transport and individual spin
manipulation. Thus, there is a much greater emphasis on spin orbit coupling, spin
gauge theory and spin Hall effects than is found in existing books on magnetism
or metal-based spintronics which, owing to the history of the subject, tend to
emphasize the semi-classical approach. Nonetheless, the spin drift-diffusive
theory of giant magnetoresistance (GMR) and tunneling magnetoresistance
(TMR) effects are also covered in this chapter.

Chapter 6 introduces electronics based on carbon materials such as carbon
nanotubes and graphene. Monolayer and bilayer graphene are discussed and the
forms of their Hamiltonian are studied. The concept of gauge potential induced by
strain or graphene deformation is also introduced. Particular attention is paid to
the extra degrees of freedom in graphene, namely the pseudospin and the valley-
spin, which share the spinor physics of electron spin. Novel graphene behaviors
like localization, Klein tunneling and minimal conductivity are also discussed.
The integer quantum Hall effect (IQHE) in graphene is discussed in relation to the
semiconductor IQHE.

Chapter 7 provides a systematic introduction to the field and gauge theoretical
methods, with a focus on their application in nanoscale systems (e.g. spin orbit
coupling systems and graphene). This is a departure from the usual treatment of
gauge theory and topology in existing books, which mainly emphasize the
development of these theories in high-energy physics. In this book, field and
gauge theoretical methods are used alongside a phenomenological and statistical
approach, with an emphasis on applications in nanoelectronics.

The writing of this book began with the rearrangement of the lecture notes for
a graduate class we taught at the National University of Singapore. Nevertheless,
this apparently straightforward process has taken us three years to complete. This
task would not be possible without the help and intensive checking by our doctoral
students and colleagues. We would like to thank Zhuobin Siu, Takashi Fujita,
Yuan Li, Congson Ho, Mingjun Xing, Jie Guo and Nyuk Leong Chung for reading
the manuscripts intensively and correcting our mistakes.

What we hope to achieve in this book is that readers will generally recognize
the importance of integrating the physics of condensed matter, atom, electronic
devices and particle dynamics in one book. In this way, a book like this one is able
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Preface XiX

to discuss effectively the emerging technologies of spintronics, graphene, single
electronics, topological insulators, plasmonics and many more that we believe
will continue to emerge and dominate the development of physics in the twenty-
first century.

Seng Ghee Tan
Mansoor B. A. Jalil
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1

Physics and mathematics for
nanoscale systems

Abstract: This chapter contains a number of useful mathematical subjects that
might be relevant for the study of the physics of electron transport on the
nanoscale level. This chapter is intended to be a fast-forward through basic
mathematics and quantum mechanics topics. Useful topics covered in the
chapter include vector calculus, Fourier transform and Dirac delta functions,
basic quantum mechanics, Green’s function and second quantization as a
method for keeping account of the electron.

Key words: quantum mechanics, vector calculus, Fourier transform, Dirac
delta, Green’s function, second quantization.

1.1 Introduction

The rapid development in the 1990s of nanoscale technologies and devices which
span material and electronic engineering, semiconductor physics, device
fabrication and characterization technologies, theoretical and computational
physics, optics and chemistry turns this field into a sort of assembly hall that
congregates cross-disciplinary expertise. We want to provide in this chapter a
revision of the mathematics and physics that many (apart from perhaps physicists)
may have forgotten but are necessary for a better appreciation of the many
qualitative discussions in this book. This book is intended to be easy to read; its
derivations may thus appear long-winded for those who are already familiar with
them. Field theoretic, many-body and topological concepts are introduced ‘gently’
to readers to minimize psychological aversion.

This chapter contains a number of exercises, with the solutions given in most of
them. It presents a number of useful mathematical subjects that we think are most
relevant to the study of electron transport and nanoscale physics. As these are
well-established topics that can be found in many textbooks, our presentation here
will be brief, exercise based and summarized in tables.

The main purpose of this chapter is to provide a quick revision, a reminder of
what most readers may have learnt in their younger (undergraduate) years and a
quick look-up for equations or standard techniques (e.g. integration) that might
come in handy for understanding the rest of the book.

1.2 Vector calculus

Vector calculus is usually covered in undergraduate mathematics and
electrodynamics courses. As mentioned earlier, most are not repeated here.

1
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2 Introduction to the physics of nanoelectronics

Table 1.1 Summary of useful vector identities

Useful identities

1. A.(BxC)=B.(CxA)=C.(AxB)

2. V.(AxB)=B.(VxA)-A.(VxB)

3. Vx(AxB)=(B.V)A-B(V.A) - (A.V)B+A(V.B)
4, Ax(BxC)=(A.C)B-(A.B)C

5. (AxB)x C=(A.C)B-(B.C)A

6. Vx(Vp)=0

7. V.(pA) = (Vp).A+ ¢ (V.A)

8. V x (pA) = (Vo) x A+ ¢ (V x A)

9. V.Vp=VZ%
10. V.(VxA)=0

However, some useful identities will be handy for solving advanced quantum
mechanics or engineering problems, and these are summarized in Table 1.1. Here
A, B and C are differentiable vector functions, while @ is a scalar function. The
following is the vector calculus of some common expressions presented in the
form of exercises and solutions.

Exercise 1.1

A, B are differentiable vector functions and show that:

(a) Vx(VxA)=V(V.A)-V?*4

(b) V(4.B)=(B.V)A+(A.V)B+Bx(Vx A)+ AX(V X B)

Exercise 1.2

(1) Prove that:

(2) With the above where 53(r) = 5(x)8(y)8(z), prove that:

v (1J =—4n 8 (r)

r

Solution

1 or o or o or o 1 (x z =1 -r
M y|2]|=| 0,970 2 OO0 XY i 2|22
(r] (ax8r1+ayar/+azar )r (rl+r/+r ) 2

(2) LetRZ=s2+12
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Physics and mathematics for nanoscale systems 3

_p3 2 _p3 2 _R 2p
V()4 - 2R R, SR
Vd v v—

_ 2
- lingis = A8 (r)

r* + vz)E

1 —-X
Note that ax (—] =—and applying volume integral to both sides:
| I

[J v (1] &r =[] 45y

One derives by divergence theorem that:
1 1

La=[f] v.v[;j ar= jjv(;]-ds

Recalling that V(lj =
r

7>

A= [[=5r sinb d6 dg a, = [[ —sind d6 do = 4r
r

1.3 Fourier transform and Dirac delta functions

The mathematics of Fourier transform has extensive use in engineering and
physics and can be found in most second year textbooks for engineering and
physics undergraduate courses. Here we dole out the quick reminder that, if f(x)
is periodic with period L, it can be written in Fourier series as follows:

f@)=Ya, " [1.1]
where k= 2—7Lm, then

1 L —ik x
an =ZL) f(x)e K dx. [12]

In the case where f'(x) is not periodic but a function, one can find its spectrum g(k)
using the Fourier transform with which one has:

(x)e™ d

g(k)= J—ff

S = g€ dk
N2m
[1.3]
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4 Introduction to the physics of nanoelectronics

where g(k) = % {f(x)}. Note that we have followed the convention of unitary,
angular frequency. Table 1.2 summarizes some useful Fourier transform (FT)
identities.

The Dirac delta function is an important mathematical object that simplifies
calculations required for the studies of electron motion and propagation. It is not
really a function but a symbol for physicists and engineers to represent some
calculations. It can be regarded as a shorthand notation for some complicated
limiting processes. Once the role it plays, for example, as a distribution function
is implicitly understood, many derivations can be greatly simplified. Table 1.3
contains a few useful identities.

Table 1.2 Summary of useful Fourier transform identities

Function f(x) Unitary, angular FT g(k)
1 afix) (ik)"g(k)

f(x — a) eakg(k)
3. flax) 1 (k

aiels)
4. (F* hix V2rg, (kig, (k)
5. f(x) h(x) (g, *g,)k
NS

Table 1.3 Common relations and identities involving the
Dirac delta functions

Useful identities

1. ff(x)é(x—xo)dx= f(x,)
2. J8(x - Xx)8(x = x,)dx = 8(x; = x,)

_ - i ik (x=xq)
3. Blx—xg) = - [e dk

d
. =—~0
4 S(x) e (x)
where

G(X)=1forx>0;0forx<0;%forx:0

5. d(ax)= 5
|a]
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Physics and mathematics for nanoscale systems 5

Exercise 1.3

_ 1 ik (x—x;)
Show that 5(x—x0)—gje dk

Solution

Let (x) be d(x). One then has:

g(k)= ﬁ J S(x)e “dx = ﬁ

Exercise 1.4

Prove the identity 6(ax) = —~

Solution

Let u = |a|x. It is straightforward that:
di_1
ol

| 8(ax) dx = | 8(u)

leading to:
\a|j 5(ax)dx=1=j 5(x)dx
By comparing integrand, one has:
O(ax)= @

d

Strictly speaking, the above is an integrand identity. By quick inspection, it is
clear that the Dirac delta is an even function where Jd(x) = d(—x). With some
ingenuity, the Dirac function can be represented explicitly by mathematical
functions that are truly functions. One very useful and common example is:

1 s
5 (x)= 2 [1.4]
0 |x’>2£

Now 4 (x) is a true function. The conventional limiting process with Dirac delta
should therefore be written in a mathematical manner, that is:

© Woodhead Publishing Limited, 2012



6 Introduction to the physics of nanoelectronics
jS(x)dle—)lingJ.(‘)‘C(x)dle [1.5]

[ 700) 8Gxyde = £(0) = lim [ £(x)8,(x)= £(0) [1.6]

If interchanging the order of the limiting process is allowed, then one can safely
say d(x) = lm(} 6,(x). Let us prove the second equation:

Y

c
+=
2

+

%".'wlm
—

1inolj S(0)8,(x) dx =1lim [ + +T /()8 (x)dx = lim [ £)8,(x) dx
—lim 1 [ f@xyax= lim L 7(0)e = £(0) [1.7]
=0 ¢ e =0 ¢

2

. ... cC c
where 0 takes on any value of x that lies within — E <x< +§.

Table 1.4 provides a summary of three Dirac delta representations commonly
used in Green’s functions and the physics of nanoelectronics.

Table 1.4 Representation of the Dirac delta by
smooth functions. More representations can be
found in standard textbooks

Dirac delta representations
o(x) = lim &, (x)
c—0

c

l |X|£—
1. 5, (=1 ° 2
0 |x|><
2
2 5 (x) = — e
. 2 T
1 c
3. 5°(X)=Ex2+cz

Exercise 1.5

The function liml

— clearly plays the role of lim (x) = 0 everywhere
c—0 X +c c—0

except at x =0, but there seems to be a freedom in choosing 4. Find 4.
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Physics and mathematics for nanoscale systems 7

Solution
oo . c oo
lim v = | 48(x) ax

which leads to:

A= [tan' f} =T.
¢ —oo

In fact A has a fixed value.

1.4 Basic quantum mechanics
Standard quantum mechanics textbooks normally consist of the following topics:

Wave mechanic description — well-known in Schroédinger’s equation
State vector formalism based upon Dirac’s bra-ket notations

Green’s function formalism

Principle of gauge and symmetry

Second quantization

Relativistic quantum mechanics.

kL=

In this book, emphasis is given to the applications of these well-known theories
and formalism in the new context of electronics that are now fast approaching the
nanoscale dimension. The foundational and mathematical aspects of quantum
mechanics are not discussed in detail in this book. Instead we refer readers to
textbooks'-? for foundational knowledge.

1.4.1  Vector spaces

In this section we show that, under the generalization of vector spaces, the physical
states of a system can be described by state vectors in so-called bra-ket formalism,
as well as by wave mechanic representation in Schrodinger’s wavefunctions. In
an n-dimensional space, one can choose a set of n linearly independent vectors [u,)
..... |u,) as the basis vectors for a particular state vector. These basis vectors
span the vector space and form a complete set of vectors as shown in Table 1.5
where the standard bra-ket notations are now used.

An electron in a momentum state with momentum p is often denoted by |p). On
the other hand, a spin up state with spin quantization axis chosen along z by
convention is denoted by [1). For simplicity in nanoelectronics one often just refers
to an electron as spin up or down, where it is understood that the spin quantization
axis has already been defined. One explicit representation of the spin states of up
and down are the column vectors of (1 0)%, (0 1)7, respectively, as these
vectors are linearly independent and they are complete in two dimensions, thus
satisfying the requirements to represent a single particle’s quantum spin states.
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8 Introduction to the physics of nanoelectronics

Table 1.5 Bra-ket representation of quantum states in discrete and
continuous pictures

System Quantum state Resolution of
vectors |Y) identity

1. Discrete ly)=>alu) Slu )y, 1=1

2. Continuous |w>=_[au|u>du _[|u><u|du=1

One wonders who might have imposed these requirements of linear
independence and completeness. The answer lies of course in the law of nature.
Since this is not a quantum mechanics or mathematical physics book, it suffices to
accept that these are mere rules imposed by nature. In applied physics, all one
needs to do is find the mathematical methods or objects that satisfy these rules. In
the above, |u;) has been introduced as state vectors that are linearly independent.
But linear independence does not imply orthogonality or orthonormality (e.g.

(ujluy = 6ij), a feature we will use later. For example, %(|T>+<J«‘) and ‘T> are
linearly independent but they are not orthogonal. 2

Exercise 1.6

Prove that X |u; (u| = 1.

Solution
|W>=Zai |”,-> - <”_/ |W>=<”/ X, |ui>=z5ﬁai =4a;

Thus one can write:

v)=2alu) = X(ulvlu)=lu)u,lv).

In the following, we discuss the coordinate and momentum representations in
slightly more detail as these two pictures will be suitable for different types of
nanostructures. In nanoelectronics and mesoscopic physics, knowledge of the
flow or distribution of electrons in nano-sized structures or devices is required to
understand some important measurables (e.g. conductivity, spin or charge
accumulation). Let us now write the position operator X* in vector space (bra-ket)
notation, and write the state vector as |y). The position operator could provide at
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least ‘rudimentary’ insights into the whereabouts of an electron. In coordinate
representation, the position eigenvectors { x,) } are chosen as the basis set. Since:

X" x>=x‘x> [1.8]
one can find X" in the function space, i.e. X. Since:

<x|X" l//>=x<x‘l//>=xl//(x). [1.9]
Defining:

X'y(x)=xw(x) [1.10]

one arrives at X (x | w) = (x|X"|y). On the other hand, if the above is to be carried
out in the momentum representation, the basis set will be the momentum
eigenvectors |p) satisfying:

Plo)=ple) o

Exercise 1.7

(1) Prove that

0'(0)= (x] )= ——e**

(2mh)?

where the following convention is followed:

P’(x) = p (M9 (2); 6(x) = 9°(x) = 6(x)3()I(2).

(2) An electron can be regarded as a wave propagating in the crystal
structure of materials that we use to make nanoscale devices.
The position operator helps to locate the electron’s whereabouts.
Prove that the position operator in function space is represented in

v 2 .
momentum space by X‘f :iT, where © = x, y, or z and k is the
wavevector of the electron. #

Solution

3
(1) Since<p p’>=<hk‘hk’>=5pp,or'5(p—p’) and 5(w)=(§) jeiw'xd3x,

one now has:

3

3
—n") = L i(p=p')yx y3.. _ L i(k—k")-hx 73
5(p p)—(zn_j Je dx=|— Je d*(hx)
(L)L 3J‘ kYs PBo s S(p— ' _i5 k—k'
N7 N ) I s—>o(p p)—h3 ( )
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. . . . . O(x
Recall the above is consistent with the identity §(ax) = ﬁ proven
a
earlier. With the general form of (x|iik) = ce’®*, now one can also
write, using the closure relation that:

S(p-p)= j(hk x> <x
= Jcc * K Px = cc*2m)’ S(k - k).

hk> d*x

One could thus deduce that ¢ = Note that (fik|x) = (x|ik)*

37

(2nh)?
and that in the convention we follow, {x|7k) = (x|ik ) (v|hik) (z|hk).
Therefore: )
0 (x) = <x’hk>= 1 : ok

(27h)?
Hint: Use the fact that X/{q) (k) = (k| X ).

Exercise 1.8

(1) With the above, deduce that @(k) = %J.(p(x) e dx.
(2mh)?

(2) Thelocality of an electron can be described by a vector |y) in an infinite-
dimensional, abstract vector space. The component of this vector ¢(x)
(itself a continuous function) can be interpreted as the probability
amplitude of finding the electron in the continuous position of x.

(a) Show in coordinate representation that the inner product of two
such vectors is:

400
(v.lw)= [ 0:(0)p, (x)ax
(b) Show that:
LY, PYII) = (= x")x| PV
where X is the position operator and P" is the momentum operator.
Hint: Use the continuous closure relation.
d
(c) Show that Jx—5(x) dx=— J5(x) dhx.
dx
Hint: Use integration by parts.
(d) Hence show that (x|P"|x"} = P/ 6 (x — x")

where PV is the momentum operator in the vector space and P/ is its
coordinate representation in function space.

Hint: [X, P"] = ih.
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Thus to find an operator in different spaces, one can define:

<x\A"|w> = A y(x) [1.12]

where superscripts v and f'indicate vector and function spaces, respectively.

We will now study in more detail how to explicitly write 4/ such that one
translates abstract mathematics to clear, quantifiable engineering physics. This
will better illustrate and enumerate the dynamics of the motion of an electron. Let
us begin with the Hamiltonian:

<x\H” 1//> = H y(x). [1.13]
In order for the above to be true:

<x‘H"|w> = I(x‘HV x'><x'
By comparing integrand, one can deduce that:

<x\H“ x'> = H'8(x—x). [1.15]

l//> dx’ = J.H-’S(x - x')(x'

y)d.  [1.14]

Alternatively, one can begin by finding the expression for the momentum by
writing (x|P'lx") = | (x|P¥|p) (plx"Ydp = | p (x|p) (plx')dp. Since, by definition, P/
(x|p) = p {x|p), one now has:

<x‘ P’ x'> = i '[ P/ " dp = P/§(x—x') [1.16]
and subsequently:

x| Px )= | (x|P"|x")(x”|P"|x") dx” = (Pf)25(x—x'). [1.17]

(P e)=] (P ) (1)

Hence, for a Hamiltonian operator H, which depends on positive powers of
the momentum and position operators, we have (x|H'|x") = H §(x — x"). But
what is P explicitly in the coordinate representation? In fact it can be found

: 0
that P/ = —ih—.
ox

1.4.2 Introduction to Green's function

The Green’s function method is particularly useful for studies of electron
transport. The propagator in quantum electrodynamics and chromodynamics are
based on perturbative expansion of the Green’s functions. In condensed matter
physics, Green’s functions are used in a similar fashion to study the many-body
effects®* (e.g. the Matsubara Green’s function considers the temperature effect on
electron dynamics). The Kubo-Greenwood formula was developed for
conductivity. In modern times, the Keldysh modification of Green’s function
becomes particularly useful for nanoscale devices where electrical bias drives the
electron channel into a state of non-equilibrium. The descriptions above are meant
only to give an idea of the importance of Green’s function. This section introduces
the mathematical techniques.
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12 Introduction to the physics of nanoelectronics

Complex integral
We start by deriving an important identity used frequently in the Green’s function

description of electron propagation:

. 1
lim
-0 x +in

- P(lj:— ind(x) [1.18]
X

where P means the principal value. In order to avoid the pole at x = 0, integration
should be carried out as shown by the arrow. This leads to:

" lim L&) dv={" de{ ) f(")dx+j°° f(")dx}jf(z)dz
- X moox V4

10 x — i1 - X

=p w&ayﬁ_-"@dz [1.19]
z

- X
where J' f(2) J- 18 the integration along the contour of the semicircle taking a
z

detour to the south instead of passing through the origin as shown in Fig. 1.1:

1 0
jLZ) dz= f(0)[=dz=f(0)| id6=im f(0). [1.20]
z z -
. . 1 1)_.
Alternatively, one can also prove that lim — = p(—]lan(x) by
. x*in X
decomposing __ ! into ¥ +N
xtin X +n X+
Im
+n
-n ‘+77
— >
> Re

1.1 A complex diagram to illustrate the integration of the function in
Eqg. 1.20.

Electrical potential due to a charge density

Green’s function can be a useful method for solving a differential equation. For
example, in electronics, one is often required to find the electrical potential for a
fixed charge distribution:
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V20(r) =< p(r). [1.21]

Making use of the Dirac delta function, one can write:
2 1 ’ ’ ’ 1 2 ’ ’ ’
Vip(ry=—=[8(r=r)p(r) dr’ === [V:G(r=r)p(ydr’.  [122]
€ €

In the above, a Green’s function has been defined as V2 G(r — 1) = 6(r — ). Thus,
one can now deduce that:

00) =2 [Gor=rp()dr' [1.23]

Thus the electrical potential distribution can be found by solving V2 G(r — r) =
o(r — ). But solving for G(r) may not be trivial. One needs the relationship ¥ {0”
fx)} = (ik)" g(k) mentioned above, where g(k) = § {f(x)}. Thus:

F{02G(r)} = (ik2G(k) [1.24]
and one is led to:
A[8(r) e dr = (ik)’ G(k)

G(k)= A_—21
k [1.25]

where A4 is the constant in the Fourier transform. Thus G(r) can be found by
inverse Fourier transform of G (k), i.e.
ik.r

1

_el

G(r)= B [dk " G(k)= [dk

where B is the constant in the inverse Fourier transform. As is shown in
3

3 3
1 1 1
Section 1.3, AB= [—J . Thus one sees that if A= (—] ,B= (—] ,orif
2n [ 1 ]3 \N27 \N21

for convenience 4 = 1, then B =

T

Exercise 1.9

The physics of the electric field in nanoscale electronics is often described
in differential equations that can be solved with integration techniques.
. = Siny T
(1) Show, using Laplace transform or other methods that JO —dy = E
y

-1
(2) For V2G(r) =6 (r), show that its inverse Fourier transform is G(k) = F,

where k is the wavevector. Eventually, making use of results in (1),
prove that G(r) = 1/4zr.

(3) Infree space, the electric potential V() due to the presence of charge
density p(r) is given by V2V = p(r). Show that:
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14 Introduction to the physics of nanoelectronics

p(r’) "
rir= J‘47E(r r) ’

(4) Thus for a point charge located at » =0, show that the solution for the
electric potential is V' (r) = L
4rr
(5) In a many-electron system (e.g. a device channel), the effects of
screening is important because it determines the effect of the external
electric field on electron motion. The potential-charge relation is
modified to V2V = g% % + 4nd(r). Show that the solution will then be:

V(r)= 1 e
r

(6) Using the fact that G(r) = 1/4nr, show that V> [l

r

j =—478°(r).

Solution

(1) Differentiate with respect to an auxiliary parameter. Define
© -~y Slny dl ~ —ay
1(a)=_[0 e 'Tdy,, so that %:_J.O e ? sinydy. The above can

continue straightforwardly using by parts integration, but we speed
di 1 1

up with the foIIowmg—=—ImI Oy = —Im—— = — >
da i—a l+a

Then I(b)=J;Eda=—Ij; 2da=§—tan 'b.

1+a
= SIny . T

Hence JO —dy =lim_ I(a)= 5

Hint: ¢ = ’km’“’ﬂ; r is taken to be the z axis, symmetry allows r to be

taken in any direction.

Hint: Rewrite the differential equation V2V = p(r) into an integral
equation with the help of V2G(r).

The retarded Green’s function is particularly useful for describing electron
propagation and many other properties related to electron propagation in condensed
matter or nanoscale devices. The retarded Green’s function by definition is:

G* (e 1) = —z< e >0(1) [1.27]
where 7= ¢ — . Choosing the eigenstates |a) as basis vectors, one can also write:
iG* (xx',tt') = 0(1) ¢, (X)) (x)e " [1.28]

Fourier transform with respect to spatial difference can be performed on GF(xx’,
it'), taking ¢ (x) = e’«*. The eigenstates of a non-interacting system are plane
waves due to translational invariance.
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iG" (k,7) = [ 20, (00 )e " 6() ¢ d (xx)
= j Y e e et g(T)d(x ~ x)
=Y 8(k—k,)e " 0(t)=e " O(T). [1.29]

In the context of nanoelectronics, iGR(k,r) can be viewed as the coherent,
continued propagation of electron. Its Fourier transform with respect to time
difference is:

L —— 1
. ~R — iET iET _ i(E-E)T _
iG*(k,E)= " ¢ 0(r)dr="e dr—i(E_Ek Ty 1130]
Thus: .
. 9, ()9, (x)
Grxx' E)=) 2~ "Te ™ 7 _
o) g‘(E—EaHn) 31

We have dealt with the explicit Green’s function, but what is its origin? Retarded
Green’s function in quantum mechanics is a solution to a differential equation
related to the Schrodinger equation, i.e.

(id, - H')G" (xx’,tt") = §(x — x")8(t - 1'). [1.32]

Compare this to the earlier expression where V2>G(r) = §(r). The Green’s function
above is a solution to a differential equation of the above. We have seen that G(r)
is a useful correlator for functions that solve V2¢(r) = p(r). Similarly GR(xx', tt')
will be a useful correlator for functions that solve (id, + V) y (r) = 0, where y(r)
is the wavefunction of the system. In perspectives:

(i, — H')G" (xx’,tt") = 8(x — x")6(t —t')

(i, + VHy(r)=0.
[1.33]
w (r) is the wavefunction that contains all the electron’s information, but it is
difficult to solve for. GR(r#, tt') is the correlation function that contains information
related to the electron’s dynamics. The Green’s function might contain less
information on the system but it is easier to solve for and is therefore a more
powerful tool with respect to electron dynamics.

Green’s function is a correlator in general. But we will be interested in a more
specific interpretation of the physical significance of various Green’s functions in
nanoelectronics and nanotechnologies. The retarded Green’s function can be
regarded as a propagator which describes the coherent dynamic of an electron in
the electronic device. The Fourier transformed G® with respect to time represents
the strength of propagation at different energy levels. The mathematical expression
GR(r', tt") =—i{rle” " ") 0(7) can be regarded as the probability amplitude (chance)
that an electron found at earlier time #' in location ' will be found at a later time #
in location . Similarly one can construct a function that describes the ‘chance’ that
an electron in state |n’) at earlier time # will be found in state |n) at a later time ¢.
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16 Introduction to the physics of nanoelectronics

G*(nn',tt") = —i<n‘e””vr

n'>9(r) [1.34]

where |n;) belongs to a complete set of basis states. Recalling that 7 =7 — ¢, one
can write:

GR(xx’,tt’)=—i<‘ >9(r) Z <x|n><‘ n’><n’|x’>9(‘r)
==iY ¢ (x)G" (nn',t")¢,(xO (7). [1.35]

nn

In the absence of scattering, it is certain that an electron will continue to propagate
in its initial eigenstate, accumulating only phase changes to its wavefunction.
This, as is proved later, is evident in the expression GR(kk', 1t') = GR(k, 1t'),,,.
Thus, Eq. 1.35 can be written as:

G (1) = =iy ¢ ()¢ (x) GX (1), O(7). [1.36]

If |n) and |n') are eigenstates of the Hamiltonian, one then has:

G* (', tt') = =i, 0,(x)9) (x") e 8, 6(T)

nn

=—iY 0, (0P (x)e " 6(7). [1.37]

An important function that can be derived from the studies of the Green’s function
is the spectral function, which by definition is:

A(k,E)=—-2Im G"(k,E). [1.38]

We have learnt that G*® (k,E)—; and that ,
E-E +in w+in

= Pi —ind(w).
1)

Thus the explicit expression of the spectral function is:
A(k,E)=2r6(E-E,). [1.39]

The spectral function is a delta function which says that injecting an electron into
the system can generate excitation only when the energy of the electron is £,. It is
thus related to the density of states at a given energy.
dE
Jas==1. [1.40]
2r

In the absence of scattering and in the & eigenstate of the system:
G*(k,tt")=—if(1)e "
G (k,1t") = iO(-1)e "™
G (k,tt")=—i(l-n )e ™"
G (k,tt")=ine ™"
[1.41]
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Note that the above Green’s functions spawn 12 other versions with Fourier and
inverse Fourier transforms of the space and time parameters. Physically, G”(k,#t")
is related to the propagation of electrons because it is proportional to empty states;
G=(k,tt") is related to the propagation of holes because it is proportional to the
electron filling those empty states. In fact it is more intuitive to view iG”(k, ') as
a measure of the chance/strength of electron scattering into a point in k-space,
while —iG=(k,tt") as a measure of the chance/strength of electron scattering out, or
holes scattering in as shown in Fig. 1.2.

Since G<(k,tt')=in ke‘fEk’, it makes sense to deduce that —iG~(k,0) = n, represents
the number of electrons at a particular £. In fact, in many-body physics, the above
is simply one example of an equal time field operation, i.e.

~iG*(k,0)=(c[ (e, (1)) = n,. [1.42]
In the equilibrium condition, n, = f, where f, is the Fermi Dirac distribution

function. By inverse Fourier transform, _;G<(k,7)=—i Id—EG<(k,E)e iE, Note
2r

that B = 1/2x and 4 = 1 is normally followed in inverse Fourier transform and

Fourier transform, respectively. One can deduce the same for the equal time

correlation function as follows:

dE
—iG~(k,0)=—i | —

2r

which merely states that the equal time lesser correlation function is the electron

density. In nanoscale electronic devices with leads playing the function of electron
reservoirs, one can make use of the kinetic equation of:

~iG*(k,0)=Y G"f.T G". [1.44]

G (k,E)= jg—inkhc S(E-E)) [1.43]

From the above, one can thus define a 4% = GI' G, which will now carry
the physical meaning of the density of states of the central region due to lead o
where a is the lead index. Electron density in the central region is n, = f A%
with 4% playing the role of something like the transfer density of states. The

k.

_' > 4
G (ki) Ky /
iGS(k,1t")
iGR(k,tt")
1.2 Schematic illustration of the physical meanings of the various

Green's functions in the context of electron transport in nanoscale
electronic devices.
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Lead

Conducting channel

1.3 Schematic illustration of a multi-part nanoscale device with the
central region being where non-equilibrium electron transport is the
main interest in this book.

non-equilibrium effect enters via f, which measures the distribution (‘chance’) of
electron presence in the individual leads as shown in Fig. 1.3.

Exercise 1.10
(1) Broadening of the spectral function occurs in the presence of
interaction. For GR(k, 1) = —ifl(t)e "s* e 74, prove that the spectral
2/t,
(E-E)+ (1)

function is broadened, i.e. A(k,E)=

(2) The retarded Green's function is explicitly Gf(xx',#t") = —i(x|e="7x") 6(7).
Show that the following is true:

(i0, — H,) GR(xx' i) = 8(x — x')&(t — 1.

d
Hints: a@(x) = 8(x). Use chain rules in differentiation. Alternatively,
one can use the equation of motion method.

(3) (a) Explain the physical significance of the various Green’s
functions and the spectral functions with respect to electron
dynamics.

(b) Why is Green's function a more powerful tool than the
wavefunction with respect to electron dynamics?

(c) Derive the energy version of the following Green’s functions:
GR (k,tt") = —i0(v)e Bx*
G4 (k,tt") = i0(—1)e Bt
G (kt')y=—i(1 — nk)e’iEk’
G= (k') = inje "Ei,
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1.5  Second quantization for electron accounting

Nanoscale electronic devices consist of a reasonably large number of electrons
that interact to give rise to correlation effects on electron transport which cannot
be neglected, nor can these effects be hidden under simple macroscopic
manifestation (e.g. conductivity and mobility). Any reliable formalism for
describing them must embrace many-body considerations, which is usually done
via ‘second quantization’. In essence, it involves the electron creation operators
(cD and the annihilation operators (c,) that keep track of the number of electrons
in the state of the system.

In this section, we choose the lattice sites as the basis states. For instance, let us
define |a, b, c) as the state with a particles on spatial site 1, b particles on site 2 and
¢ particles on site 3. Here a, b, and ¢ are either 0 or 1 because of the Pauli exclusion
principle.

c; |a,b,c>= |a,b+l,c>; c; |a,0,c>= |a,1,c> [1.45]

meaning that c; is a creation operator that adds one electron to site 2, and:
c] |a,b,C>: |a,_l,b,C>; C1|1,b,c>: |O’bac> [146]

since ¢, is an annihilation operator that subtracts one electron from site 1. The
famous Pauli exclusion principle states that no two electrons (in general fermions)
can occupy the same state. This is because fermionic states are anti-symmetric
under an exchange of particles. In our context, it implies that we cannot have two
or more electrons in the same site. Hence, at any site i:

"=0; ¢c =0. [1.47]

clc
Actually, this fact can be generalized to {c:l cj} = c:f c;f + c;f cj = 0, which means
that adding two electrons in an opposite order (which amounts to swapping them)
gives a state with the opposite sign. Likewise, {cl.,cj} = 0. The operator ci C;
however, has a special significance: it means the number of electrons on site 7. Let
us consider the effect of c§ ¢, on spatial site 3. If there are no electrons on site 3,
cg ¢l a, b,0)= cg (¢5] a, b, 0)) = 0 because there is nothing to annihilate at site 3.
But cg (c5la, b, 1) = c§| a, b, 0)=+|a, b, 1). We thus see that cg ¢ is an operator
on the state of the system with eigenvalues +1 or 0, depending on whether an
electron is present. In general, the operator:

N=) cc [1.48]

is known as the number operator that counts the total number of electron
in the system. The above method, which keeps track of electrons in discrete
spatial sites, is particularly suited to nanoscale electronic systems that contain
discrete parts (e.g. semi-infinite contact reservoirs and a finite-sized central
region).
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20 Introduction to the physics of nanoelectronics

We will show its relation to the continuous spatial formalism commonly used
in condensed matter many-body physics. The quantum field associated with an
electron is:

y(x)=Y,0,0,(x); y'(x)=Y clg;(x) [1.49]

where k is the momentum index. In momentum eigenstates instead of states
labeled by sites, index i will be replaced by the momentum variables &, g or p.
The total number of electrons in the system is:

f O (0)(x) dx = f S cldp (e () de =Y cle s, =D m.  [1.50]

The above is the sum of all electrons over their momentum states, which will yield
the total number of particles N in the system. This leads one to deduce that:

v ()W (x)= p(x) [1.51]

which is the particle density operator. Table 1.6 shows the identities involving the
use of these electron operators.

Table 1.6 Below is a list of useful identities for second quantized fermionic

operators
Useful identities

1. [cj, n]= G

t _ _pt
2. [c i nj] =-c;
3. {c,,c}=0
4. {c",, c’l.} =0

Yy

5. {c;, c"}=29;
6. All commutations between electron or number

operators denoted by i, j are zero, e.g. [a;, bj] =0

Exercise 1.11

We will frequently need to evaluate the commutations of operators
involving more than one creation/annihilation operator.

(1) Prove the identity [4B, C]=A4 [B, C] + [4, C] B.
(2) Derive a similar identity involving [4, BC].
(3) Prove the Jacobi identity [4, [B, C]] + [B, [C, A]] + [C, [4, B]] = 0.

Note that [4, B] = AB — BA.

Exercise 1.12

=— =,
Show that [nj n, cj] ¢ where n.=cc.
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Solution
[y e 1=y ;= ¢y = = mymy = =m ¢ .
The above can be written as:

_ = ccte=—n(1-cte)e =—
€= 6 6= Ty (1= ¢ie)e = —me ey

In retrospect, many-body physics began with the many-body wavefunction which
gives the probability amplitude of finding N number of particles in a system. But to
find the explicit solution for the many-body wavefunction is an immense task. This
is not surprising as the wavefunction is the probability amplitude of the whereabouts
of all the particles! Thus the Green’s function, which means the probability of
finding a particle at place 7" at time #' given it was found at » at time ¢, is probably
easier to find. In fact the Green’s function for a particle, even in the presence of
interaction due to many other particles, is handier and more useful than the
wavefunction — especially with respect to electron dynamics. This is the major
motivation behind the elaborate use of Green’s function to understand electron
propagation and scattering in nanoscale devices. In field theoretic condensed
matter physics, the Green’s function has been used to study the effect of interactions
on electron energy, transport, and so forth. Thus, the Green’s function is also a
natural tool to include many-body physics in nanoelectronics. The incorporation of
the effects of electron—electron and electron—phonon scattering are particularly
useful. In the more recent developments where additional degree of freedoms are
studied (e.g. spintronics, graphene electronics), the Green’s function provides a
platform for including spin orbit coupling and spin—spin interaction.

In nanoelectronics, one may describe electron dynamics in the conduction band
only. This point will be apparent in the many-body description, where:

(wicle,lv) [1.52]

really depends on what the many-body state vector is. In nanoelectronics, it makes
sense to keep analysis to one band; for example, |y = C) refers to the conduction
band only. However, in a more general context, |y = G) is the ground state that
represents all filled states below the Fermi level and all unoccupied states above it
at zero temperature. Furthermore, the operator ¢, morphs an electron at above the
Fermi level to a hole at below the Fermi level. Thus, (G|chk|G> = (Gln,|G) is
always zero because in the state of |G) there will be no electron above the Fermi
level and no hole below the Fermi level:

(Glele,1G)=(G|n |G)0k—k,)+(G |n] |G)O(k, — k). [1.53]
Since |G) is the filled Fermi sea at zero temperature:

(Glefe, 1G) = f,_, 00k —k,)+(1= £,_)) 6k, — k) =0. [1.54]

© Woodhead Publishing Limited, 2012



22 Introduction to the physics of nanoelectronics

By contrast in nanoelectronics, c, is the operator for electron. Thus:

(Cleje,1€)=(Cln |C). [1.55]
Since |C) refers to states above the Fermi level, at finite temperature:
. 0(k—k
(Cleje, 1€)= 1., e(k—kF)z(—F)<1.
E-FE
1+exp £
[ kT j [1.56]

Second-quantized representation of a measurable quantity in a system (e.g.
momentum, spin, energy) is important when one needs to derive the Green’s
function to describe the motion of electron in that system. For example, the spin
angular momentum in second-quantized form is:

sP= 3 (ko|S.|Ko') el e [1.57]

kk'c o’
where k is the momentum and o the spin quantum number. One can easily show
that the above leads to:

5= Z(CZTCH — 16 [1.58]
k
It is also important to note the following relation for a general measurable quantity
in second-quantization:

0% = 3 (ko|0"|Ko')c] c//—fd} (x)0” Y(x) dx. [1.59]

kk' oo
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2

Nanoscale physics and electronics

Abstract: This chapter defines an important area of physics we call the physics
of nanoscale electronics. The core concepts of non-equilibrium, size effects and
neighboring perturbation are introduced and a quick run through the emerging
topics including metal spintronics, semiconductor spintronics, single electronics
and quantum dot, molecular electronics, carbon nanotube transistors and
graphene electronics is provided. Lastly, we discuss the electronic environment
in which all carrier transport takes place. The effect of ionic potential results in
the bandstructure of metal, semiconductor and insulator. The effect of carrier
interaction gives rise to electron gas, liquid and solid.

Key words: non-equilibrium, size effects, neighboring perturbation,
spintronics, quantum dot, single electronics, carbon nanotube, graphene,
interaction, electron gas.

2.1 Introduction to nanoscale electronics

What is ‘nanoscale electronics’ and how does it differ from the conventional
electronics with which we are familiar? The term ‘electronics’ is related to electric
current, that is, the flow of electrons driven by, for example, an externally applied
voltage across a device channel. Why then does one need to prefix it with ‘nano’?
To begin with, an electron is a point particle which might not even have a well-
defined volume. The ‘nano’ prefix would only be a superfluous term, wouldn’t it?
These are common questions that arise when one is introduced to this novel,
exciting and rapidly developing branch of electronics — ‘nanoelectronics’.
Nanoelectronics is an area which encompasses, among others, subtopics such as
spintronics, topological insulators and carbon-based electronics (principally
carbon nanotubes and graphene).

Indeed, electron interaction occurs over the average distance between individual
electrons, which of course is on the nanometer scale. We are also familiar with the
fact that electrons, like other fundamental particles, are governed by the axioms or
rules of quantum mechanics. However, more often than not in electronic physics,
the rules of quantum mechanics are implicit. The degree of freedom (DOF)
relevant to observation/measurement is normally macroscopic. Underlying these
macroscopic observables or manifestations are microscopic DOFs which can be
treated as constituent effects of the macro manifestation.

In conventional electronics, one usually does not need to consider quantum
effects, other than the fact that electrons obey the Fermi—Dirac distribution. The
transport and dynamics of these electrons can be adequately described by the
semiclassical drift and diffusion equations, which depend on macroscopic

23
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24 Introduction to the physics of nanoelectronics

properties such as mobility and conductivity. In fact, in micron-sized devices such
as the conventional metal-oxide—semiconductor field-effect transistor (MOSFET),
the Fermi—Dirac distribution and the semiclassical drift—diffusion equations are
all that is required to describe the physics of electron transport under, for example,
the effect of a biased electrochemical potential. In other words, condensed matter
physics has been rather decoupled from the device and electron transport physics.
This also explains why the in-depth study of condensed matter physics has
traditionally been confined mainly to superconductivity, matter phase transition
and other strongly correlated phenomena, but not to the ubiquitous semiconductor
devices. In fact, with hindsight, it is rather odd to think that propagators (Feynman
diagrams) and gauge dynamics, so well established in high energy physics and
superconductivity, have had so little application in the physics of electron current
and dynamics in conventional electronics.

This scenario is about to undergo a drastic change: nanoelectronics will mark
the beginning of the application of advanced physics in devices and electronic
systems. The mesoscopic aspects of condensed matter physics become more
important due to the following reasons:

1. In nanoscale systems, the boundary effects are becoming prominent, giving
rise to sub-band and edge effects, and tunneling phenomena. For example, in
single electronics, the quantization of electronic energy and the absence of all
continuous states in the zero-dimensional quantum dot result in a novel
correlated transport process where the flow of electrons no longer obeys the
usual ohmic current—voltage (I-V) characteristics. Other examples include a
two-dimensional electron gas (2DEG) in high-electron mobility transistors
(HEMTs) and nanowires in carbon nanotube devices, where the presence of
sub-bands and circumferential boundary conditions, respectively, alters the
electron transport behavior.

2. Many of the new bandstructures or sub-bands that arise due to geometrical
modification or reduction in the device generate momentum-dependent
internal DOFs (e.g. spin—orbit coupling, graphene pseudospin DOF). Some of
these may lead to topological properties in the transport behavior (e.g.
quantum Hall effect, quantum spin Hall effect and others).

3. Due to the shrinking size of devices, tunneling current (e.g. across some oxide
barrier), which is a purely quantum mechanical phenomenon, can no longer
be ignored.

4. As devices become small, it is also possible for electrons to travel through an
entire device without being scattered. Ballistic transport becomes important
and electron motion can be investigated in terms of wavefunction or non-
interacting Green’s function. In fact, in the absence of interaction, electron
dynamics can be directly described with basic quantum mechanics.

5. As the interaction effect becomes more arbitrary and less intense, internal
DOFs which normally survive over a short length scale would manifest
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themselves. For example, the spin coherence of an ensemble of electron spin
can be observed in a nanoscale device shorter than the spin diffusion length.

6. For a device channel length approaching the screening length, the potential
drop across the channel becomes significant. Thus specific corrections might
be needed to control the on/off states of transistor devices.

7. Interaction will not totally disappear even in small devices. In fact, the
effect of interaction becomes more complicated as the number of electrons is
too small for sufficient averaging that would lead to statistical macroscopic
DOFs. One simply cannot rely on the statistical effects to protect the
macroscopic observables from microscopic interactions. In other words,
small device size means fewer electrons with less intense interactions
but, paradoxically, more detectable results (due to the lack of statistical
averaging).

In the following, we discuss one of the most important consequences of device
miniaturization in the nanoscale range, that is, the effects of boundary which
gives rise to sub-bands. The sub-band configuration superimposes itself on
the intrinsic energy band arising due to the periodic ionic core potential.
Rapid advances in nanofabrication technologies have enabled us to fabricate
lower (two, one or even zero) dimensional structures and devices via either the
bottom-up or, more commonly, the top-down approach. If we regard a three-
dimensional bulk structure as an infinitely large system for the electron, fabricating
nanostructures means imposing artificial boundaries to the erstwhile infinite
structure.

2.1.1 Three-dimensional nanostructures

A three-dimensional (3D) system consists of a periodic crystalline structure and
macroscale geometrical boundaries which define its shape. Such a system lacks
any boundaries at the nanoscale, and thus, one would not expect additional
energy bands or sub-bands apart from its own intrinsic bandstructure. Typical
metal-based devices treated as 3D systems include spin valves and magnetic
tunnel junctions (MTJ). The former have been widely used in recording
technologies such as hard disk drives. The latter are the crucial storage element of
the magnetic random access memory (MRAM). These devices are also known as
current-perpendicular-to-plane devices. Although they appear to be two-
dimensional (2D) devices, with one dimension (their thickness) being much
smaller than the other two lateral dimensions, electron transport should still be
treated as in a 3D system, owing to the small Fermi wavelength in metals. Because
of the translational symmetry in the in-plane directions, the electron transport in
these spin valve multilayers or MTJs can be modeled by assuming a simple one-
dimensional (1D) treatment. Figure 2.1 provides a pictorial depiction of a 3D
electronic system.
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2.1 Schematic diagram of a multilayer spin valve. Although it appears
visually as a two-dimensional system, electronically, it can be treated as
a three-dimensional bulk system. NM, non-magnetic; FM, ferromagnetic.

2.1.2 Two-dimensional nanostructures

A two-dimensional nanostructure is confined in one dimension, normally referred
to as the vertical z-axis. An electron is free to move in two dimensions contained
in a plane perpendicular to the confinement dimension. Semiconductor 2D
electron gas is a typical example of a 2D system. Such a 2D electron gas system
was first realized in the inversion layer of silicon-based MOSFET. Subsequently,
we showed in Fig. 2.2 a 2DEG which was realized in GaAs/Ga Al, As
heterostructures, where long mean free paths exceeding 10 um can be achieved.
This makes 2DEG heterostructures important for high-speed electronics.

The next most commercially important 2D system is graphene. Graphene is a
monolayer of carbon atoms packed into a 2D honeycomb lattice. Given its
thickness of just one atomic layer, it is the first truly 2D system. Thus, monolayer
graphene is the basic building block of all carbon-based nanostructures in higher
dimensions. The effect of boundary in 2D systems, however, becomes more
complicated when magnetic field is applied along the vertical dimension (e.g. due
to the formation of Landau levels).

Since in a 2D system an electron is restricted in one direction but free to move
around in the other two, quantization along the confined direction gives rise to an
energy sub-band in addition to the usual energy bands arising due to the 2D
periodic core potential. The effect on the conduction electron of the periodic core
potential is captured by the effective electron mass. The single-electron
Hamiltonian of a 2DEG in the presence of perpendicular magnetic fields and
linear spin orbit coupling (SOC) effects is given by:

_ 2
o)+ e gy )
m
2 2
+ M+£+U+ H,+Hg, | 9y (x,»)
2m 2m
=E¢(z)y(x,y) [2.1]
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2.2 Schematic of a typical 2DEG device, which has become an
essential component in high-speed electronics as well as in future
spintronic devices.

where F, H,, H_and U are terms corresponding to the 2DEG triangular confining
potential, the linear spin orbit coupling, the Zeeman split and the applied electric
potential, respectively. The solution to the bound wavefunction ¢(z) is given by a
linear combination of Airy functions, i.e.

= b’ +4ac—4aE, +4adz
P(z)=e **Ai 443 g G

= b’ +4ac—4aE +4adz
+¢ B o c, [2.2]
i 2 (p,—ed)
where C, and C, are constants, and a=——,b=0,c= LS +—r
2m 2m 2m

+tU+E, +Eg, andd=eF, (E,and E 5o are the Zeeman and spin orbit energies).
Solving for the Hamiltonian at z = 0, the lowest energy eigenvalue of the system
is given by:

+ed )
pop.ted)

+p—j+U+E +FE_ +2338 M 23
2m 2m z so = 2m ’ (23]

Thus, the energy of the lowest sub-band due to vertical confinement is
[eF,n] . . .
E,=2338| =———|, assuming the triangular well approximation for the

m

confining potential.
2.1.3 One-dimensional nanostructures

To date, the most important one-dimensional system in nanoelectronics is the
carbon nanotube (CNT). The CNT is a normal graphite sheet rolled up into a
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2.3 Transistor device modified to incorporate the carbon nanotube as
the channel.

cylinder with typical dimensions of radius 2 nm and length at least a thousand
times larger. Electron motion in CNTs is confined in all except one dimension,
which is along the cylindrical axis. Figure 2.3 shows the incorporation of the CNT
to a transistor device.

The wavefunction for an electron in the CNT is normally expressed in the
cylindrical coordinate:

c 1 ik.r nl.c 1 ik x
v, (N=—=e"x, 2y (r)=—=¢e""R (NY (D)X, 2.4
K N3 K N/ AT [2.4]
from which the eigenenergy can be found as follows:
R ¢ hzkf
Ek‘.n.l =E, +E/+ om [2.5]

Electrons are confined in two dimensions, i.e. azimuthal angle ¢ and R, but free in
x. In the following, we estimate the sub-band energy due to the confinement. For
a typical CNT diameter, the sub-band due to confinement along R is
2
AR=0.1 nm— EOR ~ h42 ~10eV. Likewise, the sub-band energy due to
2m(AR)
confinement along the circumferential direction ¢ can be estimated as
27R, 2

— 2 _leV.
2m(2, )’ ©

A= <2nm—>El¢~

2.1.4 Zero-dimensional nanostructures

It is not hard to deduce a further reduction to the lowest possible dimensionality,
that is, a zero-dimensional (0D) nanostructure in which the electron is confined in
all three spatial dimensions as shown in Fig. 2.4. In other words, the electron is
not free to travel anywhere within such a geometry. In nanoelectronics, such zero-
dimensional nanostructures usually take the form of quantum dots, in which
electron states exist as discrete momentum states. Due to the small capacitance of
the quantum dots, Coulomb blockade or single electron charging effects will be
significant in these devices.
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2.4 Metal island or quantum dot structure with source, drain and gate
to control electron or spin flux conduction.

2.1.5 Relevant areas of knowledge

Having provided an introduction to the low-dimensional structures that underpin
nanoelectronic devices, we now consider the different knowledge sets required
for understanding the many current and emerging aspects of nanoelectronics.
Without doubt, new advances in nanoelectronics have provided a platform and
test bed for the application of advanced theoretical physics beyond its traditional
grounds of cosmology and high-energy physics. The trend became evident since
the early 1990s when the Green’s function propagator and gauge physics started
to be applied to the new ‘pasture’ of condensed matter physics and nanoelectronics.
These powerful theoretical tools could now play very significant roles in advancing
the understanding of electron transport in the realms of nanoscale electronics.
Nevertheless, nanoelectronics is a very diverse and inclusive field, and a complete
study of it would require a diverse set of knowledge and skills ranging from
conventional electronics to advanced cutting-edge physics. This fast-expanding
field cannot be understood in a holistic manner without interdisciplinary
knowledge that cuts across device physics, nanofabrication and technologies,
electron transport, statistical physics, many-body physics and quantum mechanics.
Methods and approaches aplenty, we attempt to summarize the required skill and
knowledge sets in Table 2.1 based on the methods applied in the various fields
over the last half-century.

The knowledge required to understand the full breadth of recent development in
nanoelectronics is too wide to be covered in this book alone. We will assume pre-
existing knowledge on the part of the reader of Topics 1 and 6 in Table 2.1; these
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Table 2.1 Studies of nanoelectronics require a diverse set of knowledge ranging
from electronic to condensed matter physics: summary of the different fields relevant
to nanoelectronics

Topic Required knowledge in different fields

1. Boltzmann-based semiconductor physics'2
Phenomenological condensed matter physics
Quantum mechanics®’

Equilibrium many-body physics8®

Non-equilibrium Green’s function device physics'%"
Topology and gauge theoretic electron dynamics'?1'3
Electronic devices and MOSFET technologies®
Nanofabrication and characterization technologies*®

S

topics should be familiar to electronic engineering graduates. For Topic 1, we
recommend standard solid states physics textbooks (see, for example, references 1
and 2), while Topic 6 is usually covered by most device physics and nanotechnology
reference books. For example, topics related to semiconductor physics such as p-n
junctions, bipolar junction transistors, the junction gate field-effect transistor
(JFET) which utilizes the p-n junction, the metal-semiconductor field-effect
transistor (MESFET) which utilizes the Schottky barrier, MOSFET which utilizes
the metal-insulator junction, tunnel devices and semiconductor-based photonic
devices are routinely covered in many semiconductor textbooks.> One can rely on
modern references or books on nanotechnologies** to give detailed description of
the working principles of various nanofabrication and processing systems, which
form the mainstay of modern clean rooms, such as multi-target sputtering machine,
molecular beam epitaxy (MBE), electron beam lithography, optical mask aligner,
focused ion beam writer, ion miller, as well as characterization equipment such as
atomic/magnetic force microscopes, transmission electron microscopes, vibrating
sample magnetometer, X-ray diffraction (XPD), X-ray photoelectron spectroscopy
(XPS), alternating gradient field magnetometer, ellipsometer, torque magnetometer,
Fourier transform infra-red (FTIR) spectroscopy, micro-Raman system, hard disk
media tester, magneto-optical Kerr effect, etc. Topics 1 and 6 are used or implied
throughout this book, without further elaboration on references or their origins.
Lastly, we shall assume knowledge of Topic 2 which comprises basic quantum
mechanics.%” This is widely covered in undergraduate textbooks for quantum
mechanics. Deeper topics on single-particle quantum mechanics are also covered
in reference books on quantum information.

This book focuses on theoretical topics that are not normally covered in textbooks
on microelectronics. These principally consist of Topics 3, 4 and 5. Topics 3 and 5
contain subject matter that is covered in field theoretic or many-body condensed
matter physics.®” Chapters 3 and 4 of this book provides a pedagogical description
of the non-equilibrium Green’s function method'%!! and how it is developed for the
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microscopic transport studies of nanoscale devices under arbitrary voltage bias.
Topic 5 on gauge symmetry and topology is a recent addition to the theoretical
‘armory’ of nanoscale condensed matter physics and electronics. These theories
were first developed in cosmology and high-energy particle physics. Their
application in mesoscopic or nanoscale condensed matter physics only began in
earnest in the 1980s with the discovery of the quantum Hall effect, a topic which
cannot be adequately described by traditional condensed matter physics. The last
chapter of this book (Chapter 7) provides a systematic introduction to the field and
gauge theoretic methods,'?"'* with the focus being their application in nanoscale
electronics. This is a departure from the usual treatment of gauge theory and
topology in existing books and the literature, which mainly emphasized the
development and application of these theories in the more traditional areas of high-
energy physics. In this book, field and gauge theoretic methods are used alongside
phenomenological and statistical approach in a complementary manner.

2.1.6 Overview of nanoelectronics

We now begin our quest into the various fields of nanoelectronics, as well as the
underlying physics which unite these seemingly disparate fields. Figure 2.5 is a
pictorial description of the various emerging nanoelectronic fields of research and

| >

Single >
electronics
=) ¢ D AV D D
Theoretical Concept device Experiments -
Carbon/ physics design and and prototyping En(?'giﬁ;'ggoind
graphene simulations P
-~/ \_ Y,
P —
devices PCRAM
Quantum dot Flash
ggﬁf:rlﬁé transistors Memristors memory
devices
CNT Graphene
Quantum Hall transistors display
electronics

2.5 Schematic description of the various fields of nanoelectronics and
the evolution from theoretical concepts to numerical computation,
experimental tests and prototyping, and finally to engineering
optimization.
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application, and the general path which occurs in all these domains starting from
the fundamental physics of the underlying phenomena onto the device concepts
and design, and finally to the world of applications, devices and industrial
commercialization.

The main underlying physics is nanoscale condensed matter physics, and the
most powerful theoretical methods to describe this are Green’s function and the
topology and gauge theoretic approaches. These theories have led to the prediction
and description of new condensed matter phenomena in meso- and nanoscale
systems (e.g. quantum Hall effects, novel spin dynamics, electron correlation
effects and topological transport behavior), properties which are only now being
explored for possible applications in nanoscale devices.

Once the theory of the underlying physics has been formulated, the next step is
numerical study and computational simulation to confirm the theoretical
predictions and to evaluate the robustness or reliability of these effects for practical
device applications. If the results are promising, experiments will be carried out
to confirm the physical phenomena and then to resolve any practical difficulties to
achieve a basic or crude prototype as a proof of concept. Finally, the last stage is
device engineering and optimization. At this point, experimentalists will have
shown the theoretical benefits to be feasible (e.g. in terms of robustness and room
temperature operation). Furthermore, various environmental and human factors
(e.g. cost and scalability in manufacturing) will have been analyzed. At this stage,
engineers are focused on refining and improving the practical features of the
devices and applications so as to turn them into successful commercial products.

2.2 Nanoelectronics and nanoscale condensed
matter physics

Our earlier introduction to the various fields of nanoelectronics suggested its
strong linkage to condensed matter physics. One can start by visualizing a
condensed matter system as something akin to a mini-universe to the electrons
with a periodic potential that pervades the entire bulk of the material. Advances in
nanotechnologies have led to spatial shrinkage of this universe so that its boundary
effects become apparent, giving rise to many properties unique to nanoscale
condensed matter systems.

In Section 2.1, we discussed the many mesoscopic or nanoscale condensed
matter physics concepts relevant to nanoelectronics as a consequence of its
shrinking size and concomitant boundary effects. But we have yet to make explicit
the distinction between nanoelectronics and pure nanoscale condensed matter
physics. One of the most important effects that distinguishes the physics of
nanoelectronic devices from mesoscopic or nanoscale condensed matter physics
is the influence of neighboring perturbations. Nanoelectronic devices normally
contain a few discrete parts, comprising a central channel and adjacent leads.
From the perspective of the central channel, the adjacent leads can be viewed as
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perturbations. The most common types of leads are the source and drain electrodes,
and as in conventional electronics (e.g. in a MOSFET device), the electrical
voltage is applied from source to drain across the channel.

Thus, if one were to construct an equation that describes a carrier’s propagation
in the channel, this equation tends to require local parameter input (e.g. local
potential and site energies that extend from the channel onto the leads indefinitely).
It may seem that we have an open system with divergent effects, which extend far
from the central channel region under consideration. However, in a homogeneous
condensed matter system, such an extension to infinity can be made convergent
by some renormalization process. In a nanoelectronic device with a channel which
is treated as the central region, it makes sense to treat the channel as a closed
system with all the effects of perturbation being absorbed into some physical
observables of the carrier (electron) in the channel. For example, the lead
perturbation that extends semi-infinitely can be re-normalized into a finite self-
energy which affects electron propagation in the channel. The device can now be
viewed not as an open system that is attached to adjacent regions like leads, but as
a closed one with electron propagation in a modified energy landscape.

A consequence of the lead perturbations (under the application of source—drain
bias) is the induction of non-equilibrium electron density in the channel. By taking
into account the non-equilibrium electron density as a function of some global
lead parameters, the channel can be considered as a closed system with modified
electron density. One can see this if we assume the ohmic relation for current in
the channel:

[=-5 D [2.6]

where (Vg — V) are the global lead parameters (i.e. their respective applied
voltage) which can also be considered as a property of the closed channel system
which reflects its non-equilibrium electron density. While Eq. 2.6 is a rather crude
way of incorporating the effect of leads on the non-equilibrium distribution of an
electron in momentum space, it is accurate in bulk systems, in which the gradient
of the non-equilibrium electron density in the central channel is determined by the
difference in the lead voltage. In this way, a device with three discrete units
(central channel and two leads) can be viewed as a single closed system without
leads, but with a modified electron density (Fig. 2.6).

A more improved approach suitable for microscopic system is to derive the Kubo
conductivity, which plays the role of the inverse resistance (1/R) in Eq. 2.6. In the
linear response, one assumes the change of electron density to have minimal effect
on the conductivity, so that current is obtained via direct multiplication with the
small voltage difference. Thus, a major challenge in nanoelectronic physics is to
find clever means to incorporate the seemingly extensive and divergent perturbation
effects due to neighbors into some physical properties of the channel system, such
that the channel can be treated as a closed system with modified properties.
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Closed channel
Source Channel Drain with modified

properties

2.6 A standard device with three discrete regions can be viewed as a
closed system with lead perturbations absorbed in terms of a modified
electron energy and electron distribution within the channel.

Ohm'’s law Kubo (linear Non-equilibrium Green’s
response) function (NEGF)
LR (Vs—Vp) Gkubo(Vs— Vp) J.Fs GRTP G* (fs— fp) dE

2.7 Various ways of taking into account the lead effects on the non-
equilibrium electron density in the central region.

Different methods of modeling open systems with leads as modified closed
systems are shown in Fig. 2.7. These are three effectively closed systems which
relate the lead voltage to the non-equilibrium electron density distribution in the
central channel. Methods 1 and 2 are straightforward. Device 3 makes use of the
so-called non-equilibrium Green’s function (NEGF) technique to model the effect
of the lead voltage on the non-equilibrium distribution in the channel in a much
more involved manner. It involves linewidth functions and Green’s functions of the
central channel region, which incorporate the coupling strengths to the leads and
self-energy due to the leads, respectively. This is discussed further in Chapter 3.

It is now clear that nanoelectronics acquires additional complexities because of
the following effects:

Nanoscale size effects — modified equilibrium system properties
Source—drain applied voltages — non-equilibrium effects
Contact proximity — interaction with channel

External applied fields — topological effects.

bl a e

2.3 Emerging nanoelectronic devices and systems

Considering the diverse nature of nanoelectronic fields, it is as yet not possible to
develop a single formalism suitable for all devices. While the non-equilibrium
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Green’s function allows lead perturbation effects to be absorbed into the coherent
propagation and non-equilibrium electron density, it still needs a separate
mechanism to calculate the electron density distribution within the channel. If
modification to dimension is not drastic (i.e. if the channel can be considered as a
quasi-3D structure), then the electronic background of a function of spatial
separation (E — r) and in k-space (E — k) can be determined based on pure
condensed matter physics (i.e. disregarding the effects of boundaries).

In the event of single-electronic or quantum dot structures, CNT and 2DEG,
mesoscopic or nanoscale condensed matter physics is required to determine the
sub-bands. However, in nanoelectronic systems with multiple parts, the electronic
background will be modified further. As we know, transport equations are based on
the specific background under which they are derived. In quantum dots, electron
gas as described in £ — r relation, where r is related to electron separation, cannot
be assumed. Electron transport is correlated and the transport equation has to be
modified to reflect this (see Section 2.3.3 on single electronics below). In
semiconductor devices with interfaces like metal-semiconductor or p-n junctions,
local band-bending occurs at the interfaces and this alters the dispersion relation or
the £ — k property of the device in the affected parts. These changes and
modifications cannot be reflected automatically in most transport physics, although
the bandstructure effect could modify the NEGF equations via the modification to
the Hamiltonian. It is thus important to understand these physics separately. For
more details of the device physics and interfaces, readers can refer to books on
devices.? For our purpose, it suffices to classify them in terms of their relevance to
the new nanoelectronic devices and systems, many of their designs being based on
the well-established semiconductor devices.

In the following, we introduce and specifically discuss several important types
of nanoelectronic systems. These are spintronics which encompasses metal
spintronics, hybrid and semiconductor spintronics, single electronic systems (e.g.
the quantum dot and metal Coulomb blockade devices), molecular electronics,
carbon nanostructure transistors and graphene electronics.

2.3.1 Metal spintronics

Many theoretical and simulation studies have been carried out to investigate the giant
magnetoresistance (GMR) and spin transfer effects in both the current perpendicular-
to-plane (CPP) and current-in-plane (CIP) configurations. Phenomenological
(semiclassical) physics plays an important role, as it describes experimental
observations to a rather accurate degree. The main semiclassical transport theory to
describe the GMR effect is one based on the Boltzmann equation, which is a model
understood by both theorists and experimentalists alike. There is a large body of
published works and books about the Boltzmann transport model and its specific
applications in spin electronics. Magnetoresistance (MR) based devices are commonly
known as readers or recording heads by the hard disk drive storage community.
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Giant magnetoresistance (GMR) and spin valves

The most prominent and useful effect in metal-based spintronics is giant
magnetoresistance (GMR). The GMR effect refers to a large fractional change in
resistance induced by an applied external magnetic field, which changes the
relative magnetization orientations of the two ferromagnetic (FM) layers separated
by a non-magnetic (NM) spacer from the parallel to the anti-parallel configuration.

In fact the entire development of the emerging spin-based electronics was
based initially on the success of GMR devices, which are composed primarily of
ferromagnetic metal multilayers. The MR response is largely a macroscopic effect
arising due to the collective spin-dependent scattering experienced by electrons in
the bulk and at interfaces.

GMR effects were first reported in multilayer devices'>!® in the early 1990s
(e.g. Fe/Cr, Co/Cu and Ag/Co). The early GMR devices existed in CIP form where
electron flow is within the plane of the device. Present GMR devices exist in CPP
form. Both theoretical simulations and experiments have confirmed that the
CPP GMR device can achieve a higher MR ratio than a CIP one. In addition, CPP
sensors also possess the engineering advantages of requiring a smaller shield-to-
shield gap, thus enabling a higher areal storage density of the hard disk drive
(HDD). In a CPP GMR element, the resistance difference AR (between the parallel
and anti-parallel configurations) scales with the shrinking of the sensor area. This
is compatible with future needs as the track density in the recoding medium
increases. Figure 2.8 shows a CPP-type GMR device.

Tunneling magnetoresistance (TMR) and spin valves

At the turn of the twenty-first century, interest in MR research expanded to
encompass an effect with a more pronounced quantum feature, namely tunneling
magnetoresistance (TMR).!-'8 This is due in part to the rising demand for HDD

g:&0:

Electrode Pinned layer Spacer Free layer

2.8 Schematic of a CPP-type GMR device, which is the most common
field-detecting element in present spin-valve based recording heads.
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storage. Increasing bit density in the media platter of the HDD has placed
unprecedented demand on the magnetic field sensor to detect weak magnetic field
change in order to distinguish one binary state from another. For instance, the use
of MgO tunnel barriers has resulted in MR (in the ‘pessimistic’ definition) well in
excess of 75% while most CPP GMR based spin valves deliver around 5%. The
advantage was, however, tempered by the high resistance of TMR devices. While
a typical CPP GMR device has an overall areal resistance of 100 mQum?, that of
TMR hovers at 1-2 mQ um?, introducing a large impedance mismatch between
the magnetic sensor and the pre-amplifier, which results in electrical loading of
the detection circuitry.

Half*metal spin valve

The CPP GMR device with an MR of around 3—5%, even in the advanced form of
an exchange-biased CPP spin valve, is far from adequate to meet the requirements
imposed by ultra-high density storage of several terabits per square inch. The
solution to the problem of high resistance area in TMR devices remains elusive.
In around 20032006, some interest also shifted back to all-metal GMR devices
but with half-metals (HM) taking over the normally ferromagnetic (FM) contacts
(see Fig. 2.9). Materials with a high bulk polarization ratio (90—100%), such as
half-metallic (HM) Heusler alloy,'>*® were studied for their potential to increase
magnetoresistance. However, the use of these new materials in CPP sensors faced
difficulties in terms of achieving high-quality thin film structure, as well as
unknown interfacial effects.

Top electrode

Capping layer Core element Top electrode
CoFe/NiFe/CoFe } Layer 3 Gapping layer
Cu Layer 2
} v HM free layer
HM
C
Ru Layer 1 .
CoFe HM pinned
IrMn AFM
Bottom electrode Bottom electrode

() (b)

2.9 (a) Schematic of a modern CPP spin-valve based on half-metal. (b)
Schematic with functional descriptions of the different layers of device (a).
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More complicated spin-valve structures

Many of the spin-valve GMR devices — be they FM GMR, HM GMR or TMR
spin valves — have since undergone further technological development and
improvement. The basic pseudospin valve structure has spawned more complex
structures, such as exchange-biased spin valve, synthetic antiferromagnetic spin
valves, half-metal dual spin valve, etc. Readers interested in the specialized field
of spin-valve devices can refer to the many papers published in engineering and
applied physics journals, as well as proceedings of the main hard-disk related
conferences, such as the Magnetism and Magnetic Materials and the International
Magnetic conferences.

Magnetic tunnel junction and spin torque devices

Two otherimportantaspects of metal spintronics are the tunneling magnetoresistance
(TMR) and spin transfer torque. The magnetic tunnel junction has similar physics
and working principles to a TMR spin valve but it is used as a storage element
instead of as a field sensor. The use of the magnetic tunnel junction introduces the
possibility of non-volatile solid state memory. Using such non-volatile memory,
the possibility of an instant-on computer is no longer far-fetched. Magnetic random
access memory (MRAM),?! which consists of a lattice of MTJ cells, has since
become a leading candidate for spintronic-based non-volatile memory. The reality
of solid state memory was advanced further with the realization that a spin-
polarized electron flux could interact with a local magnetic moment to effect
magnetization switching. The underlying physics of this phenomenon is known as
the spin transfer torque, first studied independently by L. Berger and J. C.
Slonczewski.?? Their theoretical studies were later supported by experiments.?

This was great news to the MRAM community which hitherto had to rely on
tiny current-carrying wires to generate magnetic (Oersted) field-to-effect
magnetization switching in the magnetic tunnel junction. With the advent of spin
transfer torque switching, the ‘bulky’ wires (relative to the tunnel junction) could
be dispensed with. However, early experimental studies revealed that a relatively
large critical current density of the order of 103 A/cm? is required to trigger
current-induced magnetization switching (CIMS) via the spin transfer torque
effect. Such excessive current density may cause electromigration and damage
electronic devices. Thus much attention is now focused on reducing the required
current density for CIMS. Current state-of-the-art results>* reported for CoFeB/
MgO/CoFeB MTIJ show high TMR over 120%, high thermal stability at dimension
40 nm and switching current as low as 49 pA.

The physics of spin torque is an interesting topic by itself. Since the GMR
effect is the resistance modulation in multilayer ferromagnetic structures arising
due to the scattering of itinerant electron spins by local magnetization, it would be
natural to conceive that by reciprocity, a high concentration of electron spins may
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exert some form of spin-current related torque on the local magnetization, leading
to possible switching or CIMS. Additionally, spin transfer torque can effect large-
angle magnetization precession in the free layers of spin valves and magnetic
tunnel junctions, giving rise to microwave oscillations.?

Many theoretical methods have been developed to study CIMS and current-
induced spin oscillations in a variety of structures, ranging from ferromagnetic
spin valves to Coulomb blockade transistors.”® The theoretical methods range
from non-collinear spin drift diffusion (SDD), which imposes phenomenological
continuity of spin flux at the multilayer interfaces, to quantum mechanical method
with boundary matching of wavefunctions, NEGF and gauge theoretic methods.
Except for the latter method of gauge theoretic, which will be introduced in
Chapter 7, we will refer readers to the works in the literature for the other methods.

Figure 2.10 provides a lateral view of a standard array design for today’s
MRAM. Each cross point addresses one MRAM cell, and access to these cells is
performed by decoders selecting the lines and the transistors.

“_ CR/Au CR/Au
Ru Ru
Ta Ta
¥ CoFeB CoFeB
MgO MgO °
CoFeB CoFeB lines
Others Others
Substrates Substrates

2.10 Typical MRAM array in which the writing process is based on the
CPP spin transfer torque on the free layer, while the reading process of
the stored information is effected via CPP magnetoresistance.

2.3.2 Hybrid and semiconductor spintronics
Bipolar spin-valve transistors

In the mid to late 1990s there were exhilarating breakthroughs in the field of metal
spintronics in terms of spin-valve and magnetic memory applications. These
sparked interest in the design of hybrid spintronic devices which combined
semiconductor with metal spintronics. The spin valve transistors?’-*® were first
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FM base

Si emitter Si collector

2.11 Schematic of a basic spin-valve transistor.

conceived in the form of an all-metal bipolar device, before evolving to
the semiconductor-metal bipolar system fabricated to the structure of
Si-MultilayerFM—-Si in 1995 (Fig. 2.11). Schottky barriers, which form at the
Si—FM interfaces, act as buffers which set the FM region free from electric fields
applied to the terminal pair. Electrons crossing the FM multilayers lose more
energy under the anti-parallel configuration than the parallel configuration
of magnetizations. The FM configurations can be controlled by applying external
magnetic fields. Thus, collector current can be externally modulated via an applied
magnetic field. It is, however, important to note that this does not yet constitute a
semiconductor spintronics device. Spin conductance was modulated entirely by
the all-metal spin valve via the GMR effects. The semiconductor regions merely
provide the Schottky barriers and facilitate the injection of spin-neutral hot
electrons into the spin-valve base region.

Modifications were made to the above by introducing the injection of spin-
polarized instead of neutral current into the base. The base region can also be
modified to play the role of a spin filter and detecting spin current. If the filter
rejects the spin current, most of the current will be diverted to the collector.

Metal-semiconductor spin injection transistor

Key prerequisites for the functioning of a truly semiconductor spintronic device
are the generation of spin-polarized current and long spatial and temporal spin
coherence in the semiconductor, which is normally paramagnetic. Since normal
semiconductors are non-magnetic, spin current needs to be generated via spin
injection from a ferromagnetic material. Current passing through ferromagnetic
materials becomes spin polarized due to exchange coupling (due to asymmetry in
the density of states) as well as bulk scattering (due to spin asymmetry in mobility).
The idea here is to inject the spin polarized current into the non-magnetic
semiconductor, the latter being a well-established medium for the control of
electronic conductance.
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The long spin diffusion length in semiconductors such as GaAs is tremendously
helpful for such a purpose. But there is one major obstacle — in diffusive transport,
spin polarized current cannot be easily injected into semiconductors. The low
dosage of spin injection has been attributed to a factor?’ related to the conductance
difference between the metal ferromagnetic and the semiconductor media.
However, it seems that the incorporation of a spin-asymmetric tunnel or Schottky
barrier can improve spin injection greatly via quantum mechanical tunneling.
Besides the intrinsic problem for low spin injection, interfacial spin flip is also
crucial for destroying the proper delivery of spin-polarized flux to the
semiconductor. In general, the spin injection device can normally generate spin
current, which cannot be transported to where it matters (namely the semiconductor
region), thus precluding its further exploitation.

Magnetic—electric field transistor

Figure 2.12 shows that the external field device is particularly suitable for the
design of a semiconductor MRAM or a programmable logic device.?? In the
memory application, the ferromagnetic gates are used to store information.
Detection of the stored memory states of the FM gates can be achieved by passing
current through the conduction channel directly below them. The edge fields
emanating from the gates can be correlated to the orientation of the magnetic
moment of the FM gate. This device can rely on either field-induced switching via
the write line method (similar to that used in MRAM) or the current-induced-
magnetization-switching (CIMS) effect to switch the gate magnetization.
Tunneling through a delta barrier is given by the following:

[ i V2 + U8(x):|¢(x) = E¢(x) [2.7]
2m*

where U has the units of eV m. Over a length scale of 10-50 nm between the
barriers, the boundary effects on electron transport will be significant. Below, we
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2.12 Magnetic—electric field MOSFET with multiple ferromagnetic gates
to realize functions of non-volatile storage and programmable logic.
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describe the ballistic tunneling process which allows the wave amplitude of
electron at each region to be determined. Taking x = 0 as the interface, and
assuming infinitesimal thickness +¢ of the J-function which represents the edge
field from the FM gate, we have:

—¢ 2m*

J { e +U5(x)}¢(X) de= [ Eg(x) dx =26 E9(0)= 0

" (+8) - ¢/ (~£)) + Up(0) = . 2.5]

2m

*h
In the case where the barrier is magnetic, U = § ;i— B is used. To compute spin
m
0
transport, the standard material parameters for GaAs are used: m* = 0.067 m,,
g*= 0.44, Fermi energy E, = 3.55 meV/, corresponding to charge density of n, =

10em 2, and By =02 T.

Rashba spin orbit coupling spin field-effect transistor (FET)

Spin orbit coupling (SOC) can be regarded as a form of effective magnetic field
‘seen’ by the spin of the electron in the rest frame. Based on the notion of effective
magnetic field, it will be straightforward to conceive that spin orbit coupling can
be a natural, non-magnetic means of generating spin-polarized electron current. It
is thus natural to conceive that SOC within a tunnel barrier can be utilized to
achieve efficient spin filtering.3! Despite practical difficulties, it has been accepted
that, in nanoscale devices, spin current can at least be generated at one end of the
device and detected on the other. The combined effect of the tunnel barriers and
the SOC can be used to achieve a spin transistor function. Electrical voltage (Vg)
is applied to the Schottky gate to alter the Rashba coupling strength within the
InAlAs—InGaAs 2DEG and thus modulate the spin state of the conduction
electrons in the semiconductor channel. This, in turn, is translated into a
conductance modulation by incorporating a ferromagnetic drain electrode to the
contact to act as the detector for the electron spin.

Although experiments®? have confirmed the working principles of such devices,
most have fallen short of demonstrating large conductance modulation. The
prospect of semiconductor spintronics thus remains unclear for the foreseeable
future. Spin orbit coupling based spintronics is still fraught with difficulty due to
the poor ‘survival’ of measurable spin current amidst such effects as temperature,
impurity scattering, mode averaging, non-uniformity of spin orbit strength, as
well as interfacial spin flips. Temperature smears the electron distribution over the
double-conic Rashba bandstructure at the Fermi energy, greatly reducing ideal
spin polarization. Spin relaxation length is rather long in a ballistic semiconductor,
but impurity scattering can weaken spin current considerably. Mode-averaging
can be partially overcome by designing devices that are spatially constrained in
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the transverse direction, or via an electron wave-guiding action effected by regions
with different doping densities. Both of these will result in wavevector (mode)
selection, where only a portion of the Fermi surface is probed for spin detection.
Note that SOC systems are time-reversal symmetric, and so there will be no net
spin polarization if the measurement is averaged over the entire Fermi surface.

2.3.3 Single electronics and quantum dot

Electron transport through a device in which the central electrode is of nanometer
scale would encounter the so-called Coulomb blockade effect. The size of the CB
effect depends on the size of the central region and the material system it is made
of. The discovery of single electron tunneling (SET)?? marked the arrival of a new
class of nanoelectronic devices known as single electronic devices. In their
simplest form, these devices consist of the central island contacted to left and right
leads — acting in the language of MOSFET as the source and drain electrodes,
respectively. The device can be in an all-metallic** or semiconductor®
configuration, that is, the central island can be in the form of a metal or
semiconductor quantum dot*® with metal contact electrodes. In single electronic
devices, the coupling between the central device and the leads is assumed to be
weak so that the tunneling term in the Hamiltonian can be regarded as a
perturbation. However, in the case of a molecular island, the coupling effect
becomes strong and a different transport mechanism occurs. This is reviewed in
Section 2.3.4 on molecular electronics.

Here we introduce the concept of Coulomb blockade (CB), which is crucial in
single electronics. If there is already an extra unbalanced electron in the
nanostructure, the addition of an electron leads to a charging energy of:

E =E.+E,. [2.9]

In Eq. 2.9, E . refers to the electrostatic charging energy arising from the Coulomb
repulsion of an electron unbalanced by the background positive ionic charge,
while £, is the energy change due to the electron occupying a different quantum
level. If the first electron in the nanostructure is of state le, then the next electron
can be either &, or sz' The charging energies involved are E, = E.or E, = E .+
(E}, — ), respectively. In the case of a metallic central island, the small Fermi
wavelength implies continuous kinetic energy states. Thus, (E,, — E},) = 0 for
metal; the charging energy is the same for both cases. However, the scenario
would be different in the case of a semiconductor quantum dot as the distinct state
quantization implies (£}, — E,,) can be large. Therefore, if the first electron is of
state le, then by the Fermi exclusion principle, the next incoming one can only be
k, v This forms the basis of the Anderson model, in which the charging energy
term is expressed by:

He.=E_ i, ,. [2.10]
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Single electron spintronics

On the other hand, the contact electrodes can be made magnetic to implement
spintronics in single electronic system. With magnetic leads, spin injection can
be implemented leading to the design of a hybrid SET-spinFET device,?” an
example of which is a SET device based on a self-assembled InAs quantum dot.
The interplay between the CB effect and spin-dependent tunneling gives rise to
several novel magnetotransport effects such as magneto-Coulomb oscillations,
enhanced magnetoresistance due to cotunneling and the spin blockade effect.
Figure 2.13 provides a schematic representation of a hybrid SET—spinFET
showing magneto-Coulomb effect and a basic single electronic system based on
quantum dot with quantized energy levels.

One of the advantages of single electronic device over MOSFET is its high
packing density as single electronic devices are scalable down to 1-10 nm. In
MOSFET, high power consumption is becoming an increasing problem as device
dimension continues to shrink and leakage current occurs across the thin oxide
layer via quantum tunneling, draining energy and wasting power. In a single
electronic device system, power consumption is generally low because of the low
number of electrons involved. Single electronic devices also deliver a higher
switching speed as opposed to MOSFETs, which require time to charge up the
capacitor. The disadvantages include fabrication on the nanometer scale where
most single electronic devices require sequential e-beam patterning, which is a
time-consuming process, as opposed to optical lithography for CMOS devices.
Controlled SET fabrication with repeatable properties at room temperature is still
difficult to achieve. Furthermore, SET devices are particularly sensitive to random
background charges. Presently, due to these practical difficulties, single electronics
is confined to a few niche applications such as:

e Metrology — very accurate current standard

e Thermometry — absolute temperature measurement based on fundamental
constants

e Very high resolution surface charge probes.
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2.13 (a) Hybrid SET-spinFET device exhibiting magneto-Coulomb effect
which combines the physics of single electronics and spintronics to
yield new transport properties. (b) Single electronic system based on
semiconductor quantum dot.
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Modeling of single electron tunneling transport

Since electron transport in a single electronic system occurs in a sequential
manner and individual tunneling events are independent uncorrelated events, the
quantum wavefunction tunneling method cannot be applied here. Furthermore,
we assume that equilibrium is re-established after each tunnel event. Thus, single
charge tunneling can be treated as Markovian events, so that the overall transport
can be modeled via the Master equation approach. Because of charge accumulation
in these structures, electron tunneling through these structures or junctions
depends on the type of accumulation present on the island or quantum dot (e.g.
electron, hole, spin and so forth).

The Master equation method consists of a series of linear equations which
characterize the rate of change of the state probability of the SET system:

dgza>:r’,',”ﬁ[l—<e‘,> () ()~ () (mm, Y+ (11 )]

(n
nTni J Ff”[ ea eTel ]

_m |:<ea>
Tt (eye,)- T [{e,)~(e,)] [2.11a]
@ZZ%R”O_(”TW)]JFEE ()~ (mim)]
_(?;'T" + 23“5}("%) [2.11b]

where (n_) represents the probability of single occupancy of a carrier (electron or
hole) with spin o in the island of the SET. Carrier species would have been clearly
specified if {e ) and (A ) are used instead. The variable (n n ) is the probability of
double occupancy by two carriers of opposite spin in the 1sland [ /Ths is the
tunneling rate of a carrier into/out of an empty island in the SET. On the other
hand, T, / T2 is the tunneling rate of a carrier into/out of a singly occupied SET
island. The tunneling rates 1 12";';'6, I’ and 1"0"’ under different conditions are
illustrated in Fig. 2.14, while /%7 is the spin flip rate within the central island.

The occupation probabilities of electron within the central island are variables
to be determined by solving Eq. 2.11. The tunneling rate equation can be derived
by treating the tunnel event as a perturbation and applying the Fermi golden rule.
For SET systems with a metallic island, the rate equation (commonly known as
the ‘orthodox’ rate equation) is given by:

o
| =Wg(EL.(N)—Ec(M)+.U,- - U,

t

E

8(E)=—m— [2.12]
e =1
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2.14 Schematic illustrations of sequential tunneling events in SET
devices with quantized QD levels for (a) spin up and (b) spin down states.

where a = L, R denotes the left or right electrodes, R, is the tunneling resistance,
which is inversely proportional to the strength of coupling between the contact
and island, M, N are the initial and final number of island charges which
characterize the initial and final states of the SET system, £_ is the electrostatic
energy sum due to the total number of or M or N island charges, and y is the
electrochemical potential of the island or the contact electrode. For SET systems
with a semiconductor quantum dot as the island electrode, the presence of
quantized energy levels results in a different rate equation given by:

=7 fE, —E\-1,) [2.13]

\+|,\

where j; (k) is the initial (final) quantum dot states with N(N + 1) charges on
the quantum dot. £ kNﬂ/EjN is the energy sum of (N + 1)/N charges on the quantum
dot. This would translate to (£ e EjN) being the highest energy level taken by
the last electron in the dot. The electrochemical potential of electrode is given by
. Notation fis the Fermi-Dirac distribution function and y* = 2z/|> p* denotes
the strength of the tunnel coupling constant, assuming that ¢ is the same for all
electrodes. The spin-dependent density of states is given by p® in electrode a. In
the case of FM electrodes with spin polarization p®, one has p® = (1 + om® p*)p™
where p® = (p®1 + p™)/2 is the average spin-independent density of states. The
spin polarization m®p“ changes sign depending on m“, whose sign depends on the
magnetization orientation of the FM. One can choose m* to be positive for
magnetization pointing up and negative for magnetization pointing down.

2.3.4 Molecular electronics

Molecular electronics?® is implemented in a nanoscale device structure similar to
those of single electronic systems with metal and semiconductor central islands,
except that the central island here is smaller (of molecular size). The main
advantage of molecular electronics is that transport properties at this molecular
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size may be more predictable compared to those of nanoscale SET. On the
other hand, conventional silicon-based MOSFET devices, if shrunk to the putative
size of typical molecular electronics, would consist of only a small number
of atoms, leading to non-statistical and unpredictable transport behavior.
Presently, the minimum feature size of the state-of-the-art MOSFET devices
stands at 30-40 nm. Further device miniaturization would lead to problems such
as insufficient gate oxide thickness, resulting in large leakage current and thus
high power consumption. Molecular electronics may then be a candidate to
overcome these problems. Table 2.2 presents a summary of advantages in
molecular electronics.

Electron transport through the molecular structure depends on the types of
molecules inserted between the two contacts. But there is one crucial aspect of
molecular electronics that is different from the metal-semiconductor single-
electronic system or MOSFET. The tunneling coupling of molecule to the metal
electrodes is strong, which could reduce the effect of charge and size quantization.
In the simplest linear chain of molecules between leads, electron transport could
be a simple wave tunneling under a barrier. In the more elaborate donor—barrier—
acceptor configuration, the superexchange process for both electron and hole
takes over.

In the case of a molecular quantum dot, single molecule physics is important,
e.g. in a single molecule magnet, the Kondo effects could be prominent. In the
case of large molecules, such as DNA or protein molecules, intramolecular
transport becomes important because now electrons need to navigate through a
large molecule with many functional groups. But in general, charge transfer
within DNA is coherent for short distance; when many base pairs are involved,
then transport is one of incoherent hopping. More complicated still is electron
transport through the DNA-metal junction. The donor—bridge—acceptor

Table 2.2 Summary of some useful device features in molecular electronics

Useful device features in molecular Remarks
electronics

1. Small size with predictable behavior Central island is a single molecule

2.  Chemical self-assembly In chemistry and nanotechnology,
a great deal is known about the
technique of self-assembly

3.  Switchable between stable Molecule can switch between a few
configurations stable isomers, each having its own
electrical and optical properties
4.  Tunable optical, electrical and Molecule synthesis has been well-
structural property by choice of established and these techniques can be

chemical composition and geometry applied to tune the electrical and optical
properties of molecular based devices
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configuration®® provides more possibilities in terms of controlling electron or hole
transport through the molecule. The multiple barriers within the molecule can be
engineered to effect quantum pumping or current rectification. The bridge between
the donor and the acceptor can also be engineered to switch between hopping and
superexchange transport mechanisms.

What distinguishes electron transport through molecules from normal
semiconductor or metal-based nanostructures is the strong coupling across the
junction separating metal from molecule. Tunnel coupling through molecular
junction to metal electrode is usually so strong that the correction due to cotunneling
and the Kondo effect can be significant. This raises the need to incorporate
additional physics into molecular transport. In this respect, one may note
that the NEGF method, which takes proper account of intersite coupling,
might be a useful method with which to study electron transport in molecular
devices.

Here, we give one example of molecular electronics (in this case magnetic)
where the molecular properties when connected to electrodes or substrates might
become altered significantly with manipulation.?® The molecular central channel
is connected to a substrate and demonstrates a high Kondo effect after manipulation
is carried out to the molecular structure. This is the first step toward molecular
electronics or spintronics in which molecular structures are to be connected to
contacts for the injection of charge current, spin current or even supercurrent. In a
magnetic molecule, intramolecular exchange and spin orbit coupling can give rise
to high anisotropy energy at zero magnetic field.

By and large, the outlook for molecular electronics is still fraught with
fundamental challenges. Controlled fabrication of molecular systems suitable for
electronic applications has still not been fully mastered. A self-assembly technique
is one of the favorite methods that is being intensively pursued at present. As we
have learnt earlier, electron transport within the molecule is easier to understand
than the transport across the junction between metal and molecule. In fact accurate
measurement of the junction conductance is itself a major experimental challenge.
There is also a whole host of other practical issues such as reliability, temperature
stability and so forth that have not been fully addressed.

2.3.5 Carbon nanotube transistors

Carbon-based electronics*® can be regarded as a form of molecular electronics. It

falls under the linear chain type if it is in the form of nanotube sandwiched
between the contacts, or the quantum dot type if it is in the form of C60 fullerene
that plays the role of the central island. C60 (fullerene) was first discovered by
Harold W. Kroto, Richard E. Smalley, Robert F. Curl in 1985,*' while the carbon
nanotube was discovered by Sumio Ijima in 1991.4> These carbon-based
nanostructures have markedly different electronic, mechanical, optical and
chemical properties than their film or bulk counterparts. There has been a large
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body of work dedicated to studying the fabrication of the CNTs. Generally, they
can be divided into:

e Arc discharge, which yields single-walled (anode doped with metals) and
multiwalled CNT (both electrodes are pure graphite).

e Laser ablation,* which yields single-walled nanotubes (SWNT) mixed with
carbon nanoparticles (e.g. fullerenes). The diameter of the tube is controllable
by the reaction temperature, but this process is costly.

e Chemical vapor deposition (CVD),** which yields both SWNT and multi-
walled nanotubes (MWNT). This method also enables selective and directional
growth, but tends to produce more defects.

A field-effect transistor (FET) with CNT elements has electrical properties which
promise superior FET performance to that of silicon-based MOSFET. To fully
appreciate the superiority of CNT FET as opposed to MOSFET, one needs to
understand the conventional difficulty faced by the silicon-based MOSFET
community. The electronic properties of CNT include high conductance, variable
bandgap and ohmic contact problems. Its electronic properties are similar to
graphene after considering additional boundary conditions. But unlike graphene,
the semiconducting CNT shows a large variable bandgap, lending itself to
generating a large on/off current ratio. This property is especially useful for
potential transistor application.

With more superior electronics features, photonic and chemical properties (the
photonic and chemical properties of these devices are not discussed here), there is
the favorable prospect of CNT-based electronics replacing MOSFET electronics.
Like the problem faced by molecular electronics, the main hurdle lies in the
successful controlled fabrication of a large quantity of CNTs with the desired and
repeatable contact and channel qualities.

A semiconducting CNT channel is normally connected to metal contacts.
The alignment of Fermi levels depends on the work functions and the bandgaps of
the CNT and metal, resulting in the formation of a Schottky barrier. Carrier
transport through the CNT-metal interface is mainly via quantum tunneling
through the Schottky barrier. Large quantity synthesis of CNT is making headway,
and the eventual emergence of CNT electronic products in the marketplace —
similar to the success achieved by the spintronic spin valve and MRAM — depends
on how fast and far the fabrication techniques can improve.

Metal spintronics have been most successful in terms of commercialization,
but semiconductor spintronics still have fundamental challenges to overcome.
Does this paradox suggest an opportunity for CNT spintronics? CNT already
has the essential ingredients for spintronics (e.g. long spin diffusion length,
large current carrying capacity). Its electroluminescence property might even
promise some sort of unification which involves charge, spin and light —
namely electrophoto-spintronics. This all might seem speculative, but the
possibility does exist.
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2.3.6 Graphene electronics

More advances in 2D nanoscale electronics and physics have been achieved in
recent years with the advent of graphene-based electronic devices* consisting of
monolayer and bilayer carbon-based 2D systems. Graphene has superb or extreme
electronic properties, which explains why it might be an ideal candidate for
possibly replacing silicon in the ever shrinking world of nanoscale electronics.
Fundamentally, the transport in graphene is governed by the Dirac equation rather
than the Schrodinger equation, reflecting the effective relativistic behavior of
electrons in graphene.

The extremely high mobility of graphene of up to 100000 cm*V~'S™! at room
temperature is its most striking electronic feature. This property makes graphene
one of the leading candidates in the post-silicon era. Besides ambient ballisticity,
the large value of Fermi velocity (v,) and low Schottky barrier of graphene could
reduce switching time. However, graphene possesses a lower bound to its
conductivity, i.e. it has a finite minimal conductivity even when carrier density
goes to zero. This poses an obstacle to achieving a good on/off current ratio,
which is a key figure-of-merit of transistor devices. In fact, one of the main hurdles
that graphene faces in terms of serving as a suitable material for electronic devices
is the absence of an energy gap. There have been various proposals (substrate
choice, and lateral or magnetic confinement) to induce a gap in graphene. It has
been demonstrated that a systematic modulation of the graphene gap can be
accomplished by varying the sample thickness. This work has paved the way for
possible bandgap engineering in graphene. Some other useful properties of
graphene are listed in Table 2.3.

Graphene spintronics

Graphene material can be used as the spacer layer between two ferromagnetic
electrodes in a current-perpendicular-to-plane spin valve. What is important here

Table 2.3 Useful transport properties of graphene-based electronics

Topic Electronic property Experimental value  Remark
1. Mobility 15000 - 300 K
100000 cm?2V-1s-1 Remains high even with
increasing n > 10'2cm~2
2. Mean free path 300 nm 300 K

Room temperature ballistic is
already within reach for today’s
device sizes

Screening length 5A

Minimal conductivity 4e%h Theoretical prediction is 4e?/hn
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is the attempt to measure CPP MR using graphene. There have been some
experimental indications that spin current can probably travel though graphene
without much spin flip, indicating a long spin diffusion length. It was also found
in recent experiments that graphene is enough to reduce the exchange coupling
between the FM electrodes.

One may also consider that the lack of spin orbit coupling and the absence of a
hyperfine effect might render graphene suitable for quantum computation where
stability of the spin orbit is crucial for the proper functioning of such devices.
Besides, it has been suggested*® that the valley degree of freedom in graphene can
be compared to the spin degree of freedom in spintronics. This is due to the
independence and the degeneracy of the valley degree of freedom. Indeed the
valley polarization can be achieved by engineering means. Intervalley scattering
is very well-suppressed, which makes the valley DOF robust. The concept of
valley electronics might lead to new devices utilizing this degree of freedom. In
fact, two valley filters in a series may function as an electrostatically controlled
valley valve.

Graphene single electronics

Graphene is particularly suitable for single electronic devices if one considers the
fact that graphene nanostructure is stable down to atomic monolayer thickness. A
possible means of introducing CB and single electronic effects in graphene is via
nanopatterning of the entire SET circuitry (including the contacts, the central
quantum dot and the interconnects) out of a single graphene sheet.
As mentioned previously, SET circuits constitute a well-established class of
nanodevices with novel transport properties due to correlated tunneling and
Coulomb charging effects. However, these distinct transport characteristics are
usually erased or washed out at room temperature. The thermal stability of
graphene makes it a good material to exhibit SET effects.

It has been conceived that the absence of an energy gap and the effect of Klein
tunneling would render it difficult to achieve one of key requirements of single
electronics in graphene, i.e. electron confinement in graphene. However, this
obstacle can be overcome by making use of lateral confinement. It is well known
that a graphene nanoribbon exhibits an energy gap due to confinement. By
introducing two constrictions sandwiching the central island, one may be able to
generate energy gaps of the order of about 6 meV for electron confinement.

2.4 Electronic background

Electronics refers to the transport of electrons in device systems. Recent progress
achieved in nanotechnologies has enabled devices to be made very small down to
the nanometer scale, giving rise to the emergence of various nanoscale electronics.
Electron transport is the underlying physics of conductance properties or 1-V
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characteristics of devices. Much has been spoken about the fact that, in
nanoelectronic devices, one has to take into account both boundary effects and
neighboring perturbations. For this purpose, the NEGF formalism is the most
complete and systematic method to derive the transport equations formally.

However, the general electronic background in the central channel under which
the transport equations are to be constructed still needs to be studied separately.
Electron transport is often closely connected with its energy properties. The
environment is thus best characterized by the energy—density (£ — ) and the energy—
dispersion (£ — k) relations. For simplicity, we will confine ourselves here to pure
condensed matter systems without boundaries or discrete parts, although it is well
known that boundaries give rise to sub-bands which alter the (£ — k) relations.

How does energy affect the transport properties of electron, or in the language
of engineering, the I-V characteristics? First of all, knowledge of the £ — r relation
allows one to determine the correlation energy between electrons and understand
when a specific theory of electron propagation breaks down (for instance, in
highly correlated systems, the perturbative field theory cannot be applied). An
electron propagator is a function of the energy and its wavevector, i.e. G(E, k).
The energy band or dispersion profile can thus provide very physical information
directly related to the extent of k-space over which one sums the propagator. In
other words, energy band information allows one to appreciate the physics of
transport over different energy ranges. The energy band profile also determines
the carrier’s effective mass, as well as the carrier type (e.g. the conduction band of
a semiconductor defines an electron carrier), while the valence band defines the
hole carrier, and the Rashba sub-band defines a spin particle with a non-scalar,
special unitary group of degree 2 (SU(2)) charge.

2.5 Non-interacting electron gas

For metals like Na and Al, the ionic charges are taken to be uniformly distributed
to form a static positive background which ensures that the total system is neutral.
Electrons move in this uniform positive background, which is also known as
jellium (see Fig. 2.15). In the absence of Coulomb interaction, one has a free
electron gas system. In the presence of Coulomb interaction, no particle is a totally
independent particle. Every particle is defined by its intrinsic property as well as
interaction with the other particles.

Determination of an accurate expression for £ — r is difficult if the crystalline
arrangement of the ions is taken into account. For simplicity, the background ions
are normally smudged or averaged out to yield the uniform background of positive
charges, which is the aforementioned jellium. Thus, under this approximation, the
same E — r expression applies for material systems with different crystal structure.
For example, the same E — r expression is applicable to both metals and
semiconductors, although they have different values of r, which is a measure of
the electron correlation energy.
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2.15 Electrons can be treated like gas particles moving randomly
in a positively charged background - also known as jellium in
many-body physics.

The same cannot be said for the energy band where the metal and semiconductor
have distinctly different £ — k, because the energy band is derived taking into
account the crystal arrangement. Thus, different materials such as metals,
semiconductors, carbon nanotubes, graphene, insulators, molecules and
superconductors give rise to different energy bands. For the non-interacting
electron gas system, we will focus on the small 7 region where the electron system
consists primarily of the kinetic energy and behaves like gas. We will apply the
non-interacting model known as the jellium model, to derive the energy band.

2.5.1 Background energy

In this section, we show that the background energy (or the jellium term) of a
material system will be cancelled exactly by an interaction energy term known as
the direct energy. Here, we derive the background energy which comprises of the
ion (H,) and ion-electron (H,,) energies of:

2 x| 2
H =t X im [ [ £ dxd’x’ = lim - LN 4z [2.14a]
2 \V #—>0 |x—x'| w02 Vo’
g N? 4n
=— d*x=—-lime* — =
e Z( ]u—wJ‘|x—r’| x=-lime s [2.14b]

where N is the total number of electron and V" volume of the material bulk. Note
that due to the long-range nature of the Coulomb interaction, the jellium term is
individually divergent. However, it is shown later that the direct energy term
cancels this divergent term exactly. The divergent nature gives rise to difficulty in
mathematical representation. The Yukawa term e #* ~ ¥/ is therefore introduced to
produce a well-defined expression prior to its eventual cancellation. With proper
substitution, the integral becomes:

—Ulx—x| — 1y
1= -”|ex—x’ |d3xd3x’ =Jj%d3yd3x

r T, w ple MY
:Vjoz do|"sinodo | y"; dy. [2.15]
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Straightforward integration of the above leads to:

- - -y
1= 47TVJ‘0 ye"dy= 47TVJ0 vd (e j
—H

—w T -1y
= 4nV [ye J +| dy[e J - [2.16]
R u

Having evaluated the integral, the total background energy can be found to be as
follows:

e N* 4rn
H/’+H/"'=_Ll—>0?7'u_ [217]

2.5.2 Electron kinetic and direct energy

The background energy has been derived based on semiclassical means. The
electron energy will now be derived more formally based on quantum methods.
We learnt earlier that the electron energy of the system consists of kinetic energy
and potential energy. Note that in the following, the scalar amplitude of electron—
electron interaction (matrix element) has been explicitly written down. Since the
Fermi gas has been written in the field theoretic form, second quantization is
required in this section. In second quantization, an operator can be written in the
form of its matrix elements summed over all possible states, and multiplied by
the creation and annihilation operators of those states. In the following, we show
the derivation of these terms as well as the scalar amplitude of electron—electron
interaction:

H=H+H,="Y (kA\IT"kA)d

ee k2 aAZ/LZ
kikyA 2y

+—Zz<k/ll,k2/l|V|k3/13,k/l>a a a a  [218]

Py Ky kg kgdy kg

Factor of 2 to account for double accounting | | Scalar amplitude of electron—electron interaction |

where TV is the first-quantized kinetic energy operator. The derivation of the
scalar amplitude of electron—electron interaction, upon its completion, imposes an
important condition that can be interpreted straightforwardly as the conservation
of momentum, which dictates:

k=k+q

k,=p-q

k =k

k.=p. [2.19]
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With the above, the Hamiltonian can be written in a more intuitive form of:

7a Ll 7
t Z 4%, (H(,L,)q;t0

2\ 2m
¢ Z(LJ T‘/T

+1lim— a a a ,a
ktq A T p=q. Ay Py kA
0 ]/ 2 2
H= 2 kpq A7, q + ;u : 1

| .
+L1133§ZZ( j e a, M a,.,9 [2.20]

kp AA,

(H.),.,

Note that the potential energy contains two terms, i.e. the finite momentum
transfer and the zero momentum transfer terms. The former is also known as the
exchange energy, while the latter is called the direct energy. Recalling that
electrons are fermionic particles, the following anti-commutation rules apply:

{ak,a;}=5kp; {ak,al)}zo; {a;,a;}=0 [2.21]

Note that a, is an operator which destroys a particle with momentum & and spin
A, whereas aL is an operator that creates a particle with momentum & and spin 4.
When the two operators are paired together as follows, 7, = aLaM, they represent
the number of particles with momentum & and spin 4. Since in condensed matter
physics we are only dealing with electrons that are fermions, the average of 73, in
the ground state or (G|fi,,|G) is either 1 or 0, depending on whether momentum &
is above or below the Fermi level. Therefore (Gl7,,|G) can also be represented by
the Heaviside function of 6(k,. — k). Note that:

1 for k<k,
g(kF —k)= [2.22]
0 for k>k,-

We will now study the direct energy, which is in fact the second term of the
potential energy.

22 M, p/l ap 1, %,

kp llz

ZZ a,a,a,, a,(1-8,38.). [2.23]

kp MAy

Because destroying a partlcle with a particular momentum twice yields a zero, i.e.
a,a, = 0, the momenta k and p must be different. Any operation on the system in
the ground state should return the system back to the ground state. Since the above
Hamiltonian involves zero momentum transfer (i.e. Ak = 0), the only possibility is
that an electron with momentum £ is destroyed and replaced by the creation of an
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electron with the same momentum k. The same goes for an electron with
momentum p; this leads to the pairing as shown below:

ZZ /1 M)(ap/l M)(l o M)

Ap AAy

_e2 N AT A

= — T, [2.24]
2V kpAA, ,U

Here, one recognizes that af ki Y =Ty, which is the number operator that gives
the number of particles with quantum state £ A,. What can be observed or measured
is the expectation or average value of this operator which is just the number of
particles with quantum state k& 4. In the above, we have made use of the anti-
commutation relations, {a,, ap} =0; {a;fc, al} = 0. The average direct energy is thus:

-

It can be seen that the first term of the direct energy cancels the average of the
background energy. The second term of the direct energy goes to zero with proper
limit taking. We will ignore the process of limit taking which makes the second
term vanish. The system is thus left with the kinetic energy if the exchange can be
neglected for the time being. We discuss the exchange energy in Section 2.6 on
interaction. The kinetic energy operator is:

H=7Y (k2T k2, )al a, [2.26]

Ky A2

> i = lim
u—0 ZV‘u u—0

[ezNz 4n  ENarm

_ [2.25]
v’ 20’

where 7V is the first-quantized kinetic energy operator. Note that the vector
quantity has been written in bold.

Exercise 2.1

Evaluate the matrix element (k, 1,|T"k,A,) of the kinetic energy.

Solution

Hint: The matrix element is:
(kA 1T kA, ) = [-@my )" <k 2, |x’><x’|h2V2 W ke A, ) d* X dx”
_J. — ik, .x Tl 2 V i"z""”a( —x )nLd3xrd2 ”

Rk

2
_—hky hk ) 5
2mV

Comy AR

S J‘dsx” ei(kz—k] )X _
My
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Thus, the full expression for the kinetic operator is:

~ R i
_ t _ t
H, = kﬂ%% m ;,5/11/12 Vsklkz Ger Gn, = ;( Y

2712
=z(h k ]fm [2.27]
‘T \ 2m

To find the kinetic energy per particle of the system, one needs to consider the
Fermi wavevector. The number of particles in the system can be found by the
following expression:

14

N= %<G G> =%0(kF —k)= an

Note that the summation over spin above leads to a factor of 2. It is not hard to
deduce from Eq. 2.28 the Fermi wavevector expressed in terms of electron density
as below:

k_ 32N1/3_ 971_ 1/3l
=k =32 | =] & [2.29]

%

j:p kY0, k) [2.28]
A

0

In Eq. 2.29, use has been made of the important relation of:

4 4
;—> o [ ak =G [k dk.. [2.30]

Equation 2.30 simply follows from the fact that one state fills the k-space volume

3
2
of [%][i—n](i—n] = %.Averaging the kinetic energy over the ground state,

X

we have:

T n 2 ~ ’ 2
£,= (61, |G>=%%k (G14,16) =5 S0k, k)

P . thZ 2
¥V 3] aPkaZe(kF—k)zE EN=— 2'31
2m(2my’ T 4 5 2m 2a, g
E
= Fk = 2—31 in Rydberg energy per particle. [2.31]

S

Note that to convert SI units to the Rydberg unit, one needs the following
relationships:

2

[2.32]

4 3 rO
V=—=nr N, r,=— where a, =
3 2

a, me
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where 7, is the radius defining a volume surrounding an electron. Therefore r, can
be interpreted as the average inter-particle spacing. With the earlier expressions
found for the Fermi wavevector, the kinetic energy can now be expressed in terms
of the Fermi wavevector and electron density. It follows that the density of states
per bulk volume can be deduced by proper substitution to be:

ANV (2m) !
D(E)_E_W[?J E2O(E). [2.33]

The number of particles as well as the total energy of the system will be given by:
N =[D(E) dE; E,=[ED(E) dE. [2.34]

Although we have found the density of states, it does not necessarily imply the
density of electrons. Density of states below the Fermi level implies the density of
electrons only at zero temperature. At non-zero temperature, the probability of an
electron occupying a state is given by the probability function also known as the
Fermi—Dirac function:

(E) =~ —> lim f(E) = O(E, ~ E). 235]
e F +1 T—-0

This function is a Heaviside function only at zero temperature, which decrees
strict occupation of all states below the Fermi energy and the vacation from any
state above the Fermi energy. But at non-zero temperature, the system becomes
partially degenerate and electron occupation obeys the smooth Fermi—
Dirac distribution. In fact the Fermi—Dirac function is very robust against
temperature effect in that its deviation from the Heaviside profile is only affected
minimally even at very high temperature. Similarly its derivative is also a strict
delta function at zero temperature with minimal deviation as temperature
increases.

o kT4
oF cosh’ {kZT(E— EF):|

- =of _
= lim =" = 8(E, ~ E). [2.36]

It is, however, interesting to note that, in semiconductors, electrons above the
conduction exceeds the Fermi energy by (E—-E,)>E, / 2> kT. Electron

distribution can be approximated by the Maxwell Boltzmann distribution instead.

2.5.3 Energy band

Besides the ground state, there is one important approximation in the field
theoretic description of electron gas, i.e. electrons are free and not bound to the
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ion cores. In reality, the ion cores are not uniformly distributed but extend
periodically in three dimensions. This effect can be fully appreciated by studying
the energy dispersion (or £ — k) relation. The E—k relation takes fully into account
the core periodic potential which, unlike the random electron correlation potential,
gives rise to the quantization of the electron wavevectors, and hence energy bands
and bandgaps. It is fortunate that the effect of periodic potential is not hard to
incorporate and the benefit of such modification is tremendous. The emergence of
energy band and bandgaps provides an explanation for the important transport
concept of conductance and resistance modulation.

Most importantly, energy dispersion studies allow one to distinguish metals
from semiconductors and insulators. Under the free electron assumption, all
material systems are regarded as consisting of a collection of electrons (forming
an electron gas or liquid), and thus cannot be differentiated from one another. But
experiments have shown the presence of different classes of materials that vary
significantly in terms of their electrical conductance (namely, metals,
semiconductors, semimetals, insulators) with different periodic ion arrangements.
It is thus reasonable to expect that ionic arrangements can exert a strong influence
on the electron dynamics, energy and so forth. One would also suspect that under
this influence, the electrons might not travel as freely as was assumed in the free
electron model and might exist as some kind of bound waves. When electron
motion is constrained, quantization of the wavevector is to be expected.

Bloch’s theory of non-interacting electron traveling in periodic cores explains
the existence of metal, semiconductor and insulator in 3D electron gas systems.
The important point here is the Fermi energy relative to the band. For example, in
metals, the Fermi energy is in the middle of the band, i.e. there will be no energy
gap between the first unoccupied level and the last occupied level. In insulators,
the Fermi energy is within an energy gap (bandgap) above the valence band or the
filled band for electrons bound to atomic core. In semiconductors, the situation is
similar, except that the bandgap is relatively small, i.e. usually less than 2 eV.
Thus, semiconductors like GaAs and Si are insulators at zero temperature. But at
room temperature, a sufficient number of electrons can be excited into the
conduction band, where they become charge carriers.

Let us consider a spatially periodic potential which gives rise to the energy
bands and bandgaps discussed above. For simplicity, we assume periodicity in
one dimension only. We know from wave mechanics that when the Bragg

. 1 nrw . . . .
condition of k = iz G = +—is satisfied, wave reflection can occur. Here, a is the
a

2r
lattice constant of the 1D system and G = Tn can be viewed as a property of the

system related to its periodicity. Thus the first reflection occurs in the range of

T b4 Lo _— .
-5 < k< VL which is also known as the first Brillouin zone of the lattice system.

The points of reflection at t = i% in fact correspond to the points where energy
gaps emerge.
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We will now explain this in terms of the electron waves. Electron waves with
long wavelengths (small wavevectors) can be regarded as mostly free waves since

. . 2w
they are bound only by the material edges. The lowest wavevector is A These
. . . 2
wavevectors increase in multiples of nTﬂ. The energy of these electron waves

increases parabolically with the wavevectors since the quantization effect due to
material edge is too small to be noticeable. As the wavevector reaches a value that
satisfies the Bragg condition, the electron wave is no longer free. In fact, electron
waves at these wavevectors exist in the linear superposition consistent with
quantum mechanics formalism of single particle wave function:

W(+) = eXp[m—x] + CXp(—m—xj = 2005(@]
a a a
‘V(—)=exp(m—x]—e><p(——mxj=2isin(@j. [2.37]
a a a

The above are standing waves and the negative sign is due to the change of phase
upon reflection. For a free traveling wave, the probability density is p = w*w = |y|?
= 1. But for the standing waves of the above, we have:

p(+) o cosz(ﬁj; p(=) o sin’ (Ej [2.38]
a a

The above electron densities give rise to a difference of potential energy between
w(+) and w(—). This difference is the energy gap. The wavefunctions at the first
Brillouin zone are, after normalization:

y/(+)=\/5005(%xj; w(—)=x/§sin(%€} [2.39]

Writing the potential energy of an electron in the crystal as U(x) = U cos2zx/a, the
first energy gap is:

E, = [ axU@)(wF -1y ()F)

=2jdx U cos(@]{cos2 (E]—sin2 (EﬂzU. [2.40]
a a a

In the following, we present a model of the periodic potential, known as the
Kronig—Penny model (Fig. 2.16).

The electron waves in region, II, T and III are, respectively, y,, = Ae’®* + Be™ K~
y, = Ce? + De?, and y,, = ye @), consistent with the Bloch form.
Matching the wavefunctions and their derivatives at x =0, one has 4 + B=C+ D
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2.16 Idealized square potential distribution mimic of crystal core
potential for illustrating the core crystal effect on energy band.

as well as iK(4 — B) = Q(C — D). Matching wavefunctions and derivatives at
X = a, one has:

AeiKa + Be—iKa — (Ce—Qb + DeQb)eik(a+b)
I-K(AeiKa + Be*iKu) — Q(Ce—Qh _ DeQb )eik(u+/7).
[2.41]
The wavefunctions and their derivative equations will only have a solution at
x =0 and x = a if the determinant of the coefficients of A, B, C, D vanishes, or:

2 g2
{Qlef}sinh Ob sin Ka + cosh Qb cos Ka = cos k(a+ b). [2.42]

2
One can simplify Eq. 2.42 by setting b = 0, U, = o<, such that Qba = P. In this
limit, Q >> K and Qb << 1, and Eq. 2.42 reduces to: 2

r sin Ka + cos Ka = cos ka. [2.43]
Ka

172
The allowed values of the energy E are given by ranges of Ka = (21:_2Ej for

which the function lies between £1. For other values of the energy there are no
travelling waves or Bloch-like solutions to the wave equation. Forbidden gaps are
thus formed. The energy dispersion relation has been derived above under the
non-interacting electron system where electron waves are solutions to the non-
interacting Hamiltonian.

One immediate benefit of this analysis is the realization that metal,
semiconductor, elemental carbon, single molecules and superconductors can all
be induced to conduct electrons, providing five main classes of material choice for
the design of new nanoscale electronics. The electron charge and spin provide two
DOFs which can be represented by the coupling constant of the gauge potential.
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Another DOF is the device dimensionality, which can range from 3D (bulk), to
2D, 1D and OD. In a crude reasoning, there are at least 40 permutations in terms
of possible nanoelectronic systems, thus promising a fertile area for further
development. Table 2.4 summarizes the different DOFs that can be exploited in
nanoelectronic systems.

Effective mass

The dispersion relation (E — k) arises due to boundary conditions and, under these
conditions, the electron waves are no longer plane waves. To maintain the simple
plane wave forms for electron, the effective mass approximation is followed.
Refer to references 3 and 4 for the elucidation of the concept of effective mass.
The effective mass has to be used in the derivation of the kinetic energy, particle
density, average electron energy and so forth.

In summary, we have learnt that, for small particle spacing, the electrons can be
regarded collectively as a gaseous system where the kinetic energy is the only
relevant energy. Many important quantities like the Fermi wavevector, particle
density and average electron energy can subsequently be derived under this
approximation. But since these derivations are based on the free electron
approximation, where electrons are regarded as plane waves, modification would
be required to model Bloch electron waves in crystals, which are more complicated
than plane waves.

Table 2.4 Requisite background conditions for the construction of nanoelectronic
transport equations

E-k E-r

1. Device channel  Metal, Energy band Energy correlation

material semiconductor, Crystal-core (electron gas,
carbon, molecule, dependent liquid, Wigner
superconductor crystal)

2.  Carrier type Electron charge, Conduction band Exchange energy
(coupling hole charge Valence band Kinetic energy
constant)

Angular spin Zeeman sub-bands
Pseudospin
Isospin

3. Device channel 3D bulk Geometrical sub- Contact electrode
dimension 2D sheet bands perturbation
(nanoscale) 1D nanowire

0D quantum dot Geometrical/
Coulomb sub-
bands
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2.6 Interacting electron gas

The physics of interaction is rather complicated and takes one into the realm of many-
body effects. As described earlier, the propagators and Green’s functions are used
extensively to study electron transport in an interacting system. In this book, we do
not delve fully into interacting electron transport. In this section we discuss the effect
of electron—electron interaction on the energy and particle density relation in order to
give readers an idea of the environment in which the electrons reside or travel.

2.6.1 Electron exchange energy

After the cancellation of the background energy by the direct energy, the total
energy of the system now consists of just the kinetic energy and the correlation
energy with finite momentum transfer, i.e. the exchange energy.

H=H, +(H, + H, +(H,),_,) +(H,)

q#0

'k’
,=§ o ala, +(H, Do [2.44]

Recalling that the direct energy is ﬁD =( I’J\C,E)qzo, we hereby label the exchange

energy according to ﬁgx =( 1/‘1;)!]# ,- The formal expression of the exchange energy
is given below:

a a a
Hy. = Dergr, Dp-g.02 Dp1, %
o0 2Vkpqu g+ ‘ o

ZZ O R [2.45]

kpq lﬂ.z

As is the case with the direct energy term, any operation on the ground state of the
system that involves an electron being destroyed and replaced should, upon
completion of the process, return the system to the ground state. In the case of
direct energy, the electron can be replaced by itself which implies the zero
momentum transfer picture, as explained earlier. In the case of exchange energy,
the momentum transfer is finite, i.e. ¢ # 0. One way of achieving this is to let an
electron of momentum p exchange position with that of k£ by imparting momentum
q = (p — k) to k while maintaining the spin angular momentum of both electrons.

This process is mathematically denoted by 9, i ) o+ g We then shift the operator
a,,;, one notch to the left by ‘jumping’ over a; 0
o 4r
= (611G )= 2 cyyin (6]}, y,9,,,,,,|G). [1246]
2V kpg 22, C]

q#0

|Since these two operators are different, swapping them generates a factor of —1.|
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Thus, the final expression for the exchange energy becomes:

-~ —4re?
) G|HE.\-|G>= —<G|n+ A |G
Ex < l% 2Vq k+q.2 kA

q#0

E

~

—Are’
2 Ok —|k+q|)O(k.— |k
EW(M q1)0(k,— k)

q#0

_ —4re &Ik d’
75 2'” (27r)

In the integral equation above, all operators and state vectors have disappeared.
The operators are gone but they have left behind a negative sign and the Heaviside
functions. In other words, the second quantized form contains information that
has been translated to the energy’s sign as well as the limit for integration which
determines the interaction’s strength.

Lok, k+q))0(k,—| k. [2.47]

Exercise 2.2

(1) In an electron system, the total energy comprises only the kinetic
energy and the correlation energy with finite momentum transfer,
i.e. the exchange energy. By proper reasoning and pairing of the
electron operators, the exchange energy can be derived as follows:

47re< > —4me’
= G| Mg, s, |G ) =2 Ok, —|k+q)0(k.—|k
B = 2 \O Va1 1G) =28, 60k, |+ a6k | K.

q#0 I[¢0
The above can be expressed in the form of an integral function:

—471'Ve )

H”P"d)"e(k ~ | k+q )0k, ~ | k)
2

(2n)

Show that this integral finally leads to the exchange energy per
particle expression of:

c\(h

€ 0916_ 0916
N 2a0 rs rS

in Ryberg per particle.

Solution

Hints: Let's start from one value of ¢ in any direction. The strength of ¢
must fall in the range 0 < g <2k, to ensure that, for any g, there exists a
k < k; to ensure that |k + ¢| is less than k,. With this, the limits for this
integration as imposed by 6 (k,.— |k +q|)68(k,.— |k|) would have been fulfilled.
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Thus integration is essentially over the overlapping region between two
circles of radius k, each. Use polar coordinates.

2.6.2 Scalar strength of electron—electron interaction

In the above, much has been used of the explicit expression of the matrix element
to aid the derivation of the energy terms. Here, we show how the matrix element
for the electron—electron interaction can be written down by following the four-
field theory commonly used in many-body interaction. The matrix element has the
slightly more complicated expression as follows:
(kA kA |V kALK A )
_ lime—de3 de (¢ Mot e B! )e x| T n ) 2.48]
10 Y 1 %% A A, ‘x —x | 2

| Sitel | | Site2 | | Sitel | | Site2 |

With the substitution of x = x,; y = x; — x,, Eq. 2.48 reduces to:

oM

<klll,k A |V|k Ak, A >—11m—jdx3dy (e hrhahhxy (ofths ")y) o “51214

32774774
Hly]

=lim < jdy( itky "”)|—5

10 ) | My /1/16k+l¢ eyt

i Shithabathg
‘L‘fév [’ (e‘”)|— T [2.49]
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Note that in Eq. 2.49, the relation of J‘: e™ dx=056(k) or J: e
dx = 8(a—b) has been used. In discrete form, d(a — b) = d,,- For the change of

variables above where x,, x, — x, y, the corresponding Jacobian of:

ox,  Ox,

Jo| oo [2.50]
ox, Ox,
ox dy

is trivial. Letting M = (k\4,, kA, |V|ki,.k,2,) and integrating over the spherical
coordinates:

eZ eiqy cosG—u|y|
M= lim—y2 de dy sinb dp| ——— Shitky stk

u—-0"y y| AyhyiAy 2y
e2 - 1 igycosO—py
=lim—27| dy J d cos g——— 3§yl [2.51]
u—0 "y 0 -1 y 14334

Note that Eq. 2.51 is equivalent to another change of variables where the Jacobian

is simply y? sin 6. To save space, we will now represent 6:'£§Z%+k4 with just a
simple notation of ¢. It thus follows that: '
) P ST Ty
—1i 6_2_7'[ © igyeosd | g s 6_2_” T W _ gm0
ueimyigh el Loy L et mes
A S AT e
= }EBVE N dy(2isin qy)d = 1113377 IO e " dy(sin qy)0 [2.52]

Integration by parts yields:

2
. e AT e
M=})§377j0 e "d cos qy
2
. e |4 v = (" _py
_}}—IBV 7 ([e cosqy]o+J-0‘ucosqye dy)5
2
. e | —4r o= _, .
=lim— 1+ d 1)
2 - 2
. —4 . Ly -, L
=11£r3% 2” 1+{£smqye“~‘} +u_J0 singy e dy |0
“ q q . 4
Chim S 2 [singy ey |6 2.53
_ul—r»r&\/ 7 p , singyedy Jo. [2.53]
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Recalling the expression in the dashed box in Eq. 2.52 where:

& Am (e u e —4rn wope o
M—LlL%V?(JO sin gy e dy)5—£1g37 7 1+7_[0 sin gy e*’dy |6
dr Ami’ |, & (= . R N .1
:(7+ = ]}115137(‘[0 sin gy e "dy —}‘15137 q—2 =
2
© oy q -1
.[ sinqy e *dy = = 5 [2.54]
0 A Amy’ u
q q q
one can therefore arrive at:
M=li 54—”r Wy sin o =Ttim - F| T {5 o im €[ |5
=lim =52~ ], ¢ " dy (sin gy)o = lim = p e e
q+
q
e —4n K+ kgt
e 255

In fact 5/’1‘12;;/;”‘4 plays the role of ensuring an important physical outcome, that is,
143304

momentum conservation and spin conservation. The delta function allows one to
simplify the correlation energy expression of electrons, reducing the number of
possible interaction or pairing in the four field operators. As we have seen, the
matrix element expression above appears frequently in all second-quantized
representations of the electron—electron interaction.

Drude’s assumption of an independent electron model has been validated by
the field theoretic description of the electron system which shows that, indeed at
high electron density, electron—electron correlation can be neglected. The field
theoretic approach is, however, accurate only for small interparticle spacing
where the ground state remains valid.

We have studied the many-body physics of a free electron gas and, indeed, it
validates the early conceptualizations of Drude and Somerfeld. We discuss below
a few aspects of Drude’s conceptualization and compare this with the many-body
effects derived earlier. Drude’s model assumes independent electron
approximation, which says electron—electron interaction can be neglected. This
can be validated by derivations that show that, indeed for high electron density,
the electron—electron interaction effects scales linearly with density while the
kinetic energy scales as the square of the density. At high density, electron
interaction can be neglected, validating Drude’s assumptions.

Drude’s model assumes free electron approximation, that is, in between
collisions, the ionic core has no effect on electron motion. But in reality, the ionic
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core is not evenly distributed, it is periodically arranged. Electrons are not
completely free from the ionic core as there will be binding energies associated
with its influence on electron dynamics.

The energy for the electron system is:

E) _&[221 0916 s
N r—0 2610 rsz . ‘ [ - ]

s

Equation 2.56 shows that, when electron density is very high, the kinetic energy of
electrons is very high and thus the potential energy due to interactions can be
neglected. Thus, a high-density electron system mimics a gaseous atomic system.
At lower electron density, interaction becomes more prominent as opposed to the
kinetic energy (although in reality both energies drop with lower density, but the
kinetic energy drops more rapidly than the interaction energy). Under this condition,
Coulomb interaction or electron—electron interaction can no longer be neglected. A
further decrease in density takes the electron system to the liquid phase.

At this stage, the density of an electron system can best be characterized by a
characteristic length known as the Wigner—Seitz radius. This radius defines a sphere
(3D) or a circle (2D) within which there contains only one electron. Normally when
the Wigner—Seitz radius exceeds one, the electron system can be considered as an
electron liquid, where interaction is becoming important. Perturbation theory
normally does not work well for a Wigner—Seitz radius higher than one. However,
due to screening, the Landau Fermi liquid theory works reasonably well in the
regime of a Wigner—Seitz radius that slightly exceeds one. For a Wigner—Seitz
radius lower than one, the electron system can be treated as a gas, where interaction
can be neglected. In a weakly interacting system like this (gas), perturbation theory
can be used to study electron—electron interaction. In the electron liquid phase, the
Wigner—Seitz radius ranges from 1 to 110 for a 3D system, and from 1 to 35 for a
2D system. Note that, common metallic systems like Na, Mg and Al, have Wigner—
Seitz radii of 2—6. Thus, perturbation theory does not apply very well here. For a
very low density system, electron—electron correlation is so prominent that the
electron liquid transforms to a crystalline phase also known as the Wigner crystal.

Due to the fact that electron correlation increases with interparticle spacing, one
can deduce that ground state expectation will be inaccurate when the interparticle
spacing is large. This is because we have evaluated the energy based on the expectation
value of the ground state. The Rayleigh—Ritz principle states that the exact ground
state of a quantum system always has a lower energy than that evaluated by taking
the experimental value of the total Hamiltonian in any normalized state. Wigner
showed that, in the low density limit, the energy per particle should be given by:

E 21 =1.79 2.66
Rl e LA [2.57]
N e 2a0 r r

s

A pictorial representation of Eq. 2.57 is shown in Fig. 2.17.
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|Correlation strength increases with decreasing electron density|

-
| Free electron gas | | Electron liquid | | Correlated regime Wigner crystal
rs=0 re=1 rs=100

| Drude model | | Fermi liquid | | Quantum HaII| | FQHE under 50 T

Novel magnetism

2.17 Pictorial illustration of electron density effect on the energy of the
system. Electron transport expressions are thus closely related to the
electron density.

Most of today’s devices are based on electron gas systems. Can devices be
made from electron liquid systems? The quantum Hall system is one good
example. Superconductivity is another interesting system which is not gaseous.
Recently, spintronic systems based on the spin orbital effect are treated as some
forms of a non-Abelian liquid. We are most familiar with electron gas but we
should keep our mind open. There are many possibilities in the world of nanoscale
electronics beyond electron gas systems.

Table 2.5 summarizes the energy properties of the various material systems
represented by their crystal cores. While the crystal cores are fixed frames, the
carriers are mobile and move about randomly. The final column of Table 2.5
describes the carrier types which have direct physical significance with respect to
their dynamics and to the types of current one would expect to measure in
nanoscale electronic systems.

Exercise 2.3

(1) In material with a very high electron density or small interparticle
spacing (e.g. metals), the electron system can be treated as
a non-interacting gas in which only the kinetic energies of
individual electrons need to be considered. This is consistent with
Drude’s assumptions of non-interacting (independent) electron
approximation. Explain in terms of energy relation with interparticle
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Table 2.5 Summary of various nanoelectronic systems with respect to their energy
systems and carrier types

Crystal core E-k E-r Carriers
1. Spin electronics  Metal (FM) Exchange Electron gas Electron
dispersion
Semiconductor Rashba, Electron gas  Electron
Dresselhaus, Spin particle
Luttinger,
sub-bands
Diluted
magnetic
semiconductor
Carbon Cylindrical Electron
sub-bands
2. Single Metal Coulomb Correlated Electron
electronics sub-bands
Semiconductor Geometrical/ Few electron Electron
Coulomb system
sub-bands
3. Carbon Carbon Cylindrical Luttinger Quasiparticle
nanotube (CNT) sub-bands liquid
electronics
(Semiconductor/
metal-like)
4. Molecular Organic/carbon (Semiconductor/ Correlated Electron
electronics insulator-like) few electron
system
5. Graphene Carbon Relativistic Electron gas Massless/
electronics neutrino
Relativistic Massive Dirac
massive
Graphene Carbon Sub-bands Pseudospin
nanoribbon (GNR) (semiconductor/ Valley-spin
metal like)
6. Quantum Hall Semiconductor/ (IQHE) Landau Electron Electron
systems and graphene sub-band correlated
devices
(FQHE) Landau Electron Anyon
sub-band liquid
Topological Dirac cone Spin particle
insulators
7. Superconducting Superconductor Superconductor Electron Cooper pairs
bandgap liquid
8. Plasmon and Metal-insulator Electron Plasmon and
photonics liquid polaron

Note: Carrier types are classified with respect to their minimal coupling to the

momentum operator.
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spacing why Drude’s assumptions are only accurate for high-density
electronic systems.

(2) While the non-interacting (independent) electron assumption is
generally correct for most metal and semiconductor materials, the
free electron approximation which ignores the periodic distribution
of the ion cores is problematic. Explain how the development of band
theoretic method provides the final explanation for why materials
behave like metal, semiconductor, and insulator.

(3) The current density in diffusive transport is given by:

J =nev

where e is the electron charge, n is the bulk electron density, v is the
drift velocity.This expression seems to suggest that electric current is
contributed by all electrons below the Fermi energy. But the energy-
resolved experiment as well as Boltzmann theory show that the
measured electric current is contributed by the dynamic of electron
close to the Fermi energy. Explain the apparent contradiction of the
current expression to experimental and theoretical consensus.

Exercise 2.4

The number of particles in a non-interacting system is formally described
by the following expression

N=2<GA G>= Y )
kA A

i S

(2m)
where 7, is the number operator, V is the volume of the sample,
Ok, — |k|) is a Heaviside function, | k |= [k} +k + k. Using the spherical

coordinates or other methods, deduce that:

(1) the Fermi wavevector of a bulk electron gas is given by k.= (37°n)!

3Nk
(2) the kinetic energy per particle in the ground state is £, =25 £
m
3
; . 1 (2m) }
(3) the density of states per bulk volume is D(E) = pyeey ey E*0(F)
T

where n is carrier density.

Electron localization

The phase relaxation length (/ 4>) is a special quantum mechanical relaxation length
which has no analogs in classical physics. Namely, classical motion can be
described as evolution of the probability of finding a particle at a given point at a
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given time. However, in quantum mechanics, the state is characterized by the
wavefunction which has a phase. The phase is important in the so-called
interference phenomena, where the electron wavefunctions having different pre-
history are collected at the same point. If the phases of the waves are not destroyed,
a specific quantum interference phenomenon can be observed. The phase
relaxation time, 7y describes the relaxation of this phase memory. It is clear that
scattering against any static, spin-independent potential cannot lead to the phase
relaxation. Indeed, in any stationary potential the equations of motion are time-
reversible. The processes that can be responsible for phase relaxation are the ones
which break the symmetry with respect to time reversal. These processes are,
among others, inelastic scattering by phonons and spin—flip processes.

One can thus visualize that, within a phase coherence length, an electron
experiences many elastic collisions during a typical time Ty Since the electron is
considered to be moving diffusively, i.e. subject to many scattering events, the
length can be estimated to be / » where:

l,=\7,D [2.58]

and where D = 1 vl is the diffusion constant (d is the dimensionality of the electron

gas). The relaxation process mentioned above is relevant to the interference of the
wavefunctions belonging to a single-electron state. However, interference can also
be important for the interaction of two electrons having close energies. Indeed, if
the energy difference between the electrons is = k7T they travel almost coherently
during the time A/kT. Thus the characteristic length of coherent propagation is

I, =~ hD/kT which is known here as the thermal dephasing length (/;).

Today’s MOSFET technology, which makes semiconductor as short as 100 nm,
can already deliver commercial 2DEG devices shorter than the mean free path
(MFP). Electron transport can be considered ballistic. Since / p is normally longer
than the mean free path because it is harder for collision process to destroy phase
coherence than to scatter momentum, nanoscale devices normally fall within /
(Fig 2.18). Electron phase is randomized (losing phase coherence) if the device is
longer than / p Within the / » device, resistance scales with an extra quantity beyond
the normal linear scaling effect due to only momentum scattering. Such scaling
becomes exponential when the device length approaches a critical value known as
the localization length. In other words, electron transport becomes impossible
through a conductor whose length extends beyond the localization length.

At first glance, the reasoning above seems to suggest that any conductor longer
than the critical localization length will become an insulator. But this is not
consistent with our knowledge in electrical engineering. Electrical engineers have
been able to lay long wires for data transmission. This is because the localization
effect is valid only when the electron phase is coherent. In other words, the device
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length must be shorter than the phase coherent length but comparable to the
localization length in order for this effect to manifest (Fig 2.19).

A conductor which is shorter than its / p is known as the phase coherent
conductor. Take the example of a metal. The localization length of a metal is M
x L where L is of the order of the MFP and M is the number of modes. An electrical
wire with cross section 200 nm x 200 nm has nearly 10® modes. With the MFP in
metal approximately 1 nm, the localization length works out to be 1 mm. An
electron in metal would have had its phase randomized before it can experience
the localization effect. Nonetheless, weak localization has been observed in very
thin metal wires at very low temperature. In semiconductors, the number of modes
is much less than metals; weak and strong localization have been observed in
1D/2D semiconductors.

If a conductor’s length is comparable to the localization length, it is said to be
in a strong localization regime; if the conductor length is much shorter, it is in a
weak localization regime. Weak localization in 1D/2D materials entails
conductivity correction. As temperature increases, / p decreases and the weak
localization effect will disappear. Earlier we mentioned that the localization effect
can only manifest for phase-coherent electrons. It is also known that electron—
electron scattering could give rise to similar conductivity correction with
increasing temperature. Since the two effects are similar, they can be distinguished
by applying a low magnetic field. A low magnetic field destroys a weak localization
effect and hence the conductivity correction due to it. More descriptions of
localization effects can be found in field theoretic textbooks.®”

Table 2.6 provides a summary of the length scales discussed in this chapter with
respect to electron transport under the electron gas system. The length scales are
compared to the many areas of emerging nanoscale electronics to provide
contextual understanding.

Table 2.6 Summary of physical length scales in the context of sizes relevant to
modern nanoelectronic devices and systems

T mm
Mean free path in the quantum Hall regime
Phase relaxation length of metal
100 ym
Mean free path/phase relaxation length in high-mobility
semiconductor at T<4 K
10 pm
Spin diffusion length in GaAs at low temperature
Tum

MOSFET devices (1990)
Spin diffusion length in semiconductor

(Continued)
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Table 2.6 Continued.

100 nm

Mean free path in 2DEG at room temperature
Fermi wavelength in semiconductors
Quantum Hall devices
Graphene devices
MOSFET 22 nm (2010)
Flash memory 18 nm (2011)
Mean free path in polycrystalline metallic films
CNT electronic devices
Molecular electronic devices

10 nm
Optical lithography limit
Metal spintronic devices (CPP thickness)
Spin diffusion length in metal
Single-electronic devices (channel radius)
Electron beam lithography
Fermi wavelength in metals

1 nm
Distance between atoms
1A

)

Fermi wavelength 30 nm ]

[ Mean free path 100 nm ]

[ Phase relaxation length ]

2.18 Contextual comparison of Fermi wavelength, mean free path and
phase relaxation length of a semiconductor channel.

<:| Phase coherence length >

Localization length

Device length

2.19 lllustration of localization effect occurring in a device with length
scale in the above context.
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Electron dynamics in nanoscale devices

Abstract: This chapter introduces the concept of linear response and
conductivity, which is by far the most appropriate quantification of electron
transport. The concept of non-equilibrium necessary for nanoscale devices is
then incorporated, introducing the modern non-equilibrium Green’s function
(NEGF) formalism, which has become a standard computational method in
nanoscale device transport. The equation of motion and the matrix formalisms
are discussed. The formula for current is also introduced, taking into account
the sizes and shapes of the device.

Key words: linear response, conductivity, non-equilibrium Green’s function,
NEGF, equation of motion, matrix, current.

3.1 Introduction to electron transport

The underlying physics which crucially distinguishes the various fields of
nanoelectronics is the transport or dynamics of electrons in these systems. The
construction of dynamic equations requires the background conditions described
in the first two chapters:

e clectron spatial density (£ —r)
e clectron dispersion relation (£ — k)
e carrier types (charge scalar/ spin matrix).

The background conditions determine the forms and types of transport equations,
their approximations and assumptions as well as providing the parametric input to
these equations. The spatial density of electrons determines if they are to be
collectively known as gas, liquid or even solid (solid due to localized electrons,
not atoms). Electron gas is by far most useful for nanoelectronic applications
because of the ease with which conductance modulation can be effected on these
systems. In Chapter 2, we have understood the energy properties and their direct
relevance to electron transport. For example, the independent and free electron
approximation in Boltzmann transport is only valid in electron gas that can be
formally categorized in the £ — r studies of electronic energies. The perturbative
expansion used in equilibrium or non-equilibrium electron transport is also valid
within a certain spectrum of £ — r, thus allowing one to contemplate when these
formalisms might break down or become less accurate.

From the electronic standpoint, different material systems simply means
different crystal arrangement (ions) which give rise to the energy bands of metals,
semiconductors, insulators, superconductors and semi-metals. Crystal nature
determines the types of bonds with which the atoms are bonded and hence the
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number of free or bound electrons that might, under non-equilibrium conditions
(e.g. application of external fields), participate in some processes of collective
motions. Thus, electron dynamic equations are normally constructed within
certain bands; £ — k studies allow one to decide the range over which the energy
limit is to be taken. Particularly in semiconductors, which have complicated
bandstructures, electron transport can be simplified by understanding the band
effects (e.g. effective mass) and restricting studies to within the band of interest.
Carrier type is particularly important in nanoelectronics that involve internal
degrees of freedom (DOF), for example, the electron spin in metals, semiconductors,
graphene and insulator spintronics, and pseudospin and valley spin in graphene
electronics. The transport equations (e.g. Boltzmann or the non-equilibrium
Green’s function) are modified to incorporate the internal DOF. Since spin states
are quantum vectors complete in two dimensions, transport equations become a 2
x 2 matrix as a result of the modification of the coupling constant due to carrier
type. We refer readers to Table 2.4 for a clear recapitulation of these descriptions.

3.2 Equilibrium Green’s function in electron transport

In condensed matter physics, the field theoretic version of Green’s function has been
used extensively' to study the ground state energy, excited lifetime, linear response
and so forth of electron particles or holes depending on their energy level relative to
the Fermi energy. These methods, similar to those developed for the studies of
particle propagation in high energy physics, have been particularly useful for studying
the many-body effects of the electron gas, nuclear matter and superconductivity.

In modern electronics where mesoscopic physics is gaining importance, the
Green’s function methods are useful for studying the equilibrium microscopic
effects on the functioning of these devices. For example, in spintronics, the spin
flip and spin orbital effects affect the transport of both charge and spin fluxes in
these devices; understanding these effects goes a long way towards resolving
many problems popular in the area of applied physics such as spin transfer
switching, spin oscillations and spin injection.

In the language of quantum field theory, the field operator and its conjugate for
particles are given by:

w(x)=2a,t)0,(x);  wi(x)= alt)pl(x,) [3.1]
A A

where a, (#,)= a,e**". The annihilation field operator destroys a particle above the
Fermi level and creates a hole below the Fermi level as expressed below:

w(x)= Y ad,(x)e™ + Y, bLg, (x)e ™. [3.2]

k>, k<k,

On the other hand, the creation operator creates a particle above the Fermi level
and destroys a hole below the Fermi energy as below:
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yi(0)= alg/(x)e™ + Y bl (x)e™. [3.3]
k>k . k <k,
In Keldysh formalism for devices, the lesser and greater Green’s functions are
crucial for non-equilibrium effects. Below are definitions of the greater, lesser,
retarded and advanced Green’s functions:

G7(3%,) = =i Y)Y () =~ X (1=, )0, (4 )] ()7
A
G () = 1 ()W (x)) = X, ()85 (e
A

G (x,t,,x,t,) = FiO(£t, T 1,)

(v, )Yl Cet) + vl (o), (1))
[3.4]

The Green’s function or the propagator is normally expressed in the perturbative
expansion or the path integral formalism. But before discussing the perturbative
expansion, we first show that a propagator can be written in a consecutive series
of intermediate propagators. If one likes, each of these propagators can be
expanded perturbatively to include the effect of global scattering (e.g. electron—
electron or electron—phonon) during that interval of propagation. Using the
definition of y(f) = o’ V(?), one could work out the wavefunction of a single
particle in the interaction and the Schrodinger pictures as follows:

v, ()= e e My (1) = UL (41, (8,)

v ()=e """y (1) U (1) (1)
[3.5]

where H = H,+ V. Equation 3.5 shows how a wavefunction evolves according to
the rules of quantum dynamics. One can establish a path integral formalism by
choosing either the interaction or the Schrodinger picture. The generator of time
evolution would be /7= H,, + V" and, in the absence of interaction, the generator is
simply H,. One could now express evolution in interaction and Schrodinger
pictures, respectively, in the form of:

v, (x.0) = J'<x‘eiH0/ Lo s iy x0> <x0|t0>dx0

= JG(xt,xoto) v, (x,,2,)dx,

v (x,1)= J‘<x‘ef'H“(’_'°)’ x0> <xo‘l‘O > dx, = JG(xt,xozo) W (x,,1,)dx,

[3.6]

which essentially describes the evolution of a particle from one spatial point to
another, G(xt, xt,) would then be the propagator between these times. Under the
path integral formalism, a Green’s function between two points can always be

© Woodhead Publishing Limited, 2012



Electron dynamics in nanoscale devices 81

expressed as a consecutive series of Green’s functions, each correlating a pair of
spatial points between the initial and the final points as shown below:

G(xt,xt,) = j<x ‘U(ttn)‘xn><xn xH>
A U, ) d d, ...d,, [3.7]

u@t, )

where x and ¢ are the (n+1)™ terms of the spatial and the time points, respectively.
Here we will focus specifically on the Schrédinger picture, so that:

Xt > = 2n’;mte$[x"2"l] Ar'e_%m [3.8]

is the propagator between a pair of spatial points of x, and x,_,. Taking the limit,
At — 0, yields:

<xn U, )

v (x,1)
mE X, ’ i mf xX,—x, ’ i
m Y2 {5[ Y ]—V(x,,)}% [iT] “V(xy) %"’
- 2mihAt e e € dxﬂ o d, lIIS(Xoto)dxo
r n+l
= (ZnihAtj e’ dx, ..dvdx, |W(xt) [3.9]

i ¢Tm| dx ’ .
where S(T) = Ejo 2z V(x,)dt would be the action of the system. Note

n+l

=n n+l
that " has the dimension of | - | , which cancels those due to dx ...
2mihAt / "

dx,dx,,. The propagator between a pair of space-time points in the path integral is:

x,)
n+l

2 iS()
G(xt,x0t0)='|( " ] e dx ..dx,.

eiH“t . e_iH.s-(’_":) . e—iH(,r(,

G(xt,x,t,) = <x

2mihAt
[3.10]

One can now look into the perturbative expansion of the individual propagator for
any space—time point. Two important theories are crucial for the basic formalism
of the perturbative Green’s function, namely the generation of time evolution by
the interaction expressed in the form of the integral equation, and the four-field
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theory which describes the interaction itself. In the perturbative expansion for
U{(t,t,), one takes note that [H(¢), H(t"] # 0, and H,(t,) = e'Ve ¢ Due to the
non-commutativity of the Hamiltonian in time, y, (f) cannot be expressed in the
simple form of:

—iJ.Il H,(t"dr’
v, (0=U (v, ()= "y a,) [3.11]
but instead:
71'_[[[ H, (1)dt'
VO =U v, ()= Te " w1 [3.12]

where T is the time-ordering operator. Here w, (¢) is treated as a field operator
instead of a function. The steps leading to the solution for the above are involved
and the final results are:

v, ()= [1 + (—i).[,: di H (1)

n=2

+3 iy j di,..... j di, T1H, (zj)} (1) [3.13]

Following standard mathematics, the above can be expressed in the more useful
form of:

1

w,(t):ln(—i)j'dtlH,(zl)+i(‘—f)"j'dtl..... ‘di T
% n=2 n Iy

x{H,(t)H,(t,) ....H,(tn)}}yf, (t,)- [3.14]

It is clear from the above that the generator of the evolution is the interaction
Hamiltonian itself. Readers are referred to reference 1 for standard derivations of
field theoretic Green’s functions.

In non-interacting systems, the Green’s function being considered will thus be
the propagator with, Hg = H,, i.e. V set to zero. Considering its retarded version,
one has the bare propagator for a uniform system as follows:

@){al,)

=—i0(t—1,)>. ¢, (X)) (x,)e " [3.15]

G*(xtox ) = =i6( = 1) 2 sl )(v]e "
oy

if |a), [y) are chosen to be eigenstates of H. Replacing ¢ — £, with z, the time Fourier
transform of the above, yields:

¢a(x)¢l(x0) [3.16]

T GR(xt,x t Ve dr = .
[0 xpeae- S A

a
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In fact one can check that:

(i, - Hf)[—ie(z —1,)2.8, (X)¢] (x,)e "o } =8(x—x,)8(t). [3.17]

Similarly, the Fourier transform version needs to satisfy the following:

s ¢, ()0 (x) | B
(E H)lg’iE—eaHn =8(x—x,) [3.18]
G*(xx,, E) = (;;\(E— H + in)_l‘x0> [3.19]

where we have taken care to distinguish I/ from H". The significance of such
distinction is discussed in Chapter 1.

3.3  Electric current under linear response

In Drude’s theory, besides the independent and free electron approximation which
relates to the study of electron interaction and its effect on the system’s energy/
particle, the concept of mean free time has been discussed in the context of
electron collision and its effect on the electron’s propagation under a slightly out-
of-equilibrium condition in the Fermi gas. Drude attributed electron collisions to
electrons bouncing off the impenetrable ion cores. Under the concept of mean free
time or mean free path and the relaxation time approximation, one could conjecture
that an electron picked at random at a given moment will, on average, travel for a
time 7 before its next collision and have been travelling for time 7 since its last
collision. Immediately after each collision, an electron is taken to emerge with a
velocity that is not related to its velocity just before the collision, but is randomly
directed and with a speed appropriate to the temperature prevailing at where the
collision takes place. This approximation is important for deriving the conductivity
as well as the electric current density of the out-of-equilibrium electron gas in the
diffusive regime based on the Boltzmann method.

In linear response, a weak perturbation generates a small out-of-equilibrium
response that is proportional to this perturbation. In the context of nanoelectronics,
an external voltage is the applied perturbation. The current response is expected
to be proportional to this perturbation, where the response coefficient will be the
conductivity, which is independent of the strength of the external voltage applied
through the channel. Linear response marks the first small step towards the fully
non-equilibrium treatment of carrier transport in nanoscale devices. There are
numerous ways to derive the conductivity that fulfill the linear response theory.
The most general treatment was prescribed by the Kubo’s formula, which
describes the linear response conductivity as a retarded correlation function of the
internal current operators of the electronic channel. The general Kubo expression
could, under the appropriate specialization technique, lead to:
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e Boltzmann conductivity in the diffusive treatment
e Landauer conductivity in the ballistic treatment.

Nonetheless, it should be remembered that these two formalisms were derived
independently of the Kubo approach. Conceptual details of these methods can be
found in solid state and mesoscopic transport reference books.

The semiclassical non-equilibrium transport applies mainly to few-electron
systems such as the quantum dot or metallic island channels. For simplicity,
carrier type is treated as electron charge with scalar coupling constant. Table 3.1
provides a summary of the different types of electron transport on the nanoscale.

Table 3.1 Summary of the physics of electron transport in various nanoscale
electronic systems

Type of nanoscale  Linear response Semiclassical Quantum non-
device non-equilibrium equilibrium
Diffusive current Boltzmann (macro) Master equation NEGF (micro)
Kubo (micro) (correlated)
Ballistic current Quantum tunneling Master equation NEGF (ballistic)
Landauer (ballistic)
conductance

Kubo (ballistic)

3.4 General Kubo conductivity

The purpose of this section is to introduce readers to the equilibrium conductivity
formula which, upon expansion, can incorporate the effects of microscopic
scattering. As nanoscale devices or system get smaller, many-body effects cannot
be approximated with the statistical averaging that worked well for large systems
(e.g. the statistical methods based on Boltzmann derivation for bulk conductivity).
On the small scale, quantum mechanics is required to give a description that takes
into account many-body interactions.

In quantum mechanics, one can view the state and operators in different
pictures. Here, the interaction picture is required. The following is a quick
revision:

v, (0)=e"" |y () [3.20]

which leads to:

v @)=y, ()= Uy, ) [3.21]

U(t,t,) is an integral equation that captures all the interaction effect that affects the
time evolution of the state. This explains the need to express operators and state
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vectors in the interaction picture. It is clear that U(z,z,) plays the role of evolving
a particular state from its initial condition to the final condition. One deduces that:

v, (1) =™y (t0)>‘ [3.22]

We have seen how the quantum state of the electron system evolves with time. In
the following, we study the Hamiltonian of the electron system in the presence of
interaction as given below:

The Heaviside function shows that
interaction is turned on at 7 = ¢,

H(t)= H,+V(1)0(t=1,). [3.23]

Note that the U matrix is an evolution operator which consists of multiple integral
functions to describe the time evolution of the state vector in the interaction picture.
This operator would thus contain information about the effect of interaction on the
time evolution of the state vector. It is, however, important to understand the
physical implication of this function. The evolution operator in its explicit form is:

U(tt,) =1 +%j V(') di' + llzj V(') dt"[t:V(t”) dt"+ oo
1 t ] t et
=1 +;j,0 V(') dt'+ FJ j TV @w @} dr dr. [3.24]

One can understand the physical outcome of the above expression by examining the
individual terms. It is not hard to notice that the U matrix contains only the interaction
part of the Hamiltonian (i.e. the V). In other words, in the absence of interaction, U
is reduced to 1. One can thus imagine that the higher order terms correspond to the
effects of electron interaction. This interaction could affect the observables or the
propagators of a many-body system depending on how it is used.

In the following we apply this to the study of the effect of microscopic interaction
on the average value of a particular observable, namely (4). It is understood that 4
is an operator; it can only be measured when its average or expectation is given by
(G|A|G). In the language of nanoscale engineering, an ‘observable’ refers to
something that one can measure or detect. Examples of observables are current,
momentum, etc. Since temperature has an effect on the average of an observable or
measureable, one can deduce from statistical quantum mechanics that an observable
under the effect of finite temperature is to be given by:

(An)= Ziz<w;’(t)‘As‘w’s’(t)> e [3.25]

0o n

We are thus led to:

1 n
(4)=5-Z{viw)
R

U+(t, to)ei”“t As &t U(t,to)

v e

(1 +i j V(t’)dt') A (1) (1 —i j V(t’)dt’)

y/;'(to)>eﬁ'€” [3.26]
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where the symbol  means transpose conjugate. In the above, use has been made
of (ab)" = b¥ a' and |y (1)) = e ™|y (1)) = e ™' U(t,1,)ly (1,)). The expectation of
an observable should not depend on the picture used, i.e. Schrodinger, Heisenberg
or interaction pictures should all yield the same expectation, consistent with the
fact that one only measures one type of average. Thus one can write:

(40) = S (Wi 4, 0w ) e ™

0 n

S R
—i_[’ dt'72e P () | A, (7 (@) =V (@) 4, (0w (1)) [3.27]
0 0o n
One thus has:

(4),=(4),-i J,t dr ([ 4, (’)sV(t')]>0- [3.28]

The final expression is the remarkable Kubo formula, which states that the
deviation of an observable from its unperturbed state due to the application of
external field (e.g. V) can be expressed as a correlation function of the observable
and the external effect V-

(4) —(4) =i j dt'([A,(t),V(t')])o =5(4). [3.29]

Since the U matrix is a time-ordered function, the correlation is naturally retarded
(i.e. the correlation function can be described with a Heaviside function) and is
now known as the retarded correlation function:

5(A)=—i6(t-1) j dr' ([ 4,(2), V(z')])0 = j di’ C* (1,1, [3.30]
where CR (1, t') =i (t1—t'X[4,(1), V(1')]),. One can express the interaction as V(¢')
= BA(t'), so that CR (1, ') = CR(t—1)f(¢). One could then deduce that the non-
equilibrium deviation is a convolution function. Note that C,,=[4,V] and C, B

[4,B] f=C [ It is thus clear that CR(1—#')f(') is a convolution of the response
function CA{QB(tft’). Let, ¢, — —oo, one arrives at:

5(A)=["arct -0 /(). [3.31a]
§(A(w))=C’ (@) f(). [3.31b]
Now, we will take it a step further to consider the external potential to be
slightly more complicated. Instead of V(¢') = Bf(t'), we take the interaction

potential to be:

V()= jdr' B () fP (v, 1) [3.32a]
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)= j dr’ B () P (w,r). [3.32b]
One would now obtain:

5(4(@)=[C*, (@) f (@) dr. [3.33]

Therefore, one can write in complete analogy to Eq. 3.33 that:

5(Js(r.m))=]C" o (@1 @) dr’ [3.34]

where J, =J/"" +;A0 p contains the paramagnetic and the diamagnetic

components. Let us now compare V(w) to the external perturbation due to an
electric field where:

V(@)= [dr' I} ) L, (@.), [3.35]

It is clear that Bﬁ(r) Jﬁ(r) f’j(a) r)——EfX,(a) 7). With this, one can now
write:

(U5 ran)=[ CL | (@)= EL (0. dr" [3.36]
Since 8(J; (r,0)) = (Ji (r,0)):
(rro)=[ €L @)= EL (@.r) dr 337]

Since {J(r.@))=(J¢(r, a))>+—n(r)E°‘

ext

(r,®) and noting that J!(r,w):

=—e<J“(r,a))>, we are now ready to compare current expressions in the
following manner:

JE(rw)= [ o™ (r,r, ) B (0,r") di’ [3.38a]

2

— n(r)EL,(r,0) [3.38b]

ext

Ji(r,w)= —e<Jg (r,a))>—

Exercise 3.1

Show by comparing the above current expressions that the conductivity
is given by:
2

op ’ _ii _en(r)
o (l",l",w)— C()CI (r)lﬁ(r)( )

o(r —r)6
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Solution

2

JE(r0)=—e(J¢ (r, a))>——n(r)E (r,®)

2

— R ie B .
- _[ng(,w(,,) (w) Ea(@r)dr’ iom n(r)E,,(r,0)
— R B

__-[CJg(r‘)Jg(,n) ( ) E”I(w’r ) d}"

_enlr) B8 = )8, EL (1) b’

ioom ext

) 2
= || €. ie” _en(r) ,
- J[ng(,,ﬂf(r,)(a))g_ l.w—m5(r— r )6aﬁj

xXEP (¥, 0) dr’

ext

The equilibrium studies of electron transport will not yield any net current and
conclude with the derivation of an equilibrium property of the system (e.g.
conductivity). But in the above, the non-equilibrium effect arises via the linear
response method, which is an approximation to study the non-equilibrium effect
using basically equilibrium methods. Note that the entire derivation is based
on the equilibrium time-ordered but not the non-equilibrium contour-ordered
Keldysh Green’s function. However, the linear response approximation is useful
because it allows one to derive a current expression which is essentially an
equilibrium conductivity multiplied by a low applied voltage, or a conductivity
expression which is essentially a current—voltage differential.
Explicitly, the dissipative part of the general Kubo conductivity is:

. , ie’ e*n(r ,
Re[ 0 (r,1" ) |= R{E Cz,(r”f(r,)(w)—v(m)(‘)‘(r—r )6{4

2

- 3.39
P Im CJ0 (o I8 (0 )(a)). [3.39]
After Fourier transformation, the DC Kubo conductivity is:
e2
Re[ 6 (q.0) |=~Im lin Cy. (@.@). [3.40]
w—0

Based on the general Kubo conductivity derived earlier, one can decide to use this
formula to study interacting (diffusive) or non-interacting electron transport. For
diffusive transport, a perturbative expansion of the general expression is required.
In this book, we will merely show that the general Kubo expression can be written
for perturbative expansion but we will not delve into the details of such expansion.
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The zeroth order of this expansion will be the conductivity for a non-interacting
system. The general Kubo formula is a retarded correlation function.

Rewriting the current correlation function to give greater clarity using more
simplified notations gives:

CR(r 't 1) = —i6(1 t’)<[J“ (rt), J* (r't')]>0 . [3.41]

Note that Ji(r£) has been replaced with J*(r#) and C, K with CR (r ', t 1).

JEen JE Ot
The Fourier transform of Eq. 3.41 with respect to space yields:

CHq,t—1)=—ib(t - z’)%<[J“ (q.1), J* (—q,t')]>0 . [3.42]

In the frequency domain, the correlation function is CR(g,t — ') — C®(g,w). We
will look particularly at the free electron expression where in the absence of
interaction:

o g EFEM, _ o ! EA’EAH,
J (q’t) 2(k+ ] Y k+qoe( N_Z‘] s A+qoe( )" [343]

ko

One can obtain:

n(E)-n(E, )
RO ra” | g gk 3.44
Cr. (.00) = VZ{Ek_EmmHn . [3.44]

On the other hand, one can also arrive at the above using the Matsubara approach.
The Matsubara version of the current correlator C¥(g,t — t') is:

Cgt-7)= —%(T, I (g.0) I (-4.7)), [3.45]

where ‘JJT is the Matsubara version of the time ordering operator. In the frequency
domain:

C*(g.1q, )——ﬁ—V<J“ (g-i9,) J(~q.~ig,)), [3.46]

where ig, is the Bosonic frequency. By analytic continuation, one can convert a
Matsubara Bosonic frequency function into the retarded correlation function, i.e.

C*(q,iq, » o+in)=C"(q,0) [3.47]

where 7 is a small number. Alternatively, one can proceed with the Matsubara
version and derive that:

C*(g.iq, )———ZZJ“G (k+qo.ik +iq ) J® G, (ko,ik ). [3.48]
ik, ko

Equation 3.48 can be derived by applying Wick’s theorem to
1 .
C*'(g,1-7)=- V<Tf J(¢q,7) J* (—q,r’)>0 to first obtain:
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C*'gt-7)= %ZJ“GO(k+qG,T—T’) J’G,(ko,T" — 7). [3.49]
ko

The two Green’s functions are a product function in the time domain and the
Fourier transform of the product function will be a convolution function in the
frequency domain. Thus performing a Fourier transform now yields the important
equation, Eq. 3.48. Alternatively, one performs Fourier transform directly on

PN o e Peio ) Wicke
_v<ry’r J(q,7)J" (=g, )>0 to obtain _ﬁv <J (q,zqn) J (—q,—zq”)>o. Wick’s
theorem is then performed to obtain Eq. 3.48.

1 o . . .
ﬂ_\/;%“] Go(k+q0',zk"+lqn)Jﬂ G,(ko,ik))

1
= Vzﬂ]ﬂ [n(E,)G,(k+q0,E, +iq,)
ko

C*(q.iq,) =

+n(Ek+q —-iq,)G,(ko, Ew —-iq,)

1y ME)=1E) | e o [3.50]
V&I E -E, +ig,

Again, analytic continuation can be applied, and one obtains the expression
identical to C* (q,m).

Free

Exercise 3.2

The retarded correlator is one of the most important functions in
nanoscale electronic transport. For example, in the linear response, the
conductivity has been found to be a current—current correlator y“(rr'tt).
Falling short of a full-scale non-equilibrium treatment, the general Kubo
conductivity provides the best approximation. In a similar fashion, the
polarization function is a charge—charge correlator y"(r't'). Below, the
correlators are shown explicitly:

1 1"y =—if(t - t')<[j(l’,t)a j(r',t'):|>
2 ) ==i6(t— 1) ([ p(r0), p(r7, 1)),

(1) Show that in momentum space, electron polarization in the device
channel is given by:

1@, ==i6 =) ([ (@00 )

where V is the volume of the channel and ¢ is the transfer of
momentum in the interaction.
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(2) In the absence of interaction, charge density of the device in
momentum space is:
HE=Ep )

— il
p(q’t) - zckcckﬂ],ce ’
ko

(B~ )

P(_q,t’) = 2 C;’U'ck’—q,c'e
kro’
Noting that <chk> =n, =n(E,), show that:

, . o1 CEE i
%P(q’”):_’9("’)§Z[H(Ek)—n(Ek+q)]e(E Eirg X000

ko

(3) Show that in the frequency domain, one has:

n(E,)—n(E

k+q)

xp(q,w)=l2

VG| E-E, +o+in|

3.5 Non-equilibrium electron transport

Mesoscopic physics became important in the 1980s with the advances in
nanotechnologies that enabled quantum-sized nanostructures to be fabricated and
characterized. This has led to discoveries in modern phenomena (e.g. quantum
Hall, giant magnetoresistance) and advances in single-electronics, quantum dot
electronics, spintronics, carbon-based electronics and other novel forms of
devices. Each of these electronic systems normally comprises a few discrete
structures with dimensions on the nanometer scale. Of key interest to researchers
here is the physics of electron transport across these nanostructures, the apparent
departure of which from classical circuit and semiclassical transport theory is a
result of quantum effects.

In traditional equilibrium condensed matter physics, the Green’s function
method has played an important role in the studies of electron transport and many-
body effects such as screening, conductivity, localization and others. In modern
day nanoscale electronic systems, the traditional Green’s function description of
electron transport in an equilibrium condensed matter system needs new
modifications. The new Green’s function methods need to take into account:

1. Interaction with electrodes or device parts
2. Non-equilibrium electron distribution in device channel.

3.5.1 Interaction with electrodes or device parts

Nanoelectronics demands a form of Green’s function that conveniently reflects
the discrete effects due to spatial separation between device parts as shown
in Fig. 3.1.
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Electrode Device central Electrode

00O 00O OO0 (ONONG®
1, 2, 83..........n

3.1 Three-region device representing the left electrode, right electrode
and central regions. The central region is discretized into points labeled
from left from 1 to n.This one-dimensional horizontal structure can
adequately represent even a three-dimensional device if the other two
dimensions consists of homogeneous material.

A Hamiltonian discretized in a real space lattice, which spans the entire device,
is particularly suitable for describing electronic energy and propagation in periodic
ion crystal or devices with discrete parts. The Hamiltonian can be derived by
second quantization or the finite difference method. A Green’s function based
upon these Hamiltonians suits the discontinuous nature of these devices, and
could thus provide an intuitive and physical description of electron propagation.
For second-quantized Hamiltonian, equation of motion or Feynman diagram
methods can be used to derive the Green’s function. For finite difference
Hamiltonian, a matrix-based Green’s function method can be used. Alternatively,
the finite difference Hamiltonian can be converted to the second-quantized
Hamiltonian. Therefore in this formalism, electron transport can be studied under
the combined mesoscopic boundary effects of device components and the
microscopic effects of electron—electron, electron—phonon scattering.

3.56.2 Non-equilibrium electron distribution in device channel

Under the application of external electric potential across the device (e.g. by
connecting a battery or current source to the two electrodes), electron distribution
in the central device is driven out of equilibrium. The current considered here is
the net device current, which conserves across the entire device. This is unlike the
equilibrium system where local currents cancel, resulting in zero net flow of
device current. It is thus important for readers to keep in mind the difference
between the internal, local current of an equilibrium condensed matter system and
the net device current of a non-equilibrium device system. Net electron current
flows through the device from high electron potential to low. In conventional
electrical engineering, electric current flows in the opposite direction to electron
current. To avoid confusion, device current here refers to electron current which
flows from the negative battery terminal to the positive.

The expression for device current requires the knowledge of the lesser Green’s
function, whose non-equilibrium expression departs markedly from its equilibrium
version. The Keldysh formalism provides a systematic approach to derive the
non-equilibrium Green’s function, which includes the time-ordered, retarded,
advanced, lesser and greater versions. The non-equilibrium lesser Green’s function
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can be expressed in terms of the retarded and advanced Green’s function of the
central region and the self-energy due to the electrodes, i.e. G~ = GR <G

The application of non-equilibrium Green’s function (NEGF) methods to the
transport in discrete electronic systems began in earnest in the early 1990s,>*
providing a quantum transport approach in mesoscopic physics that is consistent with
the semiclassical Landauer-Buttiker’ method. The discrete or lattice Green’s function
method has since been refined with more application oriented studies.® Its adaptation
to different nanoscale applications results in the construction of a simulation platform
for the entire range of modern nanoelectronics, e.g. current imaging in
nanostructures,'%!! electron transport in single-electronic and quantum dot,'>'# spin
transport in spintronic systems,!>~!8 and carbon-based or graphene systems.'?

3.6 Electron propagation - physics of Green’s function
3.6.1 Equation of motion

In the following, we derive the retarded (advanced) Green’s function with the
equation of motion (EOM). We also present a derivation of the lesser Green’s
function based on deriving the Keldysh equation using the Langreth theorem. The
device shown in Fig. 3.1 can be described by the second-quantized Hamiltonian
shown in Eq. 3.51, where H, .. is the Hamiltonian for the left/right electrodes,
H,, is the Hamiltonian for the central region and H . is the tunneling Hamiltonian
which describes electron propagation from electrodes to leads and vice versa.

_ foo_ ot o
H EL 2 8/“/ q, t/a, a., t/a/—lal
1=(0...—o0)

H, = E eda-tda —-td a
roror ror =l ror=1"r
r=(n+l...+e0)

n n—1
Hy=Yed d +Yud'd,  +hec.
Gy 6 Tt

H,=tald +t,a d +hc.

T L7071 R n+1"n

[3.51]

Let’s begin with the equilibrium time-ordered Green’s function for the central
region: Gj’.j,(t —t)=—-i<T {dj(t)d;, (¢")} >, in which 7'is the time-ordering operator.
One can then obtain the kinetic equation of the time-ordered Green’s function for
a point in the central region of the device, denoted by j:

10,G',(1~1)=8(t-1)5,, - i<T{—[H(z), d (1) ]d, (t’)}>, [3.52]

inwhich H= Hp, .+ H + H.Itis clear that—[H, ., d/.] =0, since the electrode’s
intrinsic Hamiltonian is unrelated to electron existence in the central region. The

non-vanishing terms are:
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-[H,.d |=¢ed +11-5,)d, +1(1-8 )d
—[HT,dj] =1,6,,a,+1,6 a [3.53]

R nj " n+l

where operators above are understood to be in time 7.

Exercise 3.3
Prove, where djT, dj, n.are fermionic operators, that:
(1) [d,n]=4d,

(2) [d}n)=—d]

For simplicity, consider a discretized device system where, H, =¢€ ldfdl,
H,=t,ald +t,ald +h.c.. The particular case of G!, is:

(i0, — )G, (1) =6() +1,G} (T)+1,G, (T) [3.54]
where 7=t — ¢’ Consider the central region is being isolated, one would have:
(i0, —€)g,,(t) = 6(7). [3.55]

For convenience, we use R, (¢ — '), = [ dt, d(t — t,)R, (¢, — 1) to represent the
right-hand side of Eq. 3.54. It can then be expressed as:

R (v)=[dt,(id,~&)g] (t—t) R, (t,~ 1), [3.56]
One then arrives at:
G, (v)=dgl (t-1){6(t, - )+ 1,GL, (1, - ) +1,G, (- 1)} [3.57]

According to the theory of Keldysh NEGF, the equilibrium expression above has
precisely the same form as its non-equilibrium version, except that in the latter the
intermediate time integration has to be performed on the Keldysh loop in the
complex contour, i.e.

Gi(T. T")=[dtg\ (T . T){8(T,,T")
+1,G5(T), T +1,G5(T,, T")} 3.58]

R™21

where 7 is the time stamp in the Keldysh contour. Applying the Langreth theory?
to the contour integral yields the following retarded Green’s function in the normal
time loop:

Ghe.t)=d gl te){8(, - ) +1,Gh(t, — 1)+ 1,GL(t, - 1)} [3.59]
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If we assume the Hamiltonian to be time independent, the Green’s function is only
dependent on the time difference (¢ — ¢'). In this case, it is more convenient to
perform Fourier transform in the energy space:

Gl (@) =gl (@){1+1,Gl (@)+1,G (@)}, [3.60]

R 21

To evaluate the last term on the right-hand side of Eq. 3.60, we start from
Gy (=1 =[at (g} (1=}t +g)(t—1)1,)G/, (4, ') , which leads to:

Gy (t=1)=[dt, 1,g,(t-1)G (1, =1') [3.61]
due to the fact that z_, = 0. Thus, its retarded counterpart in energy space is:
G (w)=1,g, (®)G/(®). [3.62]

Substituting the above into Eq. 3.60, one obtains:

1={(g!)" 1,801, } GF—1GE. [3.63]
Similarly, one can deal with other lattice points of Fig. 3.1 and
obtain  1={(g})' -XMIG —1(1-8 )GF, —1(1-8 )G . in  which

X0 =16, +1,0, gt is the self-energy due to the leads. If now one carries

out the above for n = 3 instead of n = 1, one obtains:

(glkl)_l _tLg(ftL —t 0
[6*], = ~t (g5 ~t
0 -t (g¥)'-t.g, N [3.64]

in which (g",fj)’I =E—g +in; gy, =(E—&,+ in)™". Readers should keep the
result of Eq. 3.64 in mind and compare it with results to be obtained using the
finite difference method.

Before we proceed to the matrix Green’s function and the finite difference
method, we complete this section with the derivation of the lesser Green’s
function, which is the most crucial aspect of the NEGF. We derive the expression
for the lesser Green’s function, i.e. the Keldysh equation. Let us consider the
system in Fig. 3.1 again where n = 1 is considered:

(id, —£)G/, (1) = 8() + 1, G4, (0)+ [t 1, g)(t—1)1, G\ (1, =1).  [3.65]

one can then obtain:

(id,—€)G (1) =8(1)+1(1-8,) G (D)+(1-8,)G', ().  [3.66]
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The matrix representation for an n = 3 isolated device (i.e. without lead effects)
would then be:

[M,[G,](7)=0(7)] [3.67]

where explicitly:

[(M,]= -t id-¢& -t | [3.68]
0 —t  id,—g,

Similarly, one can deal with the Gj;(r), and rewrite them as:
[M,][G](7)=06(7)] + J.a’tl[Z]’(t -t)[GT(t, = 1). [3.69]

Following similar procedures, one finds that the time-ordered and contour-ordered
Green’s functions satisfy the Dyson’s equation as follows:

[GY(t=1) = [at[G, 1 (t-1)8(1, - )]

+ H dt dt,[G,] (1=t (t, —t,)[G] (1, — 1) [3.70a]

[GY (T =T = [dT [G,]'(T -T)8(T,- T"I

+[[aT, aT (G, (T~ T)[z)
(T, -T)IGI(T,-T") [3.70b]

where:

0 0 | G G G

12 13
[s1'(, -)IGY (6, ~1)=| 0 0 0 G, G, G, | [371]
O 0 233 G3rl GZ:Z G?:}

Applying Langreth theorem, the retarded Green’s function can also be found to
satisfy the Dyson’s equation, as would be expected:

[G1* =[G, 1" +[G,I"[=]"[G1". [3.72]

In the above, there has been no difference between the equilibrium and non-
equilibrium versions of the retarded and advanced Green’s functions. Of particular
interest here is the lesser Green’s function, which by Langreth theory, yields a
non-equilibrium version which differs markedly from its equilibrium expression.
The non-equilibrium lesser Green’s function is:
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[GT =[G, I+ [G,I*[Z]"[GT +IG, I"[=]°[G, 1" +[G, I [=]1'[G]". [3.73]

By recursive substitution, the above can be simplified to:

[G]" =[GI"[ZT[G)" [3.74]
6 g10 .

in which the matrix component [2]; =1,0,8:t 5]0 +1,6,8.1,0,

i‘L

Exercise 3.4

(1) Prove by using the Dyson equations of G® = Gf + GRZRG* and G = G/
+ GiZ4G4, and by iteration of [G]* = [G/]" + [G,} [Z]? [G]" + [G,]* [Z]*
[G}! + [G,]" [Z} [G], that the following is true:

[GI*=(1+ [GI* [ZIM) [G" (1 + [} [G1) + [GI* [S]F [G].

(2) In the fluctuation dissipation theorem, where 1 is the equilibrium
Fermi-Dirac distribution of the central region:

[G,"= (G~ [GIN) .

Relate this expression to the electron density, density of states and
occupation probability.
(3) Prove, using the above identities, that:

3.6.2 Matrix Green's function
Finite difference Hamiltonian in a single-band device

In a nanoscale electronic device, one needs a formalism to study the propagation
of electron from one discrete part of the device to another. In device technology,
a basic electronic device is commonly designed into three regions®* with distinct
parametric differences in each region. It becomes clear that a Hamiltonian which
reflects neighboring site perturbation might be a suitable one to use here since one
can perceive the device system to be, in the crudest form, a central region subject
to the perturbation of the neighboring source and drain electrodes. One conjectures
a Hamiltonian that takes a site eigenstate instead of a momentum, and yields the
energy related to the site as well as its nearest neighbor perturbations. Since the
perturbation effect repeats for each spatial site, it will manifest in the propagator
as a self-energy. Since what is key to reflecting the perturbation effects of
discrete parts lies in the Hamiltonian, we perform a simple Zmathematical

manipulation for the Hamiltonian in function space H” = —21? +U(x). One
m dx

first applies H/ to a particular lattice point discretized with an intersite distance a
as shown in Fig. 3.1:
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(H'y )—(—im W] +Uy, [3.75]

where, for compactness, y, represents w(x = ja). Using the finite difference
approximation where ¢ is small:

dy 1 d’y 1
EEJ 1 —>;(Wj+1 —l/(f);[ e ] —>;(Wﬁ1 —2y . +y ). [3.76]
i j

For a more vivid illustration, we introduce the basic three-part metal-oxide—
semiconductor field-effect transistor (MOSFET) device, which has also been
widely employed in new areas such as spintronics, carbon and molecular
electronics, and even quantum dot style single-electronics. Each part of the device
can be regarded as an isolated system containing the unperturbed states, e.g. the
spatial orbital states.

To start we choose a spatial site within the central region denoted generally by
J as shown in Fig. 3.1 and write the Hamiltonian about this point. This is repeated
for all other spatial sites. The central region has thus been discretized into a finite
number () of discrete spacings with intersite distance a, while the source part of
the device extends semi-infinitely to the left with the same discretization. The
above approximation leads, with straightforward substitution, to:

(H'y), =U +20y, —ty, 1y, [3.77]

where t = #%/2ma®. Normally (H/ y), o< kzl// but with the finite difference method,
one has (H/ y/) oc g(q/ Viip ¥ l) Wthh clearly reflects the effects of local
perturbation from nelghborlng s1tes. In fact, one could now define a A", which acts
upon an orbital site W to yield the energy associated with the site and its nearest
neighbors, i.e.

H'y, =(U + 20y, ty, - ty, . [3.78]

In fact Eq. 3.78 can be expressed in the more general form of A" y,=ay, -p 78
il 7% where under specific cases, a = 2¢, f =¢. If one represents a lattlce site usmg
the Hllbert space vector |x) instead of the scalar 7 and summing over all lattice
sites, the Hamiltonian has to be represented in vector space as follows:

H' :ZZt‘x[><x[ ‘—t‘x‘.><xH ‘—t‘x[><x[+1 .

HY applies generally to any discrete site represented by |x/) One can substitute
Eq. 3.79) into the following (x |HY | w)= o 28wy = Cxpy ldy) — (x » |t|w) to recover
Eq. 3.78. Similarly, one also sees that (x; | H" | x) =a 51/ S 511 i 51 _,in
a more general form. In the second-quantized form HY will be written as below:

[3.79]
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i il

H = z2tajai —taja —tda [3.80]

where af and a, replace |x;) and (x, |, respectively. The Green’s function can be
derived with the second-quantized Hamiltonian by noting that:

2m< lafa,(E—mY|x )= §p4aa »(E H'Y'|x,)
_ ZZt(a?(Sij‘O)) (E—H"Y'|x,)
=Y 28, (x[E-H) ) B8l

and:

X,

i

aa (E-H') ‘ > z‘(aia
Z(”y
=Zz‘5}.j<xH

To derive the second-quantized Hamiltonian, the following substitution is carried
out with the Hamiltonian in vector space:

s -

<\z( ) s )

Denoting <x/, Z !

) E-mryf)

o)) E-1ryx,)

- xj>. [3.81b]

1
E-H"

xi><xi+[

1
)‘ = x,>. [3.82]

xj> with G, we have the following:

x.>—2t5..<x. ! x,>
7 J 7 i E_Hv J

H
1 1
+16,( x| x, )+16.(x,, b [3.83]
N E—m | AN =2l

where (xj|xl.) = 51’]' Note that //is the Hamiltonian in function space whose relation
to the Hamiltonian in vector space is described in Chapter 1. Since we are only
dealing with the retarded Green’s function here, G implies G*. It thus follows that:

_HNG = 1
(E-H')G, Z|:E<xj E—

(E-H) G, = [(E —20)G, +1G,, +1G, ] [3.84]
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To give a more explicit illustration, one can repeat this through the longitudinal
points of the central region for j = 1,2,3 and obtain a series of equations:

(E-H')G, =(E-20)G, +1G, +1G,
(E-H')G, = (E-21)G,, +1G,, +1G,,

(E-H')G,, =(E-20)G,, +1G,, +1G,,.
[3.85]

This series of equations are the discrete single-electron Green’s function equations
for the different spatial sites in the central region. Solving these equations
simultaneously allows one to find the self-energy of the Green’s function discretized
at a particular site. Generalizing the above to a three-region device (see Fig. 3.1),
where the labeling and notations follow the standard format used throughout this
chapter, we arrive at a block matrix representation of all discrete spatial points
which now compactly but clearly depicts a three-region device system:

E-H, T 0 G: G< 0
TCL E_ HC TCR GCL GC GCR — ]
RC R
0 ™ E-H, 0 ¢~ G

[3.86]

E — H, , are m x m infinite matrices that describe the left (right) contacts from site 0
(n+ 1) onwards to the left (right), 7€ (%) are the coupling matrices between the left
(right) contacts to the central region and have dimensions of m x n, and t“/(z“F) are
the transpose of the coupling matrix of dimensions n % m. The central region is
described by £ — H -, a n x n matrix representing the discrete sites 1 to n of the central
region. Note also that /1, , are scalar terms related to the coupling between neighboring
discrete sites in different parts of the device. Matrix multiplication results in:

(E+in-H,)G" -1"°G“ =0

(E+in—-H,)G" —1*G“ =0
[3.87]

The equations above can now be expressed as semi-infinite matrices of m x n:
GLC =gl,TI.CGC : GRC =gRTRCGC [388]

and gl = (E +in— H,) " and g8 = (E + in — H,,)™" are the m x m Green’s function
matrices of the isolated left and right leads, respectively. With a few straightforward
derivations, one obtains for the central region the well-established and intuitively
compact expression of the Green’s function correlating the lattice sites of the
central region:

(E-H, _TCLgL,L_LC_ TCRgRTRC)GC -7
=G =(E-H.-X'-X%)" [3.89]
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where T, 3R are the n x n self-energy matrices, which can now be interpreted as
perturbation effects due to adjacent sites on the contacts to the left and right of the
central region on the propagation of electrons in the central region of the device.
Taking the specific example of n = 3, the Green’s function matrix for central
region is explicitly expressed as:

E-H, 1 0
G = t E-H,, t
0 t  E-H,
0 0 1, 0 00
oo o0 |& 0 00
00 0 t, 00
- -1
0 00 00 1,
=1 0 00 gl 00 o [3.90]
| 1 00 00 0

where g, is the Green’s function for site —1 on the left lead and g, is the Green’s
function for site n + 1 on the right lead. It is clear from the above that the central
region Green’s function correlating point u to v is given by the matrix component:

E-H. —tgt, t 0
[GC]W = t E-H,_, t . [3.91]
0 t E-H_. —t,g.t,

v
For physical clarity, we show below that the Green’s function at the central site
(2,2) is given by an expression which shows the effect of lead perturbation
appearing as self-energies:

G* = [3.92]

s £
4, 0
Ex—2t—t34g t, EX—2t—t01g t,

E —2t-

Although the above analysis allows a microscopic analysis of electron propagation
in one dimension only, it can actually be used to study a three-dimensional
nanoelectronic system in which periodicity is assumed for the other two dimensions.
The discretization is carried out only for the longitudinal and not the transverse
directions. The full matrix for such a system (e.g. n =3 for ease of comparison with
the above) would then, with proper rearrangement and substitution, be:

-1

E-H.-E_ -1,8°t, t 0
G = ¢ E-H.,-E_ t . [3.93]
0 t E-H.-E_ -t,8',
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It is worth noting that in the above, E has been used to denote the total energy,
272

Le. E=E +E_=E _+_— where m* is the effective mass in the parallel (p) or

2m
P

, z directions, assuming they are the same. If G¢ represents transmission of one
mode, summation has to be carried out over kp and £ where the Green’s function

matrix would now be:

-1

E —2t—t,g"t, 1 0
[G°] = t E -2t t . [3.94]

v

Exercise 3.5
Given that (a| (E—- H") (E—H")! |by=4,, show that:
I=(EI-HG

where H is the matrix whose components are [H],y= | HY ).

Solution

Since (a| (E—~ H") (E~ H"Y'|b) =6,
Z<a (=)ol 1) |b)= 3 (8, B~ (a]#]v)) G,
- X.(6,E~[H],)G], =3,

In matrix form, one can represent the above as:

I=(EI-H)G.

Discrete two-dimensional planar structure

The one-dimensional discretization approach might be adequate for most
nanoelectronic systems if microscopic analysis of the other two dimensions is not
needed. If, however, one is interested in the spatial current distribution within the
bulk nanostructure, one might need to extend the present formalism to the other
dimensions. For illustration of how this can be carried out, we will expand the
central device into a two-dimensional geometry as shown schematically in
Fig. 3.2. A similar approach to that used in the previous sections is followed to
derive the Green’s function matrix. Specifically for illustration, we have chosen
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Left electrode (e) Central Right Y
device (d) electrode ¢) | |
3000|| 000 [|oOO | Vertical !
2000|| 000 000 Tt 13
1 OO0 ||/O0O0O0 O 0O
o4 1 238 4 5 6..... v
: — Joz | |12 ][22
¥ >
X7 where (m,v) = (1,2) Horizontal lattices

1,1

3.2 Expanded central device with right and left leads in two-dimension
discretization. Arrow shows the horizontal or longitudinal direction. The
other dimension is known as transverse or vertical.

the site of x™ where (m, v) = (1,2), where one could write the Schrodinger equation
at site 1,2 as follows:

<x; ‘HV

)= (e o))

=y )= Gl )= (sl [3.95]
Note that Eq. 3.95 has been deduced from Eq. 3.79 with the assumption that =
#*/2ma® =p =n*/2m @ . The labeling convention for the longitudinal direction
follows the one-dimensional system in the previous section. The vertical
dimension begins with 1 denoting the lowest vertical site. Superscript denotes the
longitudinal site while subscript denotes the vertical site.

Following the approach of the previous section, the Green’s function equation
for a two-dimensional equation can be derived as follows:

(E—H")(x,

(E—H")"’x;>

= E(x)|(E- 1) |x))

(s ) o= ) = ) b= s e = )

= (E=40) (x} (B = 1Y)+ £ (] (E = H'Y|x)) + ¢ (i (B = Y|}

+ t<x;\(E— H")"’x;>: 1. [3.96]
This leads to the Green’s function equation of:
Il 11 12 ~21 10 ~01 11 1n_
(E-H")G,,=(E-41)G,, +1,G,, +1,,G,, +1G, +1G,, = 1. [3.97]
Grouping these equations for different sites, one obtains a matrix which contains

the sub-matrices as below:
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y [3.98]

Following the approach of the previous section, the above matrix can be partitioned
into matrix blocks based on device parts, e.g. leads and central region. The
following algebra is performed:

[EI - H, (G, + [ [G]) =0 = [G])) =—[g]"[7]"'[G]} =0. [3.99]

av av av rb

Note that the convention of summation over double index has been followed in
Eq. 3.99 and that bold letters denote matrices. This is to avoid confusion as
the presence of subscripts normally implies matrix components. With proper
substitution and rearrangement, one obtains the Green’s function equation similar
to those expressed for the one-dimensional system in the previous section:

[EI-H,],[G], +[t],[G], =[EI - H,],[G], —[7],[g],[z],[G],  [3.100]

av av vh av

which leads to the well-established form of:
[EI ~H, - [7]°[g]"[7]} ] [G]'! =0 —|[EI-H,-[Z]" ][G]}} =0. [3.101]

One hastobeawarethathere[2]]) =[7]. [¢]’;[7]}, but, insome other representations,

av ar rf

it is sometimes written as[£]]) = [7]}) [¢]}/[7]}.

Exercise 3.6

Prove that:
[EI-H, 1[G, +[7],,[G],, =0

and:

G, =-[g]"[z]'[G]., =0.
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Solution

(E-H)G=1

= (e-mal)=0= X (- #[)(:
=3 (tfE-m,+7,] )il )=0
X,y
= 2 (tle- ] lel )+ (el )

- Z[EI H ]00 G()l + [TL ](;)17 [G]lylb =0

)=

L

1
G|b>:0

By definition g, (E-H,)=1
2lg,E-H,1]=5,.

Thus, multiplying the last line of the above by [G, ] gives:
Dle, IWEI-H, ]G +[g, 1, [rL]i’,j, G, =0
.
:Z(SC),[G] +Z[gL oz, 10GT, =0
S [GT" =—2[gL]°°[r I, [GT,

3.7 Device current formalism

In this section we study the current formalism suitable for device systems with
discrete parts. We start with the current expression?® for a single longitudinal
bond, joining two neighboring lattice sites, crossing from the lead to the central
region of the device. One can thus apply Dyson’s equation, which prescribes an
expression of Green’s function that suits the physical interpretation of electron
propagation across a nanoelectronic system that consists of discrete parts like the
emitter (e), central region (d) and collector (c). The expression for a longitudinal
bond current crossing over from the left lead (emitter) to the central region is:

e € (emitter)

dE d e (central)
L= ? 2_ I:tu/G; tu/do:|
T ed

[3.102]

The Dyson’s equation provides a Green’s function expression which decouples
the emitter from the device as follows:

G, = gi, (-1,,)G;, +g. (-1,,)G, [3.103]
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where e, d can be regarded as some general lattice states belonging to the lead and
the central region, respectively.

Under the general framework of the above one can, by proper assignment of
lead or central region states to the e, d lattice points, define various current
expressions. We will show how a longitudinal bond current with vertical/
longitudinal site perturbations can be developed. Subsequently, momentum states
are assigned to e, d, and we show the generation of current in momentum
representation from the same general current and Dyson’s equation which generate
the spatial current. Before we proceed, it is worth recalling that the correlation
functions G, or g5, are by definition:

g5, (1) =i(al (t)a,(1)). [3.104]

In momentum space, where d and e are eigenstates, Eq. 3.104 would be g7, (¢, t')
=in,d,,e =1, Since g5, (t, t') = in e L), it is not hard to see that g5, (7, 1)
= g(t, )9, In the above, use has been made of the interaction representation
where:

a=ade™; a(t)y=ae™. [3.105]

3.71 Device transverse length effect

To study the longitudinal bond current subject to the vertical site perturbation
effect, Eq. 3.40 is adapted to follow the mapping rule below:

ez(me,ve), dz(md,vd), e’=(m;,v;), d'=(m;1,v;) [3.106]

where the horizontal site of the central region is denoted by only one lattice point,
i.e. m,= 1. The bond current between the left lead (emitter) and the central region
would then be that between m, = 0 and m, = 1. The longitudinal branch current
would then be given by:

B =Sl o) - (o) J5 3107

2r

which, together with its transverse counterpart, can be used to image the spatial
distribution of bond current over the entire nanostructure. In Eq. 3.107, summation
over k_ appears because the energy integral is only carried out for energy due to
the two discrete dimension of x and y. Thus for a fixed sub-band due to the vertical
(z) confinement, the above bond current and its transverse version image the
spatial distribution of bond current in a two-dimensional (x, y) system.

In fact, the above has also been further adapted to image spin current in two-
dimensional spintronic or graphene systems. The summation over momentum
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state is a simple theoretical concept but has a numerical implication. We hereby
give an example where discretization is carried out for one dimension, say x. In
this case, summation over k_ and ky would be required, leading to:

dk_dk
1=§J.T(EX)(f,‘—fR)dEY =J.J‘T(E_Y)(f1‘—fR)dE"_WL [3.108]

where L? is the transverse dimension of the device and T (£) is the trace of a
Green’s function matrix multiplication which corresponds to electron transmission
through the device; f; , f, are the Fermi-Dirac distribution. In this case integration
over k_and ky or kp (parallel wave-vector) applies to f, and f, only, which yields
expressions that can be solved analytically. In short, a homogeneous material
system (take the example of a three-layer central region) allows one to express the
transmission function 7(£ ) and the Fermi-Dirac function in terms of £ ; the
Green’s function would be:

-1

E -2-X" ¢ 0 7B[ e ] B
[G],, = ¢t E-2 1 . f=[14e U [3.109]
0 t E -2t-XF
"
where 8= é, and integration with respect to k& ., leads to:
[=[T(E X, - 1) dE,dk, = [T(E)F, - F,)dE, [3.110]

2”1le B(E,~E,) . . .
where F = e n[l+e ']. However, in an inhomogeneous device where

there are different materials within the device, the central region matrix will contain
different effective mass at different diagonal points, which would then result in:

-1

Exl - 211 - ZL tlZ 0
[G“], = 1, E, -2t 1, [3.111]
0 tzz Exz _2t3 _ZR
. "
Zkz thZ
asE=E +E = E + 2—’; would now havetobe E=E , , ~ "» where n indicates
" om .
2m

n

the material type. For a three-layer central region made from material of m , m,
and m;, respectively, £ will take on £ |, E , and E ;, which will now appear in
the matrix above. Thus one now has to re-express the Green’s function and f'in
terms of total energy E as follows:
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(G,
E-2t-1"k} /2m — X" t 0
= ¢ E-2-1’k’/2m, t [3.112]
0 1 E-20-1k? /2m; - 3*
v
Ae5)
This matrix contains kp, while the Fermi-Dirac function is f=|14+e * .In

this case, calculation is normally carried out by integrating over £ and summing
over kp by numerical methods as opposed to analytical integration. For illustration,
we show this below for a homogenous material system, and compare the current
obtained with analytical integration and numerical integration methods.

It is clear from Fig. 3.3 that the numerical method requires a large number of ky
points in order to give an accurate estimate of the current. As shown in previous
sections, G¢ can be found by inverting the Hamiltonian. It is therefore important

to convert (GV”’V )< and (Gflvd) , which straddle between the left lead and the

device’s central region in terms of the Green’s function for the isolated lead and
isolated central region. Figure 3.4 shows a three-part device discretized vertically
into multiple sites to consider the effect of vertical perturbation on current.

ORI G0RRTRGORIREX

5000

4000 -

3000 -

Current density
(Am~")

2000 -

O Integration of k points
---- Analytic solution using Fermi—Dirac integration

T T T T T
200 400 600 800 1000 1200

Number of k, points nz/L,

&
&
1000 O
Q)
@,
&
@,

3.3 Estimate of current using analytical integration and
numerical integration methods. For large number of points,
the numerical integration method shows results approaching
that of analytical integration method.
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m,=2

3.4 Schematic of a three-part device discretized vertically to incorporate
the vertical perturbation effect on current. Arrow shows the bond
current between a pair of spatial sites across the emitter—device
junction.This device has been discretized in x and y directions but

not z. Total current would thus require summation over k,.

One now uses the Dyson’s equation and applies the mapping to arrive at:

(fovd ) =(g3fv; )R(’S;L;)(Giﬁvd )<+(g3f’v; )( o )(G” )A [3.113]
(G ) =(a, ) (e (e ) (G ) (e ) (e ) [3.114]

It is clear that the dummy indices v, and v, run through the vertical sites, thus
incorporating the effects of vertical site perturbations on bond current. In tight

binding approximation, %', and¢'?, are diagonal, i.e. 0 =1 g5q 0, =0

LA vav, A v V' ’
With these, one could now show the longitudinal bond current between horizontal
site 0 and site 1 to be:

T A S AR AN
e |:(gf:)v Y e ) +(en) (@ )(6n) } [3.115]

Equation 3.115 is the expression for a longitudinal bond current with one set of v,
and v, But if one could recall, the total current indeed requires a summation over
e and d. In this case, it simply means summing over v, and v, as m, and m , have
been fixed to 0 and 1, respectively. The summation process physically means
summation over all bonds in all manners of vertical correlation. Under the tight

binding approximation, one notes again that tf' = and t = tif, which simply

Ve

discards all correlation pairs beyond nearest nelghbors. Thus, the total current
expression is greatly simplified to an intuitive form of:
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w

Ilonzl:zlm :11()11+1;21+"”"' [3116]

It is apparent that the total current is simply the summation over all the parallel
branches. This expression is both simple and physically intuitive for it simply
means the total current is the vertical sum of all the longitudinal bond current in
parallel, consistent with the Kirchoff current law in electrical circuit. This leads to
the useful insight that the Kirchoff law applied to most MOSFET circuit calculations
is not to be assumed; however, it is a valid approximation. Using the identities of:

(e ) == (&) ~(e2.)'] 3117

(g, ) =—/i [(g“,j‘,;, )R ~(g!l, )A] [3.118]

one now obtains a current expression in terms of the leads’ distribution functions:

e = R AR RN ER CR NG CN
o= (g) ()6 ) e ()"~ () e |

[3.119]

It is common in Green’s function formalism to define self-energy and coupling
energy constants in terms of the Green’s function as follows:

R R . e’ __ . R A
de' = tde ge@' ze'd' 4 Fdd' =i ( tzle gee’ te’ a tzlegee’ te’ d ) [3 : 120]

We have noted earlier that [7]"° [g]”, [7]", can be written as either
de e'e e’d
[Z]”, or [Z],
d" d

v

'V, ; it is only a matter of choice. In the following we will use the
d'd

format of [Z]f;llv,/. Applying the following mapping for the left and right leads:

e:(me,ve), d:(m v ), e’:(m:,v;), d’:(m;,v;) left lead

d’ " d
c:(mc,vc), d:(md,vd), c’:(m:,v:), d’:(m;,v;) right lead
[3.121]

andw1thme=md* Lm,=m,;+1,m,=1,m,=0,m, =2, one has:

c

Zl/r =t/nd,m(,/m(_ m,/m_,m,/m, m,/m_m,
; e LV V0
(R<) Vv /v, vg/vc.‘,é /LC(R<) v IV vy
1—~l/r :_l t/nd,mﬂ/mc m,/m_m,m_  m,m, . m,
’ ) , ) Jv VIV IV W,
w VgV /v, »e/v(,ve/v((R) VIV vy
_ my, m,/m, m,/m_,m,/m, m,/m_,m, [3 1 22]

) y ) ) S v IV
VgV /v, v /v, ,vﬂ/y((A) VIV vy
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With proper substitutions and rearrangements, one obtains the current expression:
=25 T ()0 (22

- [(ZL) (c1) +ir, () (G, )" } [3.123]

In matrix form the above is written as follows:
dE < <
I ZJ {67 T -TH6 1+ [67(2H)' - ()67 ) [3.124)

It is worth noting that all the Green function matrices above correspond to the
particular longitudinal site m , while the superscript L for the I' and X matrices
indicates the correspondence to longitudinal site m,. The total longitudinal current
would be the sum of all parallel longitudinal bond currents (refer to Fig. 3.4):

I I =2eZJ.—Tmce( [G*T" -T*G"]

to ta/

+[G<(2 ) -(E"6)) [3.125]
Noting that Trace(AB) = Trace(BA), and T'* = i(£L)R — i(£)4, one has:

1’”’"’:%;]% Traceil"L(fL[GR—GA]+G<) [3.126]

To obtain the standard current form for computation, a process known as
symmetrization is used. We will not elaborate on the standard symmetrization
process as the current expression above is adequate for illustrating the physics of
NEGEF transport.

3.7.2 Device channel length effect

The previous section showed the longitudinal bond current crossing over to the
central region is subject to the perturbative effect of the vertical sites. However,
perturbation due to the horizontal sites was ignored because discretization along
this direction was kept to the minimum of three lattice sites, representing the
respective emitter, central and collector parts. To be more accurate, current
crossing any central structure is also subject to perturbation due to the horizontal
sites. Here we consider a horizontal structure with multiple horizontal sites.

For simplicity, we begin our studies of the longitudinal site perturbation effect by
restricting the vertical dimension to a single vertical site. What was applied to account
for the vertical site perturbation has a direct analogy to what we can apply here to
account for the longitudinal site perturbation. Since discrete points in the emitter,
central and collector are denoted by e¢’, dd’ and cc’, respectively, one simply needs to
remember that now they run through the horizontal sites in much the same way that
they ran through the vertical sites in the previous section. The vertical indices can be
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considered to have been set according to v, = v, = 1, which applies to every term and
is therefore not shown above. For ease of visualization in both longitudinal and
vertical perturbations e, d can be first be regarded to have been fixed to e = (m, = 0,
v,=1)andd=(m,=1,v,= 1), respectively. But the actual current expression shows
summation over ¢, d (as shown earlier). Since summation over e and  in the vertical
effect means summing over v, and v, under the tight binding approximation, it is
equivalent to the summation of all parallel longitudinal bond currents, similar to
Kirchoft’s law. But in the longitudinal effect, summation over e, d means summing
over m, and m, The physical interpretation for this process is not apparent with
respect to circuit law in MOSFET. Here, the running indices of ¢’ = (m', and v/, and
= (m', and V') through horizontal sites in the lead and the central region means
summing over m’', and m',. In the vertical effect, they ran through vertical sites,
i.e. summing over v/, and v',. We also note in the above that use has been made of
e~ (G, d)*, t,=t,andt= £*. Recalling the Dyson equation one arrives at:

e €| emitter
(Eum al))

2;2_,- [( dcgu ed G; 'd ‘ngu ed G;d)

ee’ dd’

+ (tdcgee Loy G; a Tl g:e' Log do” [3.127]

Note that here discretization is in the x direction and that summing over ky and k_
would be required to find the total current. Similar mapping can be carried out for
the horizontal site perturbation, but to keep the notation simple, we will not carry
out explicit mapping. One only needs to keep in mind that the running indices of
e, d or ¢' d' denote the horizontal components only. The subscripts e, d, €'d’, which
now represent the horizontal sites only, sum from 0 — —oo, 1 — n, respectively,
consistent with the labeling format for the leads and central regions of Fig. 3.4.
Taking note that 7, g%, 1, =3k and t,¢5 t,, = X;,, and that e, e’ are discrete
points, we now have:

ZeZJdEZ[( LGS 43S, Gl )

dd’
+(=%, G5, 435, G )} [3.128]

Note that d' is the dummy index across the longitudinal sites within the central

region. There is also an implicit summation over e, ¢’ that has been absorbed into
R — yR .

.80ty = Xy It follows that:

N
2,[27[ |: oty Go T, Gl

ee’, dd’

—if,Gh T, | [3.129]
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Noting that Trace(AB) = Trace(BA), one obtains:
_ 28 dE R A < . R A
- Ek%jgmce((z ~2NG - if,(G* - G"))

:%ZI—Z—iTmce T(G*+ £,(G" - G")) [3.130]
k k.

The final current expression for the one-dimensional system contains a double
index sum or Trace over d which, as is the case of ', essentially means the running
of m, or m,, from longitudinal sites 1 to n within the central region. This compares
to the vertical perturbation where double index sum or Trace over d or d' is that of
v, Or v, running over vertical sites 1 to n, and which has the physical meaning of
summing of all parallel branches of the longitudinal bond current. Although the
physical meaning for the summation over m, or m, is not very apparent, it would
be interesting to examine 2% , =1, g% 1, to appreciate the simple results that can
be deduced from the horizontal summation. In the horizontal effect, since only ¢,
and #,, are considered, =X =1, gR 7 . This is because site 1 in the central region
is closest to the emitter. The only point in the emitter that has perturbation effect
would be site 0. It is also worth noting that f =, gR 7 is defined by g&), while
in the case of vertical perturbation, self-energy based on ggo is sometimes labeled
xR in some literature. A quick examination of I' shows that only the diagonal
components are non-vanishing.

3.7.3 Longitudinal current in momentum space

We now make a direct comparison of the above real space lattice to the momentum
lattice. For ease of comparison, we will use e to represent all momentum states in
the left lead and d to represent all momentum states in the central device, i.e., e —
(ko),, and — (ko),. Figure 3.5 is an illustration of the momentum states in the
electrode and the device channel.

The Dyson’s equations of G = [ t,G, —gt,G ] and G

ee ed’ ee ed’

[ td G, td G, ] used here are somewhat simpler, i.e. no iteration by e’

is required. It can be shown later that, in momentum representation, ¢’ = e. It thus
makes sense to start with a simple expression. In previous sections, e’ represents

e= (ko) 0 > d=(ko)y

-2

3.5 Schematic structure of a device with discrete momentum states in the
device channel (d) and emitter(e). Summation over discrete states in the
emitter would later be converted to summation over continuum states.
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vertical or horizontal site perturbation in the leads; however, the index of e’ in
previous sections was also inconsequential as eventually m’, = m_,= 0. The current
would now be:

€0 —oc
d:1-N
=2 Z—’; [1,65-£,65]
€0 —oc
dEdJ—)N . ;
=§ EL%[ [ 8l Our “ZLLJG ]
[ gt,Gr - 250,60 ]| [3.131]

Exercise 3.7

Show using the identity G> — G* = GR — G/ that:

e0— —oc

d:1SN
IL h ;El: e% ea ed|: (GR G;‘af')-i_(g:e_g;)G;d'jl'

Solution

We begin with the expression of Eq. 3.131. Since d and 4’ are dummy
indices, we can switch them in the second term:

e0— —oc

d:1-N
[L :% j_i e%, |:t:d [ eetedG:id eetedG;d :I I: eetedG;d eetedG;'d :I]
e0— —oc
d:1->N B
= Zf; 2 tutr[ 82l + Gl )= (el +61.) 0
JE AN
; Lt 2o (G + G5 )~ (22 +22) G |

Rearranging the terms further and using the identity G- — G = Gk — G4

yields:
e0— —oc
d:15N
I =% j_i L% t(d ed’ [ Eee (G;d G;d ) (g“ _gu)Gdd :I
e0— —oc
d:1-N
=%J.Z_7Ez; “, tul ed’ [ ee(Gjlil _GZ/ ) (gi _g;)G;d,:I-
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Note that straightforward direct analogy with real space discretization ends here,
when the following identities are used:

8. (E)=2mif (E,)8(E-E,);
g (E)=-2ri[1- f(E,)|8(E-E,); [3.132]
g (E)-g (E)=2mi6(E-E).
R

In the real space, summation over emitter sites (indexed by e, e’ in “w8e Lo or
108 1 o) are absorbed into the self-energy terms. However, summation over
emitter sites is restricted to site 0 as one needs only to consider coupling of site 0
in the emitter and site 1 in the device. Finally, integration with respect to energy is
carried out; effectively this corresponds to considering transmission at all energy
levels for an emitter represented by one site only that is site 0. In the momentum
representation, emitter discrete states are momentum states but not sites, so one can
consider the emitter to be already effectively represented by one site.

We now proceed to determine that integration over energy is in fact restricted
to the energy level of one emitter state only as below:

e0— —o<
dl—>N
JdE ~, tLdtLd I:fL(E)(G:{iz'_Giz')+G;1']6(E_Ee)
e0— —oc
. _d:1-N
:%m ) [f( e)(do,(Ee)—do,(EB))+G;d,(EE)]. [3.133]

Note that the term 6 (£ — E,) appears because e represents the momentum states
in the lead here. As the term J (E — E) results in the suppression of the energy
integral, in momentum representation, current is summed over the states of the
emitter. But, since the emitter consists of a continuum of momentum states, one is
allowed to convert the summation over e to an integral following the standard

procedure of 3, f, — J fk , thus recovering the energy integral commonly

present in the NEGF current.

The above analysis allows one to understand that, in momentum representation,
current is integrated over the energy continuum of the emitter. The next step is to
carry out the summation over all the energy levels on the emitter, which means
summing over all momentum states in the emitter. (Note the contrast to the real
space analog, where summation over all emitter sites is restricted to one spatial site.)

dE, '—dlivpd L( )[fL( )( dd’ (E) GZI(E))
+GL( )J [3.134]

Note that summation over e runs over the momentum and spin states of the emitter,
i.e. k, and o; and summation over k, is now represented by ) dE, p°". Under the
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summation symbol, e is removed; we have also inserted ¢ and p°” is the density of
states on the emitter lead. Further simplification leads to:

. d 1N
ie ‘"

1,=[dE, > 3, T E) [ (E)(Gi(E) -Gl (E)

o.dd

+ GL'(EL.)]. [3.135]
Now the two representations (momentum and real space) have converged in form
as both treat the emitter as one single site and involve summing over all energy
levels due to the emitter site:

1, = [ dE, %;Trace T [ f,(E)G" -G")+G" ] [3.136]

where T9!(E )= (15" )p° (¢, )* Disregarding spin dynamic effects (e.g. spin
2

flipping), Eq. 3.136 is reduced to the simple form of 7, =§ JdE Trace zT'"|

[£(G*-G"+67].

We would, however, like to stress here that the real space and momentum space
current are mere analogies as the parameters of both representations have different
physical meanings. For example, the coupling constant in the spatial representation
relates to spatial wavefunction overlap; while in momentum representation, the
coupling constant is related to momentum state transition. The Green’s functions
of both representations also have different interpretations. The spatial Green’s
function is suitable for large systems with many discrete sites; for small systems
with many momentum states, the discrete momentum representation is suitable
because of the distinct number of momentum states. It is hard to use both methods
for the same system because of the difficulty in searching out two sets (local and
momentum) of coupling constants to produce identical results. However, one can
always tune the coupling constants of both representations to obtain the current-
voltage (I-V) results that best coincide.

3.8 References

[1] Fetter A L and Walecka J D (2003), Quantum Theory of Many Particle Systems,
Dover Publications, Mineola, NY.

[2] Datta S (1997), Electronic Transport in Mesoscopic Systems, Cambridge University
Press, Cambridge; Datta S (2005), Quantum Transport (Atom to Transistor),
Cambridge University Press, Cambridge; Economou E N (2006), Green's Functions
in Quantum Physics, Springer Verlag, Berlin; Langreth D C (1976), Linear and
Nonlinear Electron Transport in Solids (NATO Advanced Study Institutes Series:
Series B, Physics), eds Devreese J T and van Doren V E, Plenum, New York.

[3] Lake R and Datta S (1992), ‘Nonequilibrium Green’s function method applied to
double-barrier resonant-tunneling diodes’, Phys. Rev. B, 45, 6670.

© Woodhead Publishing Limited, 2012



[4]

[19]

[20]

Electron dynamics in nanoscale devices 17

Meir Y and Wingreen N S (1992), ‘Landauer formula for the current through an
interacting electron region’, Phys. Rev. Lett., 68,2512; Meir Y, Wingreen N S and Lee
P A (1993), ‘Low-temperature transport through a quantum dot: The Anderson model
out of equilibrium’, Phys. Rev. Lett., 70, 2601.

Landauer R (1957), ‘Spatial variation of currents and fields due to localized scatterers
in metallic conduction’, IBM J. Res. Dev., 1, 233; M. Buttiker (1986), ‘Four-terminal
phase-coherent conductance’, Phys. Rev. Lett., 57, 1761.

Jauho A-P, Wingreen N S and Meir Y (1994), ‘Time-dependent transport in interacting
and noninteracting resonant-tunneling systems’, Phys. Rev. B, 50, 5528.

Lake R, Klimeck G, Bowen R C and Jovanovic D (1997), ‘Single and multiband
modeling of quantum electron transport through layered semiconductor devices’,
J. Appl. Phys., 81, 7845.

Niu C, Lin D L and Lin T H (1999), ‘Equation of motion for nonequilibrium Green
functions’, J. Phys.: Condens. Matter, 11, 1511.

Datta S (2000), ‘Nanoscale device modeling: the Green’s function method’,
Superlattices Microstruct., 28, 253.

Cresti A (2006), ‘Microscopic current imaging in quantum point contact devices’,
J. Appl. Phys., 100, 053711.

Nonoyama S and Oguri A (1998), ‘Direct calculation of the nonequilibrium current
by a recursive method’, Phys. Rev. B, 57, 8797.

Chang Y C and Kuo D M-T (2008), ‘Theory of charge transport in a quantum dot
tunnel junction with multiple energy levels’, Phys. Rev. B, 77, 245412.

Chen W, Jalil M B A and Tan S G (2008), ‘Resonant spin transport through lateral
ferromagnet-quantum dot-ferromagnet sandwich device’, J. Appl. Phys., 103,
07B732.

Sergueev N, Sun F, Guo H, Wang B G and Wang J (2002), ‘Spin-polarized transport
through a quantum dot: Anderson model with on-site Coulomb repulsion’, Phys. Rev.
B, 65, 165303.

Zhang P, Xie Q-K and Xie X C (2003), ‘Spin current through a quantum dot in the
presence of an oscillating magnetic field’, Phys. Rev. Lett., 91, 196602.

Tan S G, Jalil M B A, Kumar S B and Liang G-C (2008), ‘Spin tunneling in multilayer
spintronic devices’, Phys. Rev. B, 77, 085424.

Mathon J and Umerski A (2001), “Theory of tunneling magnetoresistance of an
epitaxial Fe/MgO/Fe(001) junction’, Phys. Rev. B, 63, 220403; Mathon J (1997),
‘Tight-binding theory of tunneling giant magnetoresistance’, Phys. Rev. B, 56, 11810.
Zhu Z G, Su G, Zheng R and Jin B (2003), ‘Time-dependent spintronic transport and
current-induced spin transfer torque in magnetic tunnel junctions’, Phys. Rev. B, 68,
224413.

Wakabayahsi K, Fujita M, Ajiki H and Sigrist M (1999), ‘Electronic and magnetic
properties of nanographite ribbons’, Phys. Rev. B, 59, 8271.

Caroli C, Combescot R, Nozieres P and Saint-James D (1971), ‘Direct calculation of
the tunneling current’, J. Phys. C: Solid State Phys., 4, 916.

© Woodhead Publishing Limited, 2012



4

Spin dynamics in nanoelectronic devices

Abstract: This chapter introduces the concept of transporting the spin degrees
of freedom across the device, beginning with a simple two-current system. An
introduction is also given to the effect of magnetic fields on electron dynamics,
leading to classical and quantum Hall effects. Readers are then introduced to
the use of non-equilibrium Green’s functions (NEGFs) to study electron
transport under magnetic fields and spin transport in magnetic systems. The
second-quantized form of spin orbit coupling is discussed and a complete spin
current formalism taking into account spin flip and spin orbit coupling is
presented.

Key words: quantum Hall effects, spin transport, magnetic fields, spin orbit
coupling, spin flip, non-collinear, spin current, NEGF.

4.1 Introduction: spin current and spin transport

In the previous chapter, we discussed the construction of the lattice Green’s
function for discrete nanoelectronic devices. We have turned off global many-
body effects, but turned on inter-site perturbation. The Green’s function formalism
for one and more geometrical dimensions has also been discussed. The formalism
for current was introduced using general discrete indices and adapted to discrete
spatial and momentum states. The final current expressions in momentum and
spatial representation share the same form. In the spatial adaptation, vertical
and longitudinal perturbation effects were considered separately to provide
a pedagogical picture of their origin, which leads to various useful expressions
suitable for current imaging in nanostructure and consistent with electrical
circuit law.

In modern nanoscale electronic systems (e.g. spintronics, graphene, quantum
dot, orbital and superconducting electronics, and topological insulating
electronics), current has an additional degree of freedom (DOF) which can be
adequately described by the spinor algebra. These currents are sometimes known
as color currents, which may not conserve due to their relation to the non-Abelian
charges rather than the familiar scalar electronic charges in conventional metal—
oxide—semiconductor field-effect transistor (MOSFET) electronics. For example
in spintronics, the electron’s spin plays the role of the color; in graphene, it would
be the pseudospin as well as the valley degree of freedom; in orbital electronics,
it is the orbital band.

Following the development of increasingly complex forms of nanoscale
electronics, it is timely to develop a consistent and coherent form of transport
formalism for the spinor or the color form of electronic current. The formalism
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here is general and provides for the rotation of spinor as well as its coupling with
the electron’s momentum. For simplicity and illustration of the importance of
color electronic in applied physics and engineering, we will take the example of
spintronics. The spin flip and spin orbital effects affect the transport of both charge
and spin fluxes in spintronic devices. Understanding these effects goes a long way
towards resolving many practical problems in technology such as spin transfer
switching, spin oscillations, spin injection and spin valving. Similarly one can
conjecture the pseudospin of graphene undergoing analogous effects of pseudospin
transfer, oscillations and injection for possible future device usage. In fact it is not
entirely far-fetched to conceive that pseudo-spintronic might become useful in the
future. The same analogy applies to the valley degree of freedom, which triggers
novel visions of valley based electronics, as well as the orbital degree of freedom
which suggests orbital electronics.

4.2 Simple two-current system

We begin our studies of spin current with the Hamiltonian, which describes a
system containing the flow of two branches of current. A two-current system here
could refer to any quantum number, e.g. the s and d orbital bands of magnetic
materials, the spin up/down bands of spintronic systems, and the pseudo up/down
and valleys of graphene systems. Let us start with a one-dimensional nearest
neighbor system at spatial point i for a two-band system arbitrarily labeled as s
and d, which when written in second-quantized form is:
= 3 g B (ot

i, e{x,d i,0 e{.y,d}

- Vo e ). .
Alternatively, one can represent the above with the bra-ket operators. For a more
physical visualization, we write the Hamiltonian to reflect the site energy operator
of the two bands at specific site (e.g. i = 3) as well as the tunneling kinetic operator
for both bands at the nearest neighboring sites of x, and x, under the tight binding
approximation:

H" =2t

s,x3><s,x3| —t s,x3><s,x2 ‘ —t s,x3><s,x4|
d,x3><d,x3‘ —t|d,x3><d,x2‘
—t‘a’,x3><d,x4 ‘—V"“' a/,x3><s,x3 ‘—V""’|s,x3><d,x3‘- [4.2]

+2t

The terms V¢ |d, x,)(s, x,| and V' |s, x;)(d, x, | give the coupling between the two
bands of s and d with strength V" at site x,. Thus, one notes that (s, x, | H" |d, x;) =
V54 and (d, xy| HY | 5, x3) = V. The Green’s function expressions can be derived
by taking note that H" = H} + V* and that:
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<x3 Nl

(E—H”)(E—H”)"‘xz,cr”>

=(E-H])GI" - Y, V5,5, <i 6‘(E ~H)

i ‘O'E{S,d }

x3 , G”>

x3,0'”> [4.3]

(E-H])G5" - V“’E”<x3, &|E-H)

which generates a pair of useful Green’s function expressions (Eq. 4.4 and
Eq. 4.5). These may apply to any types of two-current systems (e.g. in spintronics,
graphene, topological insulating, orbital, quantum dot, optical electronics and
superconducting systems):

(E—H")Gyy = (E=20)G) +1Gyy + (G + VG = 1 [4.4]
(E-H')GY =(E-20)GY +1GY +1GY +V*Gi = 1. [4.5]

In general form, the above is (E — H)G® (xx', E) = 6_.. We stick to the labeling
convention of G = «a| (E — H")'|b».

We draw particular comparison to the spintronic systems where spin relaxation is
an important research topic. It is not hard to notice that in fact ¥ mimics the spin
flip constant. In this context, ¥ has the physical outcome of measuring the strength,
or the likelihood of spin flipping. This has far-reaching implications for technological
applications like spin oscillation and current-induced magnetization switching. The
above can be represented in matrix form with the off-diagonal sub-matrices
containing the effects of electron spin flip or the electron s—d band coupling.

Exercise 4.1

S8 S8 S8 sd s
Show that (£ —2/)G;; +1G, +1G + V™G =1.

Solution

(EI- G =1
Bold denotes matrix representation, one thus has:

(s, 3| (E-H")G|s,3)=1
where G=(E— H")!

= (5, 3[ (s, 3)(E — 20)(s, 3| + [s, 3)ils, 4] + s, 3)i(s, 2|
—ls,3) *9(d, 3]) G s, 3) =1

= (E—20)(s,3| Gls, 3y + Ks, 4 G |s, 3) + s, 2|G| 5, 3)
+74(d, 3|G| s, 3y =1

= (E—-20)G3 +1G% +1G2 +V*G% =1.
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Below is an explicit matrix representation considering the band effect:

(E-2c ¢ o0 we o0 0] Gy Gy Gy Gy

S5 sd sd sd

[t E-2t t} O[ V“’] 0 G34 G32 G33 G34

0 t .. 0 0 S G

v o0 0 . T 0 Gs ... GY G¥

0 ysd 0 ¢+ E-2t : Gt GH GH Gu

0 o 0 t ] i G |
7 0 00 0 0]
o[ 7]Joo0 00
o 0 70 00
1o 0 0171 00
0 0 00 I 0O

-0 0 00 0 I [4.6]

Note that each sub-matrix belonging to a particular band is infinite in size. The
number of sub-matrices is, however, finite and related directly to the number of
bands. The matrix in Eq. 4.6 consists of four sub-matrices, namely the ss, ds, sd
and dd sections. The off-diagonal sections account for coupling between the two
bands or the two colors. The diagonal sections account for the individual bands. If
one is interested in only a single-band system, one needs to consider only the top-
left section, i.e. the ss section. The present matrix applies only to a one-dimensional
system. For a two-dimensional system, one can further develop each matrix
element into a sub-matrix block.

4.3 Spin and magnetic system

In nanoscale electronics, the application of magnetic fields is common. In metal
and semiconductor spintronics, single and quantum dot, and graphene electronics,
magnetic fields have been applied for various reasons including inducing Zeeman
splitting, quantum Hall and band-induced magnetoresistance.! Below we give a
brief introduction to electron dynamics under the effect of magnetic fields to help
readers appreciate the physical pictures when applying non-equilibrium Green’s
function (NEGF) methods later.

4.3.1 Introduction to magnetic field and Hall effects

Electrons experience the Lorentz force in the presence of magnetic fields. The
classical Hall effect was discovered more than a century ago by E. H. Hall. Amagnetic
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field is applied vertical to the direction of current flow, and a voltage known as the
Hall voltage can be detected across the transverse length. Equilibrium is achieved
when the force due to the magnetic field is balanced by the countering one due to
charge accumulation across the transverse length. The simple but illustrative
mathematical description of this is that two opposing forces balance when:

E =vB. [4.7]
One defines a Hall coefficient as follows:
RH = E_v / B:j,\‘ [4'8]

with j = nev_and R, = 1/ne. It is well-known that the Hall coefficient can be
measured to determine the carrier density in the material as shown in Fig. 4.1.

But the physics here is rather different from that of the integer quantum Hall
effect IQHE). In the classical case, the magnetic field is not strong enough with
respect to the sample dimension to create bound cyclotron states. Hall resistance
here depends on the free carrier density. In IQHE, Hall resistance depends on
current-carrying edge states. The edge states are a multiple of the number of
Landau levels below the Fermi energy. Increasing the magnetic field reduces the
number of Landau levels below the Fermi energy in a discrete manner, resulting
in quantized IQHE Hall resistance.

The application of the B field is a prelude to the interesting integer quantum
Hall effect. From R, = Ey/BZ Jj. and j_ = nev, one works out R, = 1/ne. It is
obvious R, is a measure of carrier density in a sample. This is one of the most well
known applications of the classical Hall effect. One can also deduce that, since the
Hall voltage is V,, = I, R, it measures the strength of the applied field if the
carrier density is known.

A picture of the effect of B fields on the density of states below the Fermi
energy is give in Fig. 4.2. For illustration, we consider a semiconductor two-
dimensional electron gas (2DEG) with electron density of n_=5 x 10! cm™. The

Magnetic field

@ @ Electric current

4.1 Schematic illustration of the classical Hall effect. Electrons are
deflected and accumulate on the two transverse sides of the sample,

generating an electric field which balances the force of the magnetic
field.
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(a) (b) (c)
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4.2 lllustration of electron states under applied magnetic fields.

(a) B field is weak and electrons are not bound. (b) B field is strong
and Landau levels are created. (c) Under very strong B fields, there
are fewer energy levels under the Fermi energy, implying higher
degeneracy for each level.

energy states for B fields of 2 T and 10 T show a discrete number of Landau levels
below the Fermi energy.

4.3.2 Introduction to quantum Hall effects

The quantum Hall effect is most representative of mesoscale systems or nanoscale
devices because it exists only in two-dimensional (2D) systems, which do not
normally exist in nature. Advancement in nanotechnologies made possible the
fabrication of nanostructures only in recent times and the 2D structures turn out to
host one of the most beautiful physics known to mankind.

Quantum Hall effects comprise the integer quantum Hall effect (IQHE) and
the fractional quantum Hall effect (FQHE). Both have been Nobel-winning
discoveries. In this book, only the underlying physics of the quantum Hall effects
are discussed and they are introduced in simple, intuitive pictures. The fractional
quantum Hall system is a collection of electrons which can no longer be treated as
a non-interacting electron gas. The interaction is so strong that the fractional
system can in some sense be regarded as a solid (Wigner crystal). In IQHE,
semiclassical and conventional field theoretic methods could not fully explain the
strange but interesting electronic behavior. Observables (e.g. energy levels and
conductivity) exhibit topological properties. In the language of physics, these
observables are not easily affected by the presence of impurities or scattering.
This is unlike the electron gas systems for metals and semiconductors where
conductivity depends on the scattering between electrons and phonons.

It is rather surprising that an elegant physical phenomenon like this exists only
in systems that are man made. The quantum Hall effect like all others has its root
in the classical Hall effect, which we have linked to the physical explanations
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based on the Lorentz force. IQHE was first observed by von Klitzing, Dorda and
Pepper in 1980.> The experiment was carried out in a 2DEG formed by an
inversion layer at a Si/SiO, interface. At a temperature of a few degrees Kelvin
and a B field of a few Tesla, quantized conductivity was observed:
I I v h
0O =—=—="—=—where R =—=25813Q. [4.9]
YV V.-V, R (e

y L R q

Degeneracy and filling factor

When the magnetic field is high, the trajectories of all free carriers curl up to form
small circulating states in the sample. These circulating states are no longer free
and technically speaking, the sample becomes an insulator in the bulk. These
circulating states are equally distributed to each Landau level below E.. On the
edges, things are different because skipping orbit edge states are formed due to the
boundary of the edges. In the presence of impurities in the system, these edge
states are associated with the extended states of the Landau levels. We will not
venture deep into the physics of localized and extended states. Instead we will
restrict ourselves to understanding only the few important concepts in pure sample
under the effect of B fields. Now we introduce the important quantity of:
eB

N, = % [4.10]
known as the degeneracy strength or degeneracy factor of each Landau level per
unit area of the 2D sample. For a particular Landau level, this is the number of
available states per unit area. The larger the sample, the more degenerate states a
Landau level could take. Figure 4.3 provides a crude schematic illustration of the
circulating electron states in a 2DEG samples. We will refer to these states as
cyclotron states for short.

Cyclotron: circulating electron states
/ N\
hAKk,
AYp = A

LX

4.3 Physical imagination of electron bound states (cyclotron states) and
their distribution in a two-dimensional system based on the Landau
gauge under a strong magnetic field.
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Quantum mechanically, one could show that the shift of the cyclotron radius from

.. . hk . .
auser-defined origin of the 2D sample is y, = —*, leading to the smallest separation

between two cyclotrons of Ay, = BX' For a sample with geometric size of
e
A= LxLy, one arrives at:

_2nh _ h

Ay = = ! 4.11
Y07 eBL ~ eBL, 41
The degeneracy factor would thus be:
L, eB4
==L [4.12]
Ay, h
. . N, eB .
The degeneracy factor per unit area is simply N = 70 = % When one writes:
A
N, = 4.13
" h/eB [4.13]

it is easy to see that //eB would be the real space area occupied by one circulating
electron state per Landau level. Thus //e is also known as the flux quantum or the
flux associated with one cyclotron electron (Fig. 4.4).

4.4 An electron bound state circulates an area containing a flux
quantum.

The flux quantum can also be written in terms of the area enclosed by the
circulating electron:

6,="=Ba. [4.14]
e

An electron takes up a certain space depending on the strength of the B field in

h
order to obey the rule of capturing with it a flux of .

Exercise 4.2

Deduce in terms of the flux quanta and the tiny enclosures inscribed by
a cyclotron what happens to the size of the cyclotron when B field
increases. Does the size increase or decrease? This question tests the
understanding of the qualitative picture given above.
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A more rigorous representation of the real space distribution of the cyclotrons
would require some quantum mechanics and the understanding of the wavefunctions.
Here we only show the final results without derivations. The wavefunction in the
spherical coordinates of a 2DEG system under a magnetic field is given by:

H r2 r ‘Iﬂin| nm 2
$,,(1=C,, exp[l(” —m)f — ﬁ][?] L ;7 [4.15]

where C,, is the normalization constant and L™ is the Laguerre polynomial. The
quantum numbers are n for energy and m for angular momentum. We will look at
the wavefunction of the lowest Landau level, i.e. n = 0:

2
Y (F) = " exp L
o N27m2"m!l 4
- (x_iy]mexp[—iJ [4.16]
am2mmi\ 1 4r ’

Here, [ = /i / e B is the magnetic length; (z = x — iy), z* = x + iy. The magnetic
length is also the radius of the cyclotron motion for » = 0. This wavefunction is
. . . ( By Bx j

obtained with the symmetric gauge of A= —-—,—,0 |, and represents a
circular distribution of electrons (Fig. 4.5). 22

Since all wavefunctions on the lowest Landau level have the same energy, the

following wavefunction is also an eigenfunction of the lowest Landau level:

T A

Cyclotron of radius /

N /

4.5 Electron bound states and distribution in space can be imagined
differently when the symmetric gauge is used. Observables are,
however, invariant irrespective of the gauges used.
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g
y(r)= f(z)e * [4.17]

where f(z) is an arbitrary function. If for a particular B field, the number of Landau

B
levels below E. is v, there will be v % electron states below the Fermi energy.

Exercise 4.3

Show that if n_ is the electron density (m~2) in the 2D sample:

n electron density _hn

— s s

N - cyclotron state density per LL " eB

D

where v is known as the filling factor.

If the B field strength is such that v is an integer number, v would then indicate the
number of Landau levels below £,. When v is an integer, the Landau levels are
completely filled. The implication is that the presence of a B field changes the
density of states from a constant (for a usual 2D system) to a set of delta functions
as shown in Fig. 4.6.

One sees that as B field increases, the number of electron states for each Landau
level increases except for the highest Landau level, which is losing electrons to the
lower Landau levels. Taking a digression, we note that this can be measured as an
increase in the longitudinal resistance p, , as there are more empty states at the highest
Landau level for scattering to take place. Such manifestation is also known as the
Shubnikov—de Haas (SdH oscillations), which we will describe only briefly here. As
the highest Landau level loses all its electrons, it also moves above E,; the next
highest Landau level would now take the place of the outgoing one and become the
highest Landau level below £, and which is fully occupied. The number of electron
states below the Fermi energy remains a constant. Due to magnetic depopulation, the
Fermi energy of the 2D system will thus follow a sawtooth shape. Scattering is low if
the uppermost Landau level is either nearly full or nearly empty, resulting in low
resistivity. Scattering is high when the uppermost level is half full, resulting in high
resistivity. This variation with B gives rise to SdH oscillations in resistivity.

4.6 Density of states in the IQHE system where each energy level
accommodates a large number of electrons.
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The important question to ask in IQHE is: How does quantized Hall resistance
Pry arise? The answer would be simple if one can associate the Hall resistance to
the number of Landau level below £ . But how then does this relation arise? Here,
one needs the concept of localized and extended states. Indeed, there is a fixed
number (at least one) of these states for each Landau level. We will not explain the
formation of extended and localized states here. Let us accept the fact that
the number of extended states to each Landau level is fixed and depends on the
temperature and the impurities in the sample. Keeping this idea of the extended

states in mind (i.e. its association with the Landau level) and recalling that v = B‘
e

which gives the number of Landau level below the Fermi energy, it would be easy
to deduce that the quantum Hall resistance simply increases with the number of
Landau levels below the Fermi energy. The relation can be expressed as follows:

g lh_h 1
o 2 7 2 h
Ve ezve[_”x_i]
! eB

ensuring that v takes on an integer number.

[4.18]

Exercise 4.4

hn
Deduce that Z ,N 9( bj - i] is always the largest integer number smaller
e

than hn.\' .

eB
hn, ]
Show that when v=—B‘ takes on integer value, the quantum Hall
e

resistance is equal to the classical Hall resistance, i.e.

RO — RCH — i
xy Xy nse
Solution
hn_ . v [ hn hn. .
When v = —=is an integer number, z, 0| ——i|=—=.Butwhenvis
eB eB eB

. N hn_ . .
not an integer number, Z; 6 B‘ —1 | will only be the largest integer
e

n
number smaller than —.
eB

By contrast the classical Hall resistance is:
B
R‘C‘H =—. [4.19]
E ne
Note that in two-dimensional systems /= jxly where j, (Am™") is the current per
unit of transverse length and n_is the carrier density with dimension of m™.
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4.3.3 Non-equilibrium electron transport under magnetic
vector potential

The above is a semiclassical depiction of electron dynamics under the magnetic
field and we have understood the physics which will give rise to IQHE. It is now
interesting to image the distribution of these electrons under the non-equilibrium
condition. We will use the simplest one-dimensional system in a 2DEG system
having translational invariance along the transverse y direction, with external
magnetic field perpendicular to the 2DEG, and electric fields applied spatially
along x as shown in Fig. 4.7.

In the presence of the magnetic and electric fields, the Hamiltonian operator is:

- (ihV + A) U+ 8 ho B,
2m* 4m

[4.20]
0

where m* is the electron effective mass, m is the electron mass in vacuum, g is
the effective Landé g-factor and U is the total potential energy of the electron in
the semiconductor. B, is the vertical magnetic field at x due to the perpendicular
magnetization of the ferromagnetic gates, 4 is the corresponding vector potential
chosen in the Landau gauge (0, 4 (x), 0), and ¢ =+ / —1 denotes spin up/down,
respectively, and where the spin quantization axis is defined along the vertical
magnetic fields. The electron conduction path in the x direction is discretized into
n lattice points of equal distance a apart, i.e. the discrete points are denoted by,
X, =ja, where 1 <j < n as shown in Fig. 4.7. We can now derive the matrix
representation of the Hamiltonian by applying the finite difference approach in the
limit of small a. If y(x) is the eigenfunction of the system, which need not be
solved analytically, then we have:

v h2 ’” lhAx ’
H w(x)=—2—w (X)+—y'(x)-
m m
A? ghoB.
+| —=—+U+ =+ E |y(x). [4.21]
2m 4m !
j=1 2 3 4 5
e 9 6 6 8
a
>
X

4.7 Schematic sketch of discrete sites along the electron conduction
path.

For small a (i.e. a — 0), the first and second derivatives of w(x) can be
approximated as:
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ja

_ W/H/z - l///—1/2
a

v'(x)
Vi~ 2 V,tV,.
2

y7(x)

ja

[4.22]

where for brevity, a is sometimes omitted from j which always implies ja. With
the above approximations, we rewrite the energy equation as:

(Hfl//) — __hz[ WJH _2Wj + ijl ]_I_lhi[ Wj+1/2 B Wj—l/Z ]
2m

Ja 2

a m a
£ gk,
+ g‘FUjﬁ‘ i +E)y l[/]. [423]
or equivalently:
Hy =)y,  +(ig)y, ,+Q2+0,+Z +U +E )y,
B 7 Aa 4 (4aY gho B,
where t=t =——,¢g =—+=—"—t, 0, =—*=|——|tandZ = L
7 2ma” ) 2ma h 7 2m h J 4m
By taking ‘1_,‘l//+l = q,»+l"’f+‘ and ‘Z,-‘/’ji = jSl‘//_,-fl > one can show that:
T2 ) 2 2
Hy =0y, +Py +0v,. [4.25]

where P, =2+ w, + Z, + U, + E and O, = —1; + iq;,,,. It is worth noting that
thatg , is to be obtained by evaluating 4(x) at halfway between x; and X Thus
Jts

2
in matrix form, the Hamiltonian is given by:

(H'y(x),_, =2Cy,

O i=j+l1
c- P i=j
0 i=j-1
0  otherwise. [4.26]

Thus in matrix form, the Hamiltonian is given by:
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F O 0 0
0 P
H=| ¢ - 0 [4.27]
Pn-l Q:—l
0 0 Qrk] n

where 7 is the number of discrete points in the 2DEG. We model our device as a
finite-sized conduction path in the 2DEG, which is connected on either side to
semi-infinite leads. Thus, from the discretized Hamiltonian, we can then derive
the retarded Green’s function matrix for the 2DEG region, following standard
methods.

GR=[EI— —(2f+2§)]l
R-2/L) -0 0 0
_Ql E —P : : :
= 0 0 . [4.28]
| E-p, O,
0 w0 =0, E-P-)inn

where E represents the total electron energy, £, is the electron energy in the
propagation (x)—direction, and 3.} and }.7 are the self-energies of the left and right
lead, respectively. Note that G® is independent of the kinetic energy in the transverse
direction £ = k2 / 2m*, due to the cancellation of the E, component in £and H.
Since electron transport is constrained to the x — y plane of the 2DEG, the
confinement in the z direction will lead to the formation of sub-bands. We do not
discuss the details concerning the sub-bands and assume that transport occurs only
within the lowest sub-band. The component G; describes the propagation of
electron between the points x; and X; within the 2DEG channel, while the self-
energy terms of ¥ = ZR + ZR represent the perturbative effect of the entire semi-
infinite leads on the electron propagation within the channel. X7 1 .x 1s related to the
surface Green’s function of the isolated leads, g; ,, and can be expressed as follows:

Zf(j’k):{ 1,81, Jj=k=1 , 2( k)= { .81y

0 elsewhere

J=k=n 00
elsewhere

Exercise 4.5

In a magnetic field system, the Green’s function needs to be modified
due to the changes in the Hamiltonian. In the following:
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(1) Show thatin a system with magnetic field, the discretized Hamiltonian
can be written as follows:

v, = (_t_i)l//‘,--l + (—iq.,-)l//_,-_l/z + (th to,+2,+U+ EY)Wf
gDV, (1Y

. na, Aa 4 (4aY ghoB.
where 1=t =——,q =— =—L=|-2L_|¢ and Z = L.
J 2 2 J h J

2ma /] m 4dm

(2) By taking v |, =q , Wjﬂand ¥ | =q , ¥, show that:
7+ Jts e j=%

2 2 2

Hy =0y +Py +0y,

where P, =21, + o, + Z + U;+ E and O, = —1, +1q o . It is worth noting that

q | is to be obtained by evaluating 4 (x) at halfway between x; and X
Jt

nl
2

4.3.4 Non-collinear electron spin and magnetic field

We now inspect a system where the two currents might appear in a linear
superposition of one another using the Green’s function method.>* The state of
such system is a rotated spinor, which satisfies a rotated Hamiltonian and preserves
the eigenenergies. This description corresponds to the physical case of a magnetic/
spin moment oriented at a particular angle with respect to the laboratory frame
(Fig. 4.8). When an electron spin is not aligned to the magnetic moment, it is not
a good quantum number and the spin is not a conserved quantity. A classical spin
moment might precess about the effective field of the moment, relax towards the
field, shrink in magnitude, or even travel away from the field.

Electron spin Magnetic moment

4.8 Electron spin is not initially aligned to the magnetic moment. It is
not a good quantum number.

Exercise 4.6

The second-quantized Hamiltonian for a spinor system is:

012 <k11‘0' k’ ’>a a,

kk'nn’
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’

where superscripts indicate the type of quantization (e.g. ‘2’ indicates
second quantization) and the Pauli matrices in single-particle forms are:

61:[ 0 1 j 01‘:[ 0 —i ] Gl:[ 10 J
e e e Lo -1
Show that the Pauli in second-quantized forms are:

0; =i alsa,, ~alia; =i Lala, [T)(LHL)(T)

0’ =1%a)a,; ~alia, = ala, (N{T-L)(Y)

0! =Nasa, +aliay = Sela, [N (1)

In single-particle form, the spin Hamiltonian in the presence of a non-collinear
magnetic moment is:

h 272 272

Hfsz—O'.M+h k =gM(o sin@+0c_cos0)+
2 2m * : 2m

[4.30]

For simplicity, we have taken @ = 0 and focused on the effect of one angular
dimension only, i.e. 8. In second-quantized form and momentum space, Eq. 4.30 is:

v o_ + + . + B
H = gM(Z(C’kT“u + aklakT) sin 0 + (atkTatkT - aklakl)cos 0)

k
+ 28,44, [4.31]
ko

Noting the first term A, of the Hamiltonian in Eq. 4.31 is related to s-d coupling,

the second term /, is kinetic energy and taking the Fourier transform, one has in
real space:

+
m

H' = X‘gM(chTcml sin@+c! ¢  sinf+c'.c cosb-c! c | cos 0) [4.32]
m

or:
HIVZZgM[(‘xm,T><x"’,~L‘+ )sin@

+( ‘xm,T><x"’,T‘—

)T

xm,i><xm,i«

)cos 9}. [4.33]

The second part of the Hamiltonian in real space is:

H) = 2(2(:;0"1 - c;cm_. - c:1cm+l ) ®(’T I T><T ‘+ ti‘ \L><\L‘)

m

+ ;(zclcm ) ®(UT MYk u] J,><¢\) [4.34]
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where ° is the strength of spin-dependent site coupling and U° is the spin-
dependent site potential. Physically #° could mean spin-dependent tunneling
between electrons in neighboring sites. On the other hand, U° could be local
magnetic impurities. It is obvious from Eq. 4.34 that the kinetic energy term has
angular significance only when the site coupling or site potential are spin-
dependent in strength.

Exercise 4.7

Show that H = z kcgkgakoaw in momentum space can be written in real
space as:
H=2(2t"c;Gc —t°c" ¢ -t ¢ )

mo "~ m-1c mo m+lo
mo

As an aside:

Za a 4 C C
zk a a - 2 m m+] m m 1

m

Zkzakak —=Y2c'e —cle —cle .
m-m m- m+l m-m-1
k m

4.4 Second-quantized spin orbit coupling

In this section, we focus on a predominantly semiconductor effect known as the
spin orbit coupling®® based on the Green’s function method. An analogous version
of orbital coupling with pseudospin exists in graphene. For simplicity and
illustration, we will look specifically at the linear conduction band type of spin
orbit coupling due to Rashba and Dresselhaus. These effects have been studied
extensively in semiconductors and more recently in metal spintronics. The first-

quantized Hamiltonian of the Rashba and Dresselhaus type is given by:
2

H =L tako ~ko )+ ko, ~ko). [4.35]
2m Ty TS

For simplicity, below is a discretized Hamiltonian with the Rashba spin orbit
coupling (SOC), recalling that H” is an operator we defined earlier to act on one
specific site only:

2a

+i00. {M} [4.36]
X 2a

m+1 m=1
m m m+1 m-1 m m . ¢\v _¢\v
H'Q" =4t9" -t —t9"" —1¢" — " —zacr}{—}
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which by rearrangement would lead to:

oo, | oo, »
v v 2a v 2a §
ioo oo
B ey Lt Ry L 437
[ 2[1 j¢v+l ( 2a ]¢V—I [ ]
Incorporating the effect of spin, the Hamiltonian can be written in vector space:
1= S e o){ito}- Sel o) ool Sl o) o

my,o my -

~Y o) o] Slxn o) (x o+ HY [4.38]

where:
v i A _ o
H :——Z(|xf’,6><x:””,o‘o, - ‘xf,o) <x:” ‘,ola,)
: 2a % ! !
laz m m A m m A 4 39
+Z x ,0){x ,0|0 —|x ,0)(X_,000 | [4.39]
m,y

The above is the obvious result of discretizing the linear k_ and k in the SOC
expression. Note that ¢ is the Pauli matrix, but 6 g, is not the usual form of Pauli
matrix. It is the bra-ket operator form, e.g. a = —z(|T)(U [LXT)):

=l e e )
+i(’x:",¢><xm+l"]‘|_‘x@’\]/)(xm_l’,r’)
) [y R ()
+(‘xv’ >< v+l’/|\‘_ x", ><xv”il,T‘). [4.40]

In second quantization:
Vo= ¥
H\ = Z < ‘kG —ko ‘k s>clﬂlck,s
kJk'r,
_ _ﬂ 2< ‘G ‘ >( 1‘ m+1 cm']‘ mfl)

+ 2 Y (rlo. ‘S>(CV’:c£]’S —crter, ) [4.41]
2a mypr.s

In Eq. 4.41, a similar discretization of the linear k_and ky has been performed.
Equation 4.41 can also be written as:
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Y

). [4.42]

my,r.s

la mt _m mt _m
+ %( z C\’.r cv+]..\' - cv.r' cvfl..\ <r

my.r.s

i
v mt _m+l _ mt _m—1
HSUC 2a [ z cv,l' cv‘,)’ cv,r cv,s ] <r ’O-y

Noting that (1 [a,| 1) = (| |g,/1) = 0, while (1 |gy] 1) = =i and (| lo| 1) = i
(el = lo ] )=0and(t|o_])={(||o|1)=1, one could find that:

: io +
v __ _ mt _ m+l my _ m-1 . my _m+l mt _m—-1
Hpe = 2a2( ’[C\ 161 TG ]‘“[ il —6L60 ])

mv

ia mt _m my _m mY _m mt _m
+%Z([C‘ 16l T 66 w}{c\ Lot TG m] [4.43]

mv

One can now compare Eq. 4.43 to Eq. 4. 40 As a matter of taste one can reshuffle
Eq. 4.43 by applying the rule of 2 c . +c ¢, = c Cia +cj+1c We thus
note that in general:

2 cmT m+l1 +cm1‘cm— 2 cmT m+1 m+1‘i‘cm

v,roov,s v,roov,s v,roov,s v,r v,s
my,r.s my,r.,s
mt m+l m+1 T m mT m+1
=2 el = 2 ce +he [4.44]
my.,r.s my,r.s
. . . cpr mm’ m v —1 | m ’
The Green’s function is, by definition, G . <xv ,O"(E—HSOC) X, ,0 >

Using the SOC Hamiltonian above, but replacmg the running indices of m and
v with a and b, respectively, one can derive the matrix equation for the Green’s
function. The reason for replacing the running indices is because we wish to
reserve m and v as a particular fixed lattice point for the Green’s function below.
The general Green’s function expression is:

mm’
(E SOC)G\\ oo’
Gmm E+ |:5 GmHlm _5 Gm llm —6 GmﬂTm +6 Gm %m :|
w’ oo’ w Vo w NGO w o w o
+ £ 5 Gm m’ + 5 m,m’ 5 Gm m’ + 6 Gm m’ 4.45
2a vy Lo’ ol v-1" 1o’ v+’ To’ ol Tv-1y'To" [ . ]

We present two specific cases of the above:
mm mm I}I+] m m—-1 m ia m,m m,m
(E=H{y )Gy =Gl E+ = [G‘. G :|+ Z[GHN w= Gl w} [4.45a]
f mm mm m—1l,m m+1,m la m,m m,m
(E - HSOC )va W= G\L W E 5 2 |:Gn ™ va?l :|+ ZI:G\*H,V N G\'—],v ™ :| [445b]
To give an even clearer illustration, we focus on a one-dimensional system, with

just two horizontal points (i.e. m = 1,2), where index v is irrelevant, in the central
region of the device. It can then be worked out that the matrix equation is:
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E 0 021

“|(enesanar
0 E—aO G2 G2 G G2

2a L N A PN [4.46]
0% 5 o || G4 GGl
2

o G 63 61} 61
— 0 0 F
a

It is not hard to see that, in general, all indices in the Green’s function matrix are
related to the central region of the device only. This Green’s function matrix can
be found by applying the inversion technique of the Hamiltonian as described
previously. Since all spin (color) related effects are present in the Hamiltonian, the
spin Green’s function below contains all information needed to describe spin
propagation or spin current:

mm mm m,m+l m,m+1 i mm mm m,m+1 m,m+1
va‘TT va+l,TT GvuTT Gw+l,TT ' Gvr.N Gw+l.Tl Gvr.Tl Grv+l.Tl
mm mm mm+l m.m+1 i mm mm mm+l mm+l
vy, T v+, T vy, TT v+, T 3 v, T v+, T vy, T v+, T
mEm mELm mELmFT myLm+T | mEm mEm mELm+T mELm+T
va.TT w, T Gw,TT wH, T Gw.Tl w, T Gvr,Ti Gm-+l.Tl
il cmim mLmtl mtlmtl L ~mlm mlm Lt mlmtl
vy, TT vl v+, 1T vile, TT vl v+, TT ) vilv, T vl v+, TL vilv, T vl v+, TL
77777 T mmm | T Al T S | et ammdl | [447]
va.iT val,iT GvulT va+l,lT ' Gw.ll Gw+| A Gnr.il Gvr+| A
mm mm mom+l mom+l : mm mm mym+1 mm+1
Gv-{-lv,ﬁ~ GH—I,M—I,M~ Gv+|\=,LT Gr+l,v+l,iT 3 Gr+l\xil G\=+|,r+|‘u Gr+|r,il Gr+l,r+l.ll
m¥m m+lm mELm+T mELm+T T m¥m m+lm mELm+T mELm+T
va.“’ Gw+| AT GW,H Gur+l AT va.ll Gw+l A Gw.u va+l,il
m+l,m m+lm m+l,m+1 mlm+] 3 m+l,m m+l,m m+l,m+1 m+lm+1
vilv, 4T vl v+ LT vilv, 4T Gv+|,v+|,iT ! Gwlv.u Gm.m,u Gr+|r,u G\<+|,--+|,J,J,

The dashed lines divide the matrix Green’s function in Eq. 4.47 into spin sub-
spaces. The solid lines divide the spin sub-matrix into the sub-space of longitudinal
dimension.

4.5 Non-equilibrium spin current

The general current expression describing the propagation of electron from the
left part of the device to the right part is given by Caroli e al.” Electron current
can be described in terms of the discrete parts of the device like the emitter (e),
central region (d) and collector (¢). The expression for a neutral current crossing
over from the left lead (emitter) to the central region is:

e€(emitter) e €(emitter)
2e dE de(central) 2e dE de(central) R
I, =—|— t, G —t,G |=—|— -t (G) +t,G: | [4.48]
L h 2” 2 |: d d de d] hA 2” E‘Zd |: d d de d:|
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Emitter  Device

of 1t ot
0} 1 2]

4.9 One-dimensional schematic illustrating a nanostructure with
discrete spatial site and spin states.

We show below that, in the presence of SOC or spin flipping effect, the current
can still be described with Eq. 4.48 with modifications required for the parameters.
Figure 4.9 shows a spatial distribution of the electrons.

Noting that 2;: t,g5t,, ol =—i(t, gt t,, —t, g't,,), the matrix
normally written for discrete spatial points only can now be written to reflect the
spin, i.e. (e, €', d, d") — (eo, e' o', ds, d's") is followed in Eq. 4.49:

e’ ee’ ee’ ee’
FIT,IT FIT.ZT rlT.lL FlT.zi
l—,eg’ ree’ l—\ee' l—\ee' ree' ree'
e’ _ 11 12 2T 2121 2Tl 221
r‘l‘]’ - ree ree' = ree' ree' ree' ree' " [449]
21 22 JURKY JUX) (NN 12l
FZl,IT rzi,z? rzl‘w rzl,zl

Restricting coupling constant to between the nearest neighbors only, all terms of
l"fjj, with sites d = 2 to 4 would be zero, because site 2 of the central device has
negligible coupling with any site on the emitter, or any point of e. The general
expression for I is:

Fiy” 0 Tgy” 0

ee’ O 0 0 0

| 0w [4.50]
r?yﬁ 0 Iy 0
0 0 0 0

The general spin current expression is:

J, = ;—:;IZ—iTmce ((2"—2”’) G -if*(G" —GA))

_ 2e

hA kece' o’ dsd’s’

I—Z—iTmcei(Fm’G’)(G< +/9(G" -G ))~ [4.51]

dsd’s’

The model above is suitable for computing spin current for systems with tunneling
spin flip and spin flip within the dot. In these systems, the coupling constant ¢ will
appear as various coefficients in the tunneling part of the Hamiltonian. While ¢ can
be determined in a phenomenological or empirical manner, the lead Green’s
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functions that need to be found are: g7, g™, g™ %% Dye to tight binding
approximation, the device indices d, d’ can only take on 1, which is the lattice site
closest to the emitter and hence e =0, d = 1.

One now considers the situation where there will not be spin flip on the
electrode, i.e. gOTOl = gOlOT = 0. Thus, when lead interaction is ignored, o = ¢’, and

the following is obtained for spin current:

0c.00 0c.00
FlT,lT 0 FITJL 0
2e dE . 0 0 0 0 < LR 4
J. ==Y |-—Trace i G+ fH(G"-G")). [4.52]
L hA ;J‘ 271- ; r?f](q{a O r?ﬁﬁo’ 0 ( )

o 0 0 0

In the event of no spin flip within the central device, Gh=G"= 0,and s = s’
while G'" and G** are finite. In the event of no tunneling spin flip, ¢ = s. The
simplest spin current expression is thus:

M 0 0 o
2e dE . 0 0 0 0 < LR 4
J =— ——Trace i G+ G*-G")). [4.53]
Sl e (67476 -6Y)
0 0 0 0

Table 4.1 summarizes the necessary modifications one needs to apply to the spin
current expressions under the different circumstances of interaction in the leads,
across the leads, or within the device channel.

Table 4.1 Summary of spin current expressions modified by spin interaction in
electrodes or central device

Spin interaction Spin current expression
Current in general form (considering the spin only) J= z r Gt ro° G-
In the absence of spin interaction in electrode: J= 2 <Gt re G+
G = G/’ G” = G/// p ss s's s'Ss ss

R
Assuming symmetrical electrode coupling to central

device region:

G=o=o"=0"

device:
G, =G5,

In the absence of spin interaction in the central J= 21“"{ Gf 1°° GA
SS’ s's’ s's ss

o

SS'

In the absence of tunneling spin flip from electrode to  Simple scalar function:
central device: J=Zl“’" s GPres G
os

§s T 0S ss
re =r7o
ss’ ss ~os

Note that T%, =—i(t, g0, —t,dat,, )

e'lerd’
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5

Spintronics and spin Hall effects in
nanoelectronics

Abstract: This chapter introduces spintronics as realized in metal and
semiconductor materials. Particularly in semiconductors, the physics of spin
orbit coupling and magnetic fields on the motion of electron and spin are
discussed. The concept of gauge is introduced in the form of the spin orbit
gauge and its relation to spin dynamics is studied heuristically. Spin Hall effects
in the Rashba system are then discussed in connection with the gauge concept.
Finally, the spin valve device is introduced alongside spin drift diffusion theory,
which has been widely used to model spin transport in metal-based devices.

Key words: spin orbit coupling, gauge, Rashba, spin Hall effects, spin drift
diffusion.

5.1 Introduction to spintronics

Spintronics' 3 refers to a new class of electronics that exploits the spin together
with the charge property of electrons for technological applications. Indeed the
term ‘spintronics’ was first used in the 1990s to describe the spate of research
activities focusing on manipulating or utilizing the electron’s spin degree of
freedom (DOF) to realize electronic functions, e.g. transistor, logic and memory.
The materials that could be used for realizing spintronic functions include metal,
carbon, semiconductors or rare earth. Spintronics is closely related to magnetism,
which studies the collective spin behavior of the bound electrons. But in
spintronics, emphasis is placed on the itinerant or moving electron whose spin
coherence or collective transportation is controlled to generate a measurable
conductance or current modulation. Thus, in general, what is minimally required
of a spintronic device would be an apparatus to generate a collection of spin-
polarized electrons, an effective channel to transport these ‘spin’ electrons to a
separate apparatus which then measures the ‘spin’ in the form of resistance
change. In nanoelectronics, this apparatus would have to be integrated into a
single device, which is transistor like and nanoscale in size. The bulk of spintronic
research, particularly metal-based research, has focused on spin asymmetric
electron transport in magnetoresistive devices. However, semiconductor-based
spintronics relies on spin orbit induced spin current in a paramagnetic
semiconductor. Similar studies on magnetoresistance and spin orbit coupling have
also been carried out in carbon nanotube and graphene based devices. In rare earth
material where the Rashba effect (normally found in semiconductor two-
dimensional electron gas) is strong, rare earth based spintronics may become a
promising new field.

141
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Besides spin current, transportation and measurement, of equal significance are
studies of spin relaxation and semiconductor magnetism. Spin relaxation studies
are an important subject in semiconductor spintronics, as a long spin coherent
length is crucial for the successful operation of a spintronic transistor. In magnetic-
based spintronics, studies have focused on a class of materials known as diluted
magnetic semiconductors (DMS) where emphasis is placed upon inducing real
magnetism by means of doping semiconductor with magnetic materials.

The spin Hall effect (SHE) refers to a special spin orbit coupling means which
generates spin current in the transverse direction to the applied electric field. The
SHE conductivity can be topological in nature and bears similarities to the
quantum Hall effects. In fact in materials known as the topological insulators, spin
orbit coupling is very strong, and quantum SHE has been shown to exist.

Spin torque refers to the transfer of spin angular momentum to the magnetic
moment causing magnetization to be switched by the spin current instead of the
magnetic field. This is an important subject in metal-based spintronics where the
focus is on designing a class of magnetic memory known as the spin transfer
switching (also known as spin transfer torque, STT) magnetic random access memory
(MRAM). In the new MRAM, the application of spin transfer switching instead of a
magnetic field allows memory cells to be packed closer in a magnetic field free
system. This is an engineering feat that allows future non-volatile computer memory
density to be scaled to the level which can meet consumer demand.

We have introduced a host of physical phenomena particularly relevant to the
technology of spintronics. In this chapter, we focus on metal spintronics,
semiconductor spintronics and SHE. We do not discuss DMS and spin relaxation.
In Chapter 7, spin Hall and spin torque are discussed again using the more formal
physics of quantum gauge theory.

5.1.1 Metal-based spintronics

It is worth noting that in the early years, research in spintronics was focused on
metallic*© spin-based devices. In fact in the late 1980s and early 1990s, when
semiconductor spintronics was still largely at the conceptual stage, research into
ferromagnetic (FM) metal devices based on the asymmetric scattering of spin
current had already met with great experimental success. This spin-dependent
transport and the devices (based on magnetic metal multilayers) are now generally
known as metal spintronics, although their experimental success predates even the
coining of ‘spintronics’. Metal spintronics comprise mainly giant magnetoresistance
(GMR), spin transfer torque and spin valve devices, much of which we introduced
in Chapter 2. In this chapter we focus on the propagation of electron and spin flux
in these devices. Many theoretical and simulation works have been carried out
to investigate the GMR and spin transfer effects in both the current perpendicular-
to-plane (CPP) and current-in-plane (CIP) (see Chapter 2) configurations. We
introduce the phenomenological spin drift diffusion (SDD) equations, which have
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been widely used to model spin transport in spin valve and spin torque devices. An
SDD-based model describes experimental observations very accurately and is the
language understood by both theorists and experimentalists. Besides the Boltzmann
phenomenological methods in spin electronics, the non-equilibrium Green’s
function (NEGF) method is also becoming popular and is increasingly being used
to compute spin transport in tunneling magnetoresistance (TMR) or magnetic
tunnel junction (MTJ) devices. Recent developments of spin Hall in platinum and
Rashba effects in metal and rare earth materials may have great application
potential, but these topics are not discussed in this book as much research is still
being carried out at the time of writing.

5.1.2 Semiconductor spintronics

In semiconductor spintronics, the main idea is to induce magnetic-like behavior in
non-magnetic semiconductors. It is an established fact that the versatility of
semiconductors, especially in terms of their transport properties, has been a key
factor in the astounding success of the metal-oxide-field-effect-transistor (MOSFET)
technology since its invention. It is thus conceivable that semiconductor spintronics
can lead to a new generation of spin devices based on the well-established MOSFET
technologies. The most natural setting for implementing semiconductor-based
spintronics is a transistor heterostructure consisting of a two-dimensional electron
gas (2DEG) channel. A typical semiconductor 2DEG has a long mean free path (for
ballistic transport) and large spin orbit coupling (SOC) effect, both of which are
crucial requisites for the coherent transport and manipulation of spin current.
Semiconductors are also much more versatile materials compared to FM metal
elements and alloys. The physical properties of a semiconductor can be varied rather
conveniently by changing its carrier concentration via either electrical or optical
means. For instance, the magnetic properties (such as coercive field and Curie
temperature) of a DMS”8 can be controlled either electrically or optically. Indeed
the promise of semiconductor spintronics depends greatly on the important fact that
spin conductivity can be varied over a wide range via numerous techniques, e.g. by
doping, application of an external electric field or photo-excitation.

From the device perspective, it is essential not only to generate or inject spin-
polarized current into the semiconductors, but also to manipulate the transport of
electron spin electrically, such that some kind of ‘spin transistor’ function can be
realized. This is certainly helped by the fact that the electron spin is relatively robust
with respect to coherence in semiconductors. Kikkawa and Awschalom® have
demonstrated that the spin relaxation time can be as long as 100 ns in bulk nGaAs
with a doping density of 10'® ¢cm™, translating to a macroscopic spin coherence
length of the order of 100 pm. These remarkable observations lend further credence
to the belief in the possibility of future spin transistor devices. The spin transistor or
spin field-effect transistor (spinFET) will be a key element upon which other more
complicated devices (e.g. logic gates, memories, etc.) can be built; the collection of
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these devices may thus constitute a whole new class of spin-based MOSFET
electronic devices. Hence, it is not an understatement to say that semiconductor
spintronics constitutes the next stage in the development of spintronic technology. Its
main advantage over ferromagnetic metal-based spintronics is its integrability with
the extensive semiconductor fabrication technology. That it is feasible to couple the
spin and charge conductance property to light also opens up the possibility of the
future convergence of electronics, photonics and spintronics in semiconductors.

5.2 Semiconductor spin transport

Semiconductor spintronic devices are generally based upon the concepts of
generation, transportation and detection of spin current. This is the motivation
behind the extensive review in this chapter on the various physical phenomena we
can exploit to achieve the above. Table 5.1 summarizes the three important aspects
of semiconductor spintronic devices, namely:

1. Generation of spin current.
2. Transportation and manipulation of spin current.
3. Detection and measurement of spin current.

The table contains details of the numerous well-established techniques to realize
these three functions which are required for the proper working of spintronic
devices. More details or variants of these techniques, as well as lesser known
specialized methods, can be found in literature published in abundance in various
journals.

Exchange coupling®!? arises due to the interaction of the s-electron spin with
the collective presence of the d-electron moment in ferromagnetic materials. The
exchange effect is a result of many-body physics; in spintronics, it suffices to
understand that the exchange effect is a form of effective magnetic field felt by a
single-particle spin moment. When the electron spin is aligned with this effective
field, its energy is lower and vice versa is true. Thus in this context, electron
transport through a ferromagnetic material can be treated like an electron passing
through a magnetic field. On the other hand, the exchange energy is also related
to the asymmetric density of states (DOS) at the Fermi energy. Thus, in the regime
of drift-diffusive transport, spin current can be resulted from the more dominant
effect of spin asymmetric scattering due to asymmetric DOS. In fact, most metal-
based spintronic devices (e.g. spin valves, magnetic tunnel junctions) rely on the
asymmetric scattering effect to generate spin current which is normally detected
viaresistance change. Electron spin interacts with actual magnetic fields producing
Zeeman energy. It is thus natural to conceive that applying external magnetic field
to a transistor device could generate spin current. In fact it has been shown in
principle that external magnetic and electric fields induce spin polarization in
various types of devices via wavevector filtering.!!~13 There has been a large body
of work investigating the various possibilities of spin filtering using the external
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Table 5.1 Various techniques for the electrical generation of spin current, its
transportation, detection and measurement

Generation of spin current

Transportation and
manipulation of spin
current

Detection of spin
current

Exchange effects

(1) Spin-dependent scattering
in FM bulk/film

(2) Effective Zeeman effect
of exchange field

External magnetic and

electric fields

(1) Zeeman effect

(2) Landau effect

Spin orbit coupling

(1) Spin-dependent tunneling

(2) Spin Hall current

(3) Persistent spin helix

Spin injection

(1) Spin dependent
tunneling

(2) Spin drift diffusion

Electrical gate pumping
(1) Multiple gate channel

(2) Single-electronic
quantum dots
Non-local diffusion
Induced flow of spin
current in a non-local

manner

Spin valve

Spin current —
resistance change
Optical detection
Spin current — optical
polarization

Inverse spin Hall
Spin current — charge
current

Spin torque
oscillations

Spin current —
precessing moment

Ferromagnetic resonance
Precessing moment — spin
current

Spin seebeck

Temperature gradient — spin
current

Optical methods

Light polarization — spin
polarization

Note: This table should be read vertically, but not across the columns.The symbol —
means ‘translates to’ or ‘results in".

fields.!*!7 While these are good indications of the possible emergence of future
spintronic  devices, difficulties remain with many practical issues.'$2°
The need for a spatially concentrated magnetic field to approximate the delta
function distribution fields in the channel of these devices is itself a formidable
practical task.

On the other hand, there have been a slew of device propositions utilizing spin
orbit coupling, foremost of which is the Datta-Das?!' transistor that utilizes
Rashba?> %7 SOC effects to induce spin precession across the 2DEG conduction
channel. In fact SOC is the only technique that generates spin current without the
need for any form of magnetism, e.g. magnetic fields or magnetic moment. It is a
purely electrical means of generating spin current. At a more fundamental level, it
is a fascinating physical effect which has its root in relativistic quantum mechanics.
Recently, it has even been perceived as related to a profound form of magnetic
potential also known as the non-Abelian gauge potential, which explains SHE as
well as longitudinal spin current from the perspectives of symmetry and topology.
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More discussions of SOC are found in the later sections of this chapter. Other
indirect ways to generate spin current includes the ferromagnetic resonance and
the spin Seebeck, which generate spin current via a precessing moment and
temperature gradient, respectively. Optical generation of spin current is also
well-established. These techniques are mainly employed to generate an imbalance
spin population for the studies of spin dynamics and spin relaxation.

Transporting spin current through a device channel and detecting its presence are
crucial for the complete functioning of spintronic devices. Spin injection?®-3! refers
to the coherent transfer of spin-polarized current from a normally ferromagnetic
contact to the device channel. It is an engineering process that can be achieved via
the physics of spin-dependent tunneling and spin drift diffusion. This process is,
however, fraught with difficulty, ranging from resistance loading due to the high
resistance semiconductor, to interfacial spin flip due to magnetic impurities or SOC.
Besides spin injection, various techniques of electrical gate pumping, which rely on
time-coordinated lowering and raising of electrical barriers across the electron
conduction path to effect a net flow of electron or spin flux, have been studied.??
Further understanding of these subjects requires the knowledge of single-
electronics®® and quantum dot spintronics. Non-local diffusion®* is an interesting
method with which to generate spin accumulation without needing to apply
electrostatic potential along the spin conduction path. The electrical path for spin
and charge flow is first established via applying an electrical potential along it. Pure
spin current can be tapped from a pure spin flow branching off the electrical path.

The detection and measurement of spin current has drawn particularly high
experimental interest due to its generic applicability to magnetism, optics, metal
and semiconductor spintronics. This large body of research, which spans various
disciplines, is not covered in this article beyond that presented in Table 5.1. But a
general tenet remains true, i.e. spin detection can be viewed as the inverse effect
of spin generation. For example, ferromagnetic resonance’ has been employed to
generate spin current via precessing magnetization. Thus when the opposite is
performed, this technique can also be used to detect spin current.

As stated earlier, of particular interest in this chapter is the effect of SOC which
is the underlying physics for many aspects of spintronics with device prospects,
e.g. spin current generation, SHE, spin torque, spin oscillations and so forth.
While the Zeeman and exchange effects require external fields and local moments,
respectively, SOC enables purely electrical generation and manipulation of spin
current. The following sections discuss in some detail the origin and the physics
of SOC with respect to generating longitudinal as well as transverse spin current.

This chapter is intended to provide a brief review of the various aspects of
spintronics with special emphasis on the underlying physics of SOC. Explanation
of these effects is substantiated with basic quantum mechanics accessible to both
experimentalists and theorists. The equations used here are meant to enhance the
clarity of concepts discussed, not to amplify their abstractness. Elaborate
explanations and useful mathematical identities are compiled separately in tables
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so that readers can focus on the physical pictures, reading the text with minimal
distractions. The different sections are written in a self-contained manner such
that they can be read and understood independently. For example, readers who are
not familiar with relativistic quantum mechanics, which forms the basis of the
vacuum SOC effect, can proceed to the later sections without much problem. The
elucidation of the monopole-like magnetic field may, however, require a few other
abstract concepts. But this should pose little hindrance to understanding its
relevance to SHE, so long as readers are prepared to accept the existence of these
effective monopole fields.

5.3  Spin orbit coupling (SOC) and Zeeman effects

Since SOC constitutes a major subject of this review, it makes sense to provide a
more elaborate description of its physics and origin. We present a brief description
of vacuum SOC in the context of relativistic quantum mechanics. Simply said, it
is an effect in which an electric field appears to be an effective magnetic field
when viewed in the rest frame of a moving electron. Dirac linearization of
Einstein’s energy equation to a minimally coupled momentum equation provides
a natural means of deriving the SOC as well as the Zeeman terms. We start from
the linear Dirac equation of:

n
(i—yoao—ihy“au—mc]y/=0. [5.1]
c
For notational convenience, the 7 and ¢ accompanying the momenta are set to 1
and so the single-particle description of massive particle in the presence of
electromagnetic field, Aﬂ, is written as follows:
(iv"D, = me)y =0 [5.2]

where Dﬂ = (6ﬂ + ieAﬂ) and {y#, y"} = 2g*" obeys the commutative rule of
Dirac algebra, m is the rest mass, y° and o are given in standard representation

of y° :( 10 | and o' = O_ O |and ¢ are the 2x2 Pauli matrices.

0 -1 g 0
Pre-multiplying Eq. 5.2 with (iy*D, + mc), one obtains the second-order equation:

(y'y*D,D, +nc? )y =o0. [5.3]
Since:

DD =tyyipp 4ty p p Ly p

v'v"D,D, =27 v"D,D,+y"y'D,D,~57"y"D,D,

1 v V) 1 v
+§y”y DD, =g"DD, +Ey"y [D,.D,], [5.4]
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1 ‘ .
one thus has (g””DvD# +5 Y"v'[D,.D,]+m’c’ ] w =0.Notethat[D,,D ]=ieF, ,

ir'y”
2
electromagnetic field tensor. Equation 5.3 can now be expressed as:

where F, = —Fm,[ JFW =i(y"y" -v'v")F,, and F,=0A,~-0A,is the

(D“Dy +§2*‘" Fyv+m2c2J|//=0 [5.5]
where Y = E[y“ ,v" ] The explicit tensor form of F#v is given by:
0 +E' +E* +E’
C C C
—E' 0 id o’ iod’
c 0 -8B+ Cew |-t 0 o -0’
Fo=| P 1 [5.6]
-E +B 0 -B - =0 0 o©
c —-ia’ o -0 0
3
E _p ip 0
C

Readers could verify that the matrix components can be summarized in Table 5.2
using compact notations for ease of referencing.

Table 5.2 is just the compact expression of %C)'“"Fuv =—06.B — ia - E, which

leads to the second-order equation of:
(-9 ~[p, —ed,T +ec- B+ica- E—m* )y =0. [5.7]

Recall that we had earlier set /2, ¢ — 1. For correct dimensions, D, has to be
accompanied by a 7, Dﬂ by a ch, and mc implies mc?. One can then obtain:

PR 2 .
[e—e¢] -7, +ec-B—m e+ E .(Z]:o

5.8
p [5.8]

ieot-E [£—e¢]2—7ri+eo-B—m2

where 7, =p —ed . Letting (y, v, v, y,)" = [ X ], and using Eq. 5.1, one obtains:
w P u P

(e—ep)—-m —o-m 1220
on  —(e—ep)-m|\lO) [5.9]
From the above, one has:
: o
9—[—(8_e¢+m)}x. [5.10]
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Table 5.2 Matrix components of
Fﬂvand YAV in compact notations

Matrix components

1. Fo= Ek

2. Foe=—EF
3. F,.]. =- e,.l.kB
4. 0% = jgk

5. 0*0 = —jiak
6. ol = s,.jka"

In the non-relativistic limit, the norm of @ approaches zero,

2
0'0= x= V—2 x = 0 assuming small values of the vector potential. Careful
c

(mc)?
substitution, however, leads to:
|:[S—e¢]2—7t2+eO'~B—m2+[Mﬂx=0. [5.11]
“ e—ed+m

Taking the realistic approximation of € = & + mc?, in the non-relativistic limit where
gand e¢ are very small, and using the following identities based on the interchangeable
mix of vector and tensor products as shown in Table 5.3, one now has:

c e eh O_.B+eO'~(E><7t)_zeE-7t

=¢gy. 5.12
2m 2mc 4m’c 4m’c = [ ]

In Eq. 5.12, the first term represents the minimal-coupled kinetic momentum,
the third term represents the Zeeman effects, the fourth represents the SOC and
the fifth represents the non-hermitian term that causes negative energy. It is worth
noting that keeping the exact non-zero term of € in the eigenspinor, the resulting
x manifest both the Zeeman effect and SOC in the low energy limit. The above
analysis from Eq. 5.1 to Eq. 5.12 is about the vacuum SOC, which has a small
coupling constant. In order for this effect to be strong enough without requiring a
huge electric field, a large effective coupling constant is required.

Table 5.3 Useful vector and tensor identities that simplify the
derivation of SOC effects

Simple vector and tensor identities and relations

0,0; = ig;; 0, + &,

(0-E)(o-m=0,0kEm,

lo-E)(o-m) = io (e £m) + By =io- (Exm) + E-m
0;and E; commute

PwN 2
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In the case of the Rashba SOC, such amplification of the coupling constant is
found in a 2DEG semiconductor system with inversion asymmetry,?>2” which
gives rise to bandstructure that can be associated with a large coupling constant.
In the case of the Dresselhaus SOC,3¢ the effect is enhanced in semiconductors
due to bulk inversion asymmetry (BIA). In a semiconductor 2DEG, due to the
so-called structural inversion asymmetry (SIA) and the electric field penetrating
the 2DEG plane vertically, the Rashba SOC can be described by:

H,=c(ck -0k, ) [5.13]

The eigenstates can be found by explicitly expanding Eq. 5.13. We give in Eq. 5.14
the eigenstate and the eigenenergy corresponding to the £ Rashba SOC bands:

— . —i¢ 272
i,k):i[’“’e ];E IR ok, [5.14]

V2

where k=, [kf + ki . Using the relationship in Eq. 5.14, one can obtain the
wavevector difference Ak between the two Rashba bands at energy E:
'kl 'k’ -2mao

=—a(k, +k Ak=(k,—k )=
R e ™

[5.15]

It is worth noting that, in spintronics, wavevector differences at a fixed energy
have been commonly exploited to study the differential transmission between two
spin eigenstates of a spintronic device. Figure 5.1 shows the band diagram of the
Rashba SOC system. This diagram is important for device design and engineering,
e.g. one could determine which portions of the double cone are to contribute to
device current or conductance.

Besides Rashba SOC, there are a few other types of SOC affecting the electrons
in the conduction band which can be utilized in spintronics, e.g. the Dresselhaus

— Band (inner)

Y.

+ Band (outer)

(a) (b)

5.1 (a) Dispersion relation for the two Rashba bands. (b) Cross-section
of the Rashba bands consists of two concentric circles. The arrows
depict the spin orientations of the spin eigenstates of the two Rashba
bands, which point tangentially along the band surfaces. (c) Prof. E. I.
Rashba, 2004.
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Table 5.4 Dresselhaus SOC constants for some common semiconductor materials

GaSb InAs GaAs InP InSb
B€ (eV A3) 187 130 24 8 220
m'=m*/m° 0.041 0.023 0.067 0.081 0.013
BCxm" 7.667 2.99 1.608 0.648 2.86
g factor 8 0.44 -50

type as mentioned earlier. Table 5.4 provides a summary of some semiconductor
materials with known, measured or predicted values of the Dresselhaus SOC
constant.

We now consider the general case of a combined Rashba and Dresselhaus SOC.
For simplicity, we consider the linear case of Dresselhaus SOC, so the Hamiltonian
has the simple form of:

2

H=H+H,+H, = 2
m

Vi +o(ok, ~ 0.k )+ B (0 k ~0 k). [5.16]

The corresponding eigenvalue equation is:

I A

(B%, —ak, )+ ik, - Bk ) E, v v
2 22 E -E pe"”
where £ = h—(k2 + kz) = ﬁ.Taking the determinantof| p =0
2m\ YY) 2m pe’ E-E
k —B'k

o
_ 2 IACAYE L _ TPy .
where p= \/(a +(B%) )k 40"k k, and tan 6 5k . , the eigenenergy

x y

is E' = E, = p. With simplification, one arrives at:

E=E, ik\/(ocz +(B") )~ 20" sin29,

e
i,k>_\/5[ " ] [5.18]
where tan ¢ = (ky/kx).

In Table 5.5 we summarize a few common SOC systems in spintronics. It
should now be clear by inspecting the relativistic equations of Eq. 5.12 thata SOC
system can be viewed as some kind of effective momentum-dependent magnetic
fields that the electron spin could ‘feel’. But it is important to note that this field is
only ‘felt’ by the spin but not the charge of the electron, which means that electron
spin precesses about this effective field, but one should not reason that the electron
experiences the corresponding Lorentz force. However, the Lorentz force does
arise but in a more complex manner in SOC systems, e.g. via adiabatic spin
relaxation to the momentum-dependent fields. Some aspects of this theory are
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presented in Section 5.6 on spin Hall effects. The eigenfunction of the Dresselhaus

cubic system is:

z i

Al —kj)i\/(kj ) (K K2 )+ K2 (- 6K+ k)

1
V=—F1i [5.19a]
2 k(K2 —K2)+ ik (k2 - K2
Table 5.5 SOC systems commonly studied in spintronics
Spin orbit coupling Hamiltonian and effective b fields Eigenstates
types (material
system)
; 37
Linear Dresselhaus®  H=p'(c k, -0k ) : +kx +ik,
B 5 V2 ‘
b= 1
Hg Y
0
Linear Rashba?? H,=alok, -0k, 1 K, +ik
" k, ﬁ k
b=— —k 1
#B x
0
Dresselhaus cubic H =ﬁc[k (kz—kz)cr Tk (kz _kz) See Eq. 5.19a
(Bulk 11l-V)36 ° XNy el Ty e T
o, +k, (k2 -K?)o, |
2 2
) k[Kk2—k? ]
B k,[k2-K2]
e[k -k]
Dresselhaus—Perel See Eq. 5.19b

(collimated) (k, >> k),

non-tunneling
regime)38

Dresselhaus—Perel
(tunneling electrons
along z direction)38

Hy = B (-0 k k2 +0 k k2 +0 k, [ K2 -k

_kaf
=" Kk
Hg 22
k,[K2-k? ]
_ pPL2
HD - ﬂ kz (o-yky _O-xkx)
P _kxkf
b= iy
Hg| VE
0

y

)

(4

&|
where ¢ is contained
within the plane
perpendicular to the
tunneling direction
along z

Note: The Hamiltonians and eigenstates for the respective systems are presented

categorically.
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The eigenfunction of the Dresselhaus—Perel system is:

(k- kj)i\/kj ((k2 ~E) R (K kf)j
i : —Z . [5.19b]
K2 (k. iky)
1

b
-

The other important aspect of SOC in spintronics is the interesting fact that a finite
geometric phase can be constructed in the momentum space. Details of the
geometric phase, also known as the Berry’s phase, are discussed in Chapter 7. It
suffices to understand that the assumption of adiabatic evolution of spin eigenstates
in the SOC system is necessary. Electrons completing a closed trajectory under
the adiabatic condition in the momentum space will acquire such a geometric
phase.

In the following we present a simple example of how, with the Hamiltonian and
the eigenstate, spin-dependent transmission can be estimated. What is provided
below can only be taken to be indicative of possible spin transport and is not
intended to be conclusive. A conclusive approach would be one that evaluates its
conductivity with the ballistic Kubo method. To consider the effect of impurity
scattering, a more eclaborate two-particle Green’s function method would be
required. For a simple, illustrative understanding of SOC effects on spin current
in devices, we use the Dresselhaus—Perel system as an example and derive the
electron momentum for a particular energy in terms of the chiral eigenstates. Spin
current is studied in the context of mesoscopic boundary conditions, which
increasingly define today’s nanoscale devices. The Hamiltonian in the region of
SOC and electric barrier V|, is:

Bﬁ+%+ﬂqh—qhw:mnf=Emnf- [5.20]

Figure 5.2 shows a sketch of the concept device, which consists of three parts like
most ordinary MOSFET devices. Current is injected from source (Region 1) to
drain (Region 3), passing through the SOC central part (Region 2). As a result of
spin-dependent tunneling via the SOC region with electrical barrier, spin current
can in principle be generated. Figure 5.3 shows the distribution of electron spin in
momentum space of the Dresselhaus—Perel SOC region over an equi-energy
circumference for a particular k.. The cross section taken below is perpendicular
to the z-axis.

Under a normally square potential barrier in the device channel where SOC
is present, there are four eigenstates for a particular energy E. Let us choose one

Q0 N

eigenstate ¢, (z) ¥ = e %(elz - el-'] and let the energy operators act on the

eigenstate as follows:
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2 ; 2

P 0 e"" d +
L 4v —yk —
{2m oY [ - 0 Jd22]¢,q(2)x

Rk 'kl 2
=| St YR 0. (02 = B9 (2)x

Region 1

Region 3

[5.21]

5.2 Schematic diagram of a device nanostructure (Region 2) where the
channel contains the square potential electric barrier and the SOC effect.
The Fermi cross-section sliced at a particular value of k, is superimposed

on the device structure as a contrast against the real space.

v
4
=
4

A 4

(a) (b)

5.3 Spin eigenstates of the Dresselhaus—Perel system for the spin chiral

branch of: (a) sub-band (+) and (b) sub-band (-).
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2k2 272

where k =,/k’+k’. By inspection, E = +—=+V, —ykk>. The solutions
oY 2m 2m :

are k_ = +k> where:

[5.22]

It is now obvious that, for a particular energy level in the SOC region and a fixed
k, there will be four degenerate solutions associated with the traveling wavevectors:
k2, x"), (kL 10, (K, ), (= k, x"). Thus momentum for a particular energy is
chiral dependent.

Another important quantum mechanics method in spintronics is the rotation
of the laboratory axis. As seen earlier, the lincar SOC eigenstate of Rashba or
Dresselhaus is chiral with respect to the laboratory axis. It has a combination of up
and down states along the laboratory axis. If one is to view this eigenstate in its own
frame, the physical picture becomes clearer as now the eigenstate is up or down. This
can be achieved by rotating the laboratory frame to the eigenstate. We give one
example below to illustrate the applications of spin rotation in the Rashba or
Dresselhaus spintronic system. We now show that the above when viewed and solved
in a rotated frame yield the same measureable results. There is nothing strange here,
in fact it is something to be expected. Regardless of how one views the system, or
how a system should be described under different frame or coordinate system, the
physics remain unchanged. Hence a measurable outcome of any system is invariant
under coordinate transformation. The above merely states the principle of symmetry.

Exercise 5.1

Show, using k_, and k_, to denote k| and k7, respectively, that rotating the
z-axis to the spin quantization direction is a change of basis which
preserves the eigenvalues.

Solution
Pz 0 ei"’ dz + +
U E"l‘ I/O - 'yk _ei‘P O E U (U(Pk:l (Z)l )

2 2
p 1 0o |d ko
=|—+V —vk — g
{2m oY [ 0 -1 ]dzzj|(e [

212 h2k2 i
_| Ik +——L 4V, — vk || € L
2m 2m : 0

)
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We will now match the flux of two regions, i.e. v,; = v,,. Region 1 corresponds
to the non-magnetic contact of the device (source) where the electron flux consists
of a linear combination of a SOC-free incident flux and a SOC affected reflecting
flux. Region 2 is the SOC region as shown in Fig. 5.2. The rotated wavefunction
in Region 2 can be written as:

ylgzUwz:(Blek:‘:+Clek:"’)[ (1) ]+(Bzek53"+Czekﬂz)( ‘1) ] [5.23]

which is a linear combination of the four degenerate eigenstates, whose amplitudes
(B,.B,,C,,C,) can be found by performing flux matching at the device boundaries
between Regions 1, 2 and 3. It is important to note that the system has been
rotated to the quantization axis of the chiral eigenstate, and that the eigenstate of
(1 0)7is with respect to the rotated axis but not the laboratory axis. Region 3 is the
contact (drain) where detection of spin current can be carried out.

In spintronic devices based on wavefunction treatment, flux continuity has to
be observed across the device® as has been specifically shown above. Generally
for a three-region device, the standard current operator reads

h .d dy' . N , .
j@)=—/|vy"’ W _ v CAA For Region 1, inserting y, into the operator yields
2mi dz dz

. _D. 2 2 . . .. P, 2 2
J.(Z)—; 1—‘R,‘ - RZ‘ whllst,forReg10n3,theresultlsj3(z)=; ’Tl’ +‘T2‘
where R and T are the reflection and transmission coefficients, respectively,
related to the wavefunction amplitude ratio. The current is just the product of the
probability amplitudes of the component wavefunctions and their respective

2 ’ ’ ’ 2
velocities. The flux operator in Region 2 is thus j2(2)=‘31‘ <l//2 ‘Vz‘l//2>+‘cl‘
A 2/ o . 2/ | . . .
<l//2 |v2‘1//2>+‘32‘ <l//2 ‘vz‘l//2>+‘C2‘ <l//2 ‘V2|l//2>, where V', is the SOC-modified
velocity operator. Upon obtaining the transport coefficients, one can verify that

the flux is conserved across the trilayer structure, i.e. j,(2) = j,(2) = j;(2).

Exercise 5.2

The expression below has the physical meaning of rotating electron spin
about a particular axis. Prove this expression:

.ho 6 . .0
exp| —i—0o.a |=1cos——io.asin—
2 2 2

The above has the physical meaning of rotating about axis along a. Show
that when a = —sindi + cos¢ j, the above can then be written as:

cos 5 —sin 5 e’
U =

. 0 i
Sin—e CcoS —
2 2
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What is the physical meaning of the U matrix?
Prove the following
0,0,= isw( o+ Iéﬂv

Hint: Use the SU(z) algebra of Pauli matrices in tensor representation.

Spin polarization is normally defined as P = (T* — T7)/(T" + T"), which can be
found in terms of the amplitude of the incident and outgoing wave amplitudes
which are themselves scalar coefficients. Figure 5.4 shows a typical numerical
result of a Dresselhaus—Perel system, which allows one to determine spin-
polarized current at the Fermi energy.

What is discussed above is spin transportation in Regions 1 and 2, which
correspond to the two important spintronic functions of spin generation and spin
transportation. The third crucial spintronic function of spin current detection is
normally carried out in Region 3. We present briefly below some techniques
useful for understanding the detection of spin current. Let us take a particular
eigenstate of the Dresselhaus SOC | X'g), where ¢’ = + is the index which denotes
the chiral eigenstates of the Dresselhaus system. In the frame of the laboratory, the
Dresselhaus eigenstate is a linear combination of the spin up and down eigenstates.
The probability amplitude of finding an up or down state for | ¢9), where spin up/
down is denoted by the index o = =+, is:

<o")(;"> = %(1 —0oi)= %[ _6,167’,9 ] = %(1 +00’ie™). [5.24]

AR 1
The probability is simply ‘<0‘| Xo >‘ = 5(1+0'o"sin9). In the SOC electron gas

Fermi system, there is a spectrum of momentum with different chiral states, each
making a different angle with the laboratory quantization axis. The above

1
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5.4 Spin polarization of a Dresselhaus-Perel system along the
qguantization axis of a particular chiral eigenstate. This curve makes
sense for one transport mode only. Proper spin polarization should be
one summed over all transport modes.
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determines the probability to be in a laboratory up/down state |1/]) denoted by
quantum number ¢ for a particular chiral state denoted by quantum number ¢’
Thus, the transmission probability for a particular energy of a laboratory up/down
state over all modes can be estimated as follows:

6.k [5.25]

(k)= Y olx )

where (0, k) consists of flux amplitude in Regions 1 and 3, which can be found by
flux matching. Note that /{6, k) is a function of & due to the effect of k_and ky onk.
Readers are probably aware that spin-dependent tunneling discussed above 1s most
often discussed in the context of a device system with local boundaries that restrict
spin transport to a short 2DEG channel. This is because spin current vanishes globally
ina 2DEG. Nevertheless, actual detection of spin current in semiconductor spintronics
remains difficult. Impurities scattering has been shown to destroy spin current. Even
in clean, ballistic limit, multi-mode transport could still greatly neutralize the spin
polarization which arises due to individual mode. Other factors that complicate spin
current detection include non-uniform SOC strength, interfacial scattering, and spin-
injection mismatch between semiconductor channel and contact detectors. The
promises brought upon by long spin relaxation length and electrical generation of
spin polarization cannot be realized due to these reasons. A stable semiconductor
spinFET working at room temperature has yet to be demonstrated.

The following section discusses the effects of magnetic fields and spin orbit
coupling on spin current. Before moving on, we mention again that to make a
spintronic device work, the coherence of spin transported over a long distance (at least
100 nm) is crucial. This brings in the important topic of spin relaxation. Nonetheless,
we will not discuss this topic in detail apart from stating that the underlying physics of
spin relaxation has various origins. Spin relaxation can be attributed to three
mechanisms: Dyakonov—Perel (DP),* Bir-Aronov-Pikus (BAP)*! and ElliottYafet
(BY).*? Readers interested in more details of these mechanisms can refer to the review
given in reference 43, which discussed these effects in some detail.

5.4 Spin current under magnetic fields and spin
orbit coupling

We now give a quantum mechanical*** illustration of a spin polarized

wavefunction distributing spatially in a 2DEG SOC. The following provides an
early indication of the possible existence of spin current (longitudinal or Hall) in
a SOC system. The single-electron Hamiltonian of a 2DEG in the presence of
perpendicular magnetic fields and linear SOC effects is given by:

(p,+ed) P,
T+ﬂ+U+ H: +HS() A2y (x,y)

= E¢(2)y (x,y) [5.26]

(Y (x,p) + e2F 9y (x,p) +

2m
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where the gauge of A = (—=By, 0, 0) is chosen. F, H , H_ and U are terms
corresponding to the 2DEG triangular confining potentlal the linear spin orbit
coupling, the Zeeman split and the applied electric potential, respectively. The
solution to the bound wavefunction ¢(z) is given by a linear combination of Airy

functions, i.e.

2 b’ +4ac—4aE, +4adz
O(z)=e ** AiryAi 43 g ¢
e b’ +4ac—4aE, +4adz
+e 2 AiryBi PP C, [5.27]
2 2 —ed )
where C,, C, are constants, g = h—, b=0,c= p—*+u+U+HZ +Hg,,
2m 2m 2m

and d = e F_. For the above solution to be a well-behaved function as, z — oo, C,
= 0. To determine the sub-band energies within the 2DEG potential well, one
imposes the boundary condition of ¢(z = 0) = 0, where z = 0 is taken to be the
bottom of the 2DEG in the wvertical direction. Noting that

7;’—2 | P +4dac- 4aE +4adz
¢(2)=e * Airydi 4a"3 "

and solving for the Hamiltonian at z = 0 results in the lowest energy eigenvalue (z)
of E, = ¢ +2.338a"3 &3, i.c. the energy of the system is:

1 has roots —2.338, —4.008 ... ... ..

2
+eA el h
poPted) P +U+H +H,, +2.338 [[27]] . [5.28]

2m 2m m

[eF A’

2m

In the energy levels above the sub-band of £ = 2.338( J, electrons define

a Fermi circle (x, y) in the momentum space and the radius of the circle depends
on the sheet electron density. In the conduction band, an electron in a two-
dimensional system is subject to the linear spin orbit coupling effects of Rashba
and Dresselhaus, respectively. In explicit spinor form, one has:

(p, +ed )

+U+H +E, —(a+i/3)k,—(ﬁ+ia)[k,+5,4_j
2m y T

_(a—iﬁ)ky—(ﬁ—ia)(kx+%A\J (p;—e) SoAU=H,+E
: m

Xy(x,y)=Ey(x,y) [5.29]
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The conduction band wave function of the Landau spin orbit coupling system that
corresponds to energy eigenvalue E is:

v=200-y,) Z" #(x) [5.30]

n=1 n

where the y dimension wavefunction is taken to be a linear combination
of eigensolutions to a 2DEG with only vertical magnetic field, i.e. without
the SOC.

Exercise 5.3

Show that

[o,@,+x) i(pnan de=\2(m+1)a,,,

Solution

[0, z\/,xH (x)exp[ zjdx

n=l1

fimomnizs

m+l

jq; (x) Z H  (x)+2nH l(x)]exp[ 2]dx
m \/7 n+ n— 2

Where\/;=\/\/;2'”m!r.Hence:
J¢,,,(x)(abv+x)i(pa dx = 2(m+1)\/ﬂ\/_ J2(m+1l)a,,
n=1

m+l

Exercise 5.4

Show that:

(0,00, -0 0,0, dc=—2m a,

n=1
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Solution

Jo. (x)z\/— { exp[_szﬂdx
= [, (x)X % exp( zj{an_l(x)—%Hm(x)}dx

n:l c,
4,
_[ﬁ(m+l c, \/_\/_]
where \/; =4 \/;2"’m!r. Hence:
(0,00, - )3 0,a,ds - J_ L Je =—\2ma, .

n=1

With the integral equations*>*7 above, refer to Appendix 5.A for details on the
derivation of the wavefunction. The x dimension wavefunction is a non-decaying
oscillatory traveling function. One can deduce that the final wave function for the
(+) and (—) branches are:

+ _ eikvx Ds (psfl(y_y())
V' (y-y)=F7——
,/1+(D;)2 ?.(y-¥,)

!//(y—y)=L[(p“(y_y°) ] [5.31]
1wy \ Dse,(v-,) '

where:

—ioc\/g/ r

D' =D; = [5.32]

& +.4& +2s((:j

and ¢, = 1/2 (hw) = guB. One can now study the distribution of spin current in the
bulk of the 2DEG. Note that, the choice of gauge might present slightly different
results for y,, whereas YV, =Y, eky will be true for gauge potentials of (4,, 0,0)
and (0, 4, 0) as well. ma

Exercise 5.5

Show that the current expression for a Rashba system without external
magnetic field is:
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, (hkr 2 k(]
Jo=| = Foa—=|.

m h ok

Solution

Current expression in the absence of external magnetic—electric fields is:

'__ﬂ *a_W_M_l*** a |_ x| a*
j.= 2m[w v ]—2[¢ (a b)vﬁ[ bJ o(abyv, 9 [ . D

where v_is the electron velocity that can be found using the Hamilton
equation that prgvides the first momentum derivative of the Hamiltonian

matrix, i.e. v. = —. Explicitly:
X apr
m ox
v .=
m ox

Tk

m
Substituting with the Rashba eigenstates, the current expression is:

s hkx—zak.\'
L= T Tk )

For ky: 0, a common approach taken in the design of spintronic devices,
the above is:

(k2
o= m+h '

Using the current expression:

. 2
Expanding the above leads to J, = (a2+b2)—galm[a*b]].

_ eBy 2 E 2
J_\»:[a}yo—Ty‘gaIm(a*b)}:—{wo"yu)—?"‘gaIm(a*b) [5.33]

and substituting the eigenfunctions of the Landau SOC system, one obtains the
current expression whose spin-dependence arises from coupling constant # 0:

> |
I = 0(-y)- 21020 | 2P

5.34
5 oy [5.34]

© Woodhead Publishing Limited, 2012



Spintronics and spin Hall effects in nanoelectronics 163

It is worth noting that the application of Ey provides a base value for the average
E
current in the form of ;‘ This ensures that there would be an average current

even when all the SOC effects are absent. We have thus shown analytically, in the
Rashba SOC 2DEG system with cross electric magnetic field, that current is spin
polarized. One can now at least have a crude feeling of how SOC distributes spin
current spatially. The above naturally leads to the idea that Hall effect involving
spin may be generated from the SOC effect. Indeed, we discuss below the finding
that the so-called spin Hall effect (SHE) is ubiquitous in SOC systems. Various
theoretical and conceptual methods have been put forth to study the physics of
SHE and its applications.

5.5 Spin dynamics under the spin orbit gauge

In nanoscale devices, common measure of electron flow in current or voltage can
be related closely to single-particle electron dynamics. An electron’s precession
about the Dirac effective magnetic field can be viewed to give rise to a non-
integrable special unitary group of degree 2 (SU(2)) phase factor and a spin orbit
gauge, which leads to the presence of non-commutative electromagnetism. In the
language of gauge theory, the spin orbit gauge is simply the gauge invariant
manifestation of the non-integrable phase factor. In spintronics, one can investigate
electron dynamics based on such non-commutative electromagnetism, which has
also been shown to be one of the underlying mechanisms for spin Hall effects. For
a clearer visualization of the strength of the SOC, we convert specific SOC
systems into the vacuum form, i.e. all different SOC systems take the form of the
vacuum coupling constant such that the SOC strength (energy) is reflected in the
effective electric fields. Thus the effective electric field is simply the field that
would generate the same SOC strength if these specific systems were to be

vacuum. The single-particle form of the Hamiltonian H = [ y' (l D! + le// dx,
is given by: 2

S eh Y
H=) — ——(EX0O).n +eE.r 5.35
; Zm(p” 2gmc’ ( ) p] [ ]

where A4 = ZLZ(EXO') = G(E x 0) is the spin orbit gauge and G is a time
gmc

coupling constant. From the non-trivial curvature of the spin orbit gauge, one can
construct a magnetic field. The main feature about the spin orbit gauge here is its
non-trivial curvature, which provides a magnetic field effect on particles. To
obtain further insights, we will investigate the curvature and its implications to
electron dynamics in the SOC system. Since the momentum conjugate to v is

. . . . 1 . .
=iy, one obtains the Hamiltonian density H == (D w' (D w)+Vy'
aoy) Y yH=2 (DY XDY)+V 'y
after applying the Legendre transformation.

© Woodhead Publishing Limited, 2012



164 Introduction to the physics of nanoelectronics

5.5.1 Single-particle electron dynamics in real space
By considering the curvature Q =V x A4, — % A, x A_, which can be interpreted

as the non-commutative magnetic field, one can borrow the classical picture of
Lorentz to derive the average transverse force that an electron particle will feel in
this system. In classical physics, the general equation of motion (EOM) is

< f> d(v) . The EOM for the Lorentz force would be mdg) £<P>XB
m

where B is a physical magnetic field. We now replace B with €, an effective
magnetic field derived from quantum mechanics. Thus below is an equation based
on classical EOM but a quantum mechanics effective magnetic field:

<f>:%<p>x3 <epxg> <e” (erA,—%A,xA,D. [5.36]

m

The first term on the right-hand-side can be expressed as:
e
(fi)= ;(V,(p-A,)— (PV,)4,) [5.37]

since the gauge is in real space, 4 is used to denote the spin orbit gauge. This term
vanishes when the electric field is spatially uniform, which is assumed in this case
to simplify our analysis.

In spintronics, a uniform electric field implies that the Rashba or Dresselhaus
coupling parameter is a constant. In the context of device electronics (e.g.
spintronics based on the Rashba or Dresselhaus effects), the term ( f;) should
capture the imagination of electronic engineers designing new devices. This term
gives the heuristic indication that a deliberate engineering of the Rashba or
Dresselhaus coupling to be inhomogeneous within the electron conduction path,
such as at the metal-semiconductor interface (where SOC constants emerge
abruptly in the semiconductors), might result in additional electron dynamics
driven by forces related to SOC gradient. The second term is:

(f)- lehG <p><((Ex0')><(Ex0'))> [5.38]

which can be simplified by using the general identity of 4 x (B X C) = B (4.C) —
(A.B) C with the assignment rules of E X 6 — A4, E — B, and ¢ — C, and the spin
algebra of ¢ X ¢ = 2ie. With the above, one can readily derive the expression

22
< f2> G (0.E) px E. This expression can be interpreted as a type of

spin-dependent transverse force.
To express ( f,) in a more compact form, a different set of assignment rules
p—A,and A, — B, Cis applied and the following is obtained:

(f)== (A (p.A4)~(p-A)A,)= ,; ([4,,p.4) [5.39]
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Noting, p.4, = Go.(p x E), one is able to derive, albeit rather tediously a more
explicit expression for { f) that is not discussed here. The above expressions for
(fy) and (f,), which describe the forces experienced by the electron due to the
spin orbit gauge field, have been obtained from semiclassical analysis.

We now study the time dependence of the momentum or velocity using the
operator method. One can compare that identical force expressions can be obtained

using the operator algebra method. Once again borrowing < f >= de and

treating v as an operator in Hilbert space, one could write down the ‘force’ felt by
an electron treated like a particle with mass m but zero volume as:

div) d(p—eA)

(£)=m i dr [-40]
Note when one starts with a general EOM, the velocity operator of v=p — eA is
used. Previously, in the Lorentz EOM, the canonical p operator is used instead of
v. In fact the general EOM will lead to the Lorentz-related terms with the use of =
p — eA. One can now let these operators obey the expectation formalism in
quantum mechanics as follows:

_d(0) 30
zh%=< [0,H] >+m<§>. [5.41]

The expression for ‘force’ would now be:

<f>=(%< [p, H]>+<3—I;>J+(—%<[A,, H] >_e<a£;r >J

04, JE Jdo : :
where 5 =G Gx§+§XE . Bold notations merely reflect their

vectorial nature. In the above, only p, H, A, ¢ are operators. Referring to the
Hamiltonian, one can thus deduce that:

<f|>= %<[p,(§—m+ eI;A’ +eE. rﬂ>= %<[p,p;:’ }+ E> [5.43]

2
where use has been made of the fact that [P,f_m:| =0and [p, e Er] = eE [p,r,] =
ek 0, 1,

We will now ignore the electron acceleration due to the E-field since we want
to focus on the electron dynamics arising due to the spin orbit gauge field but not
the external electric field. Note that an external electric field in the context of a
lateral device normally originates from applying source—drain bias across the
current conduction path. Similarly, assuming no explicit time and spatial
dependence of E-field, one would obtain:

— > epA je”
<f2>:i—;<[Ar,(5—m+—+eE.rH>:Z—h<[A,,p.A,]>. [5.44]

m

(f)+(f) [542]
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Since ( f;) and ( f,) are terms that affect the electron’s equation of motion in the
presence of SOC, we can relate them to the dynamics of spin Hall, spin torque,
anomalous Hall, etc, which have been experimentally observed in various
spintronic systems with SOC. For exact quantification of these effects and
comparison with non-ideal practical systems, the semiclassical treatment given
above may be extended to include the effects of scattering, either via the
microscopic Kubo formalism or the semiclassical Boltzmann drift diffusion
equation. The present approach discussed in this section is general and can be
used to describe more complicated spin dynamics, e.g. in the presence of magnetic
fields or spatially or temporally varying electric fields.

5.5.2 Single-particle electron dynamics in
momentum space

We now derive the k-space equivalent of the above by applying Heisenberg
algebra methods. The k-space gauge curvature is particularly useful in elucidating
the quantum description of anomalous velocity under the influence of spin orbit
coupling, which has been described as a k-space Lorentz force or Karplus velocity
term in previous works. The anomalous velocity in the spin orbital system can be

deduced from v=%[r,H] orv=%—H, both yield the velocity operator of
l p

y=L_¢ A . However, the physical interpretation for < A_is unclear. We will
m m m

now expand and rearrange the SOC Hamiltonian into the form:

2.~2

H=H +¢eE. i(axp)+r +¢ G
2m 2m

(Exo0).(EX0) [5.45]

We ignore the higher order O(G?) term and define A, = 2£(0' X p), which has the
m

unit of length and can be interpreted as the k-space gauge field of the SOC system.
In this way, the spatial coordinates acquire their non-commutativity from the
k-space gauge field. The curvature of this k-space gauge field, which is given by
Q, =V, xA, —id, x A, is reminiscent of its real space counterpart described
carlier. Expanding the first term of the curvature yields:

G G
V, XA, =%Vk X(O'Xp)=E(G(Vk.p)—(d.vk)p). [5.46]
A careful inspection shows that this leads to:
hG 0 J , . nG
VkXAk=g(0(87k‘yj_0"87kﬂnﬂJ=76. [547]

Similarly, for the second term, we can show by using the same relation and
assignment rules which were applied to { f,) that:

A XA, :(EJ (GXp)X(O'Xp):—(Ej (o.p)p. [5.48]
2m 2m
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Combining the above leads to the total curvature in k-space of:

@g)%§a+{f)(opm [5.49]

In the presence of the gauge field, the velocity expression is given by:

_ £_1dp P Ge P e
{21202 T2 2a] o

The second velocity term can be formally interpreted as the anomalous velocity v,
or the Karplus term. The anomalous velocity term is related to the SU(2) gauge
field A, in coordinate space by the relation:

v =24, [5.51]

m

To make a clear comparison between the two pictures, we note that both real and
momentum analysis yields the identical relation of anomalous velocity effect in
myv=p-—eA,

5.6 Spin Hall effects (SHE)

One of the means to generate spin current in semiconductor spintronics is via the
spin Hall effect (SHE) as stipulated in Table 5.1. The description of SHE has its
origin in the early work of Russian theoretical physicists M. I. Dyakonov and
V. L. Perel.*® Their work was the first time that the notion of spin current was
introduced. SHE in the form of transverse spin accumulation was predicted and
equations describing such phenomenon were written. Experimental works*’ were
later carried out which resulted in the measurement of what is known today as the
inverse version of the SHE. In 1999, J. E. Hirsch>® broke a long silence and once
more raised discussion on the prospects of a SHE-based device. But
experimentally,’! SHE was observed in semiconductors only more than 30 years
after the original prediction. Spin accumulation induces circular polarization of
the emitted light, as well as the Faraday (Kerr) rotation of the transmitted
(reflected) light polarization, which allows one to monitor SHE by optical means.
There were soon other descriptions’? relating SHE to classical Hall as well as the
anomalous Hall effect (AHE).

This section is devoted to discussing in greater detail the important physics of
spin Hall and its possible applications. The crucial elements for realizing SHE are
the SOC effects and the application of electric field. The electric field is only an
external means to generate a longitudinal current. The coupling between SHE
current and longitudinal charge current is most probably due to the physics of spin
orbit coupling. SHE also refers to the observed transverse separation of opposite
spin across a nanoscale device system, which results in a net spin accumulation
but zero Hall voltage across the two edges of the device. SHE is thus reminiscent
of the classical Hall effect as well as the integer quantum Hall effect (IQHE),
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where charges accumulate on opposite lateral edges of a rectangular current
carrying region in the presence of an external magnetic field applied perpendicular
to the device. However, unlike classical Hall or IQHE, no external magnetic
field is involved in SHE, which requires only SOC and the longitudinal charge
current.

It is worth mentioning that most experimental observation of SHE is of extrinsic
nature, or at least not conclusively indicative of intrinsic SHE. The processes of
skew scattering and side jumping have been attributed to causing the extrinsic
SHE. One can then think in terms of spin anisotropic scattering of electrons by
impurities. Spin up electrons will scatter in a direction different from that of spin
down electrons, hence leading to spin accumulation along the lateral edges.
Recent works have spawned numerous versions which include SHE of photons,>3->
phonons,> excitons® and in graphene.’ In this chapter, discussion is restricted to
the intrinsic SHE which can be observed in an SOC system with an applied
electric field even in the absence of disorder or impurities scattering. In fact
intrinsic SHE has been predicted to be several orders of magnitude larger than the
extrinsic one. It will be intuitive to view the SOC and electric field system as the
generator of spin-dependent electron motion.

In semiconductor spintronics, intrinsic SHE has been studied in different types
of SOC systems as listed in Table 5.6. Specifically, we focus on the SHE of
electron spin in the Rashba 2DEG. The Luttinger bulk system is also discussed
briefly. One, however, needs to keep in mind that extrinsic SHE might be more
promising in terms of device applications because of experimental success and its
observation at room temperature.®® In fact this recent spate of experimental
successes involving the inverse SHE might be related to the extrinsic SHE.

Before we move on to the physics of spin Hall, we draw readers’ attention to
the interesting analogies and connections between the different types of Hall
effects. Figure 5.5 classifies the various Hall systems based on the transverse
separation of charge and spin current.

Table 5.6 SHE in semiconductor spintronics and their respective universal
conductivity

Semiconductor systems Spin Hall conductivity
1. Rashba 2DEG>® ol =%
v 8x
2. Luttinger (p-doped bulk)® e(3k” _kL)
(Note: ‘not universal’ because of its k- dependence; H O'f(y = %
and L stand for heavy and light holes, respectively) 127
3. Cubic Dresselhaus (n-doped bulk)® . —ek,
(Note: ‘not universal’ because of its k. dependence) O = 1272
4. Rashba heavy holes®? )
ny = %
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5.5 Schematic illustration of three types of Hall effects involving the
charge and spin degree of freedoms of electrons. The anomalous Hall
effect (AHE) is both charge and spin Hall effect (SHE). Both AHE and
SHE need spin orbit coupling.

5.7 SHE in the Rashba 2DEG system

We now take a look into a specific type of SHE, namely one with vertical spin
(perpendicular to the two-dimensional system) separated oppositely to the two
edges of the mesoscopic system. SHE in Rashba 2DEG was first discussed in
reference 59, which shows the spin Hall conductivity with the Kubo method
where substituting the eigenstates of the Rashba system into the Kubo conductivity
equation shows spin dependent conductivity. But the Kubo method lacks
transparency in terms of the underlying physical effects. We will thus discuss a
few other more heuristic approaches®>-%* in sub-sections to add physical clarity to
the results obtained with the Kubo formula. The numerous methods used here
might partially describe physical effects which could possibly be related to SHE.
But we would not pretend that these methods fully represent the SHE originally
described in the work of Dyakonov and Perel in 1971.48
We first consider the velocity operators in the case of Rashba, i.e.
po=oH/op =P %5
*m h 7
b, «o

Vy—aH/a —;—g(‘)‘ [552]
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' . ' . ' ' Electric field

5.6 Schematic illustration of the vertical SHE in a semiconductor 2DEG
system under the effect of applied electric field and Rashba SOC.

where the hat sign is used to emphasize its operator nature. Equation 5.52 leads to
the useful spin current operator of:

Tz h A~ h p o h
Ji=—{o. , W}=—0,~——0 }=— R 5.53
4107 4{“m 7 } 2m P 53]

Applying the Kubo—Greenwood relation, the direct current (DC) transverse spin

Hall conductivity is given by:
" Im [<nk J: ‘nk><nk‘ 3
0.;‘9)1'1 (0= 0)=— 2 (fnk - ~f;1/\)

A k,n#n’ (Enk - En'k )2

nkﬂ [5.54]

where n refers to the sub-band index and 4 is the area.
In the limit of 7 — 0, the Fermi factor simplifies to (f,, — f*,) = 1, within the

annular region in k-space of k_ < k < k_. With the spin Hall conductivity shown to
2

o k . :
be ¥ (0) = @ - x —*—— and replacing the discrete sum by an
» O== 2 (L= 1) ko) placing y
integral over the annular region, one has:
n kK en® (L e K
o5 (0) = - —f )= dk| =
» O 4mo A zk“(f*k /) ¥ 4dmod\ 4n’ Jk- K
eh? k+ 27 2
= MJ./(— ko.O d(PCOS ®. [555]

But the difference in the wavevector of the two (+) and (—) Rashba sub-bands is

2
givenby k=(k, -k )= Z/I;x .(see Fig. 5.1). One can thus determine that:

2 2
6% =k, k= (27’;‘”]—6 [5.56]

Y 16mmlo  16mna 2
This is a universal spin Hall conductivity value, obtained via linear response theory.
However, SHE vanishes in the diffusive limit due to impurity scattering, causing a
steady cancellation of the required acceleration. This effect is consistent with the
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prediction of Inoue ef al.,>> who showed that the spin Hall conductivity vanishes
when vertex corrections are introduced to model the effects of impurity scattering.
The suppression effect is, however, not generally true; for instance, in bulk p-type
semiconductors and two-dimensional (2D) hole gases, SHE persists in the presence
of impurities. What is remarkable here is that the SHE conductivity is a universal
constant independent of material parameters. Nevertheless, the Kubo method lacks
transparency in terms of physical elucidation. It is unclear how such independent
conductivity arises, although SOC is accepted to be the underlying reason. There
are numerous other theories which study the different aspects of SHE, e.g. the edge
precession effects driving the spin component to be out-of-plane, resulting in
observable SHE. Since it is hard to make a direct comparison of these methods
with those described below, we do not discuss these methods in detail. However,
for completeness, we refer readers to references 66—69 for more details. Of the
many theories that have been put forward to explain SHE in Rashba 2DEG, we will
discuss only three theories cast in the context of spin-dependent effects on
transverse electron motion, where electron motion is described heuristically in
terms of momentum, Lorentz force, position, or conductivity:

1. Electron acceleration and spin precession.>
2. Time-space gauge theoretic.%
3. Non-Abelian gauge and zitterbewegung.%*

Table 5.7 Theories that explain spin transverse separation of SHE in a 2DEG with
Rashba SOC and applied electric fields

Physical elucidation of Spin polarization = Transverse Quantification
SHE in Rashba 2DEG effects
1. Electron acceleration Internal Zeeman Spin (Zeeman)  Universal
and spin precession fields dependent conductivity
transverse £
momentum 8r
2. Time-space gauge Internal Zeeman Spin (Zeeman)  Universal
theoretic fields dependent conductivity
transverse £
momentum 8n
3. Non-Abelian gauge Cannot predict an  Spin dependent Average Lorentz
and Zitterbewegung internal field transverse force
External means Lorentz force Average position

would be required

to sustain a vertical

spin polarization

(1) Spin injection

(2) Chiral magnetic
field

Note: The first two methods yield the same universal conductivity value, while the
third method gives a heuristic indication.
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From Table 5.7, method 3 is not able to predict the existence of an internal
Zeeman field which polarizes the spin in the vertical direction. Thus one may
conjecture that external means of sustaining vertical spin polarization may
be needed, e.g. via spin injection or external magnetic fields. But physical
elucidations of types (1) and (2) in Table 5.7 could indeed predict a natural internal
Zeeman field, which thus suggests that in SHE one may not need an external
means to sustain spin polarization. In any case, all three methods predict
spin-dependent momentum, which means all three methods point to the fact that
transverse separation of spin can occur whenever vertical spin polarization is
realized in the Rashba 2DEG system, whether it is via external means or the
internal Zeeman field. However, transverse separation of spin should not be taken
as the final proof of SHE. A conclusive indication of SHE should come
from quantification in the form of conductivity. Methods 1 and 2 are able to
predict a universal conductivity, while method 3 could only lead to average
transverse velocity.

5.71 Electron acceleration and spin precession

This rather well-accepted method, which describes SHE as arising due to the spin
precession and the acceleration of electrons by the electric field in the presence of
Rashba SOC, was first proposed by Sinova et al.>° It was explained that accelerated
electrons in a Rashba 2DEG with a net left transverse velocity precess in the
opposite direction to those traveling to the right, resulting in a transverse spin
separation. Thus the system can be perceived to possess internal Zeeman fields as
a result of electron acceleration under SOC. The ‘special’ Zeeman fields sustain
polarization in the 2DEG. In the above, one can visualize electron spin precession
as momentum dependent. By reciprocity, one can also say that the transverse
momentum of electron is spin (Zeeman) dependent.

It is purely a matter of taste how one likes to visualize the underlying dynamics
of SHE. Summing over all momenta over the annular Fermi surface yields a
remarkable universal SHE conductivity identical to that obtained with the Kubo
formula. It is imperative that electrons accelerate, i.e. that the momentum is time
dependent. This imposes the strict requirement for ballistic transport. In the
presence of impurities, the retardation force on electrons reduces the average
acceleration to zero. Thus the SHE vanishes in the diffusive limit because the
impurity scattering causing a steady cancellation of the required acceleration.
This prediction is also consistent with the method of Inoue et al.,®> which shows
that SHE conductivity vanishes when vertex corrections are introduced to model
the effects of impurity scattering in Rashba 2DEG. This suppression effect is,
however, not generally true; for instance, in the bulk p-type semiconductors and
the 2D-hole gas, SHE persists in the presence of impurities.

The electron acceleration and precession approach can essentially be viewed as
a form of spin-dependent momentum. Below is a mathematical illustration of the
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spin-dependent momentum description. Electrons traveling in the transverse
y-direction are spin-polarized in the vertical z-direction, i.e.

h h p, | P,
g ke{z;nuhls}[ 2 J : g ke{%hu} 2 p3 m

n'E
where K:—e2 £ The physics of spin-dependent momentum transport is
o

captured in the vertical polarization term of (k) whose detailed derivation is not
shown here, but can be found in references 59 and 70. Converting the above
summation to an integral over the states within the annular region between the
two Rashba sub-bands (Fig. 5.1), we have:

2
I’ =_[ L ~d’k h Kp—§ b
Y ke{ annulus} (271-) 2 p m

_ A | (kdk dg)| == k, 5.58
- 471-2 ke{ annulus} (p 2m k3 [ ’ ]

and thus, the current density is given by:

k’ k 27
PR L Kk .2
']AV - Sn-zm J.ke{unnulu.y}( kz ]dk d(p - 87[2771 J‘A‘i dkjo d(P s (0

- ﬁ(lﬁ —k). [5.59]

Substituting the explicit expression for x, we have:

2 eEjz2
! = T6mom (k, —k) 1560
Referring to Fig. 5.1 once again for k, — k_, the transverse spin current is thus:
jZ=—eEX, [5.61]
7 &r

resulting in the spin Hall conductivity of:
7, e
E 8w 3621

x

Exercise 5.6
Show that

(1) <+k

v

) —k>= %coup.
A 1’k

—k‘ J%‘+k>=—

(2) < * 2m
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(3) Spin Hall conductivity is given by:
kf /k
(4k’a’)

eh’o
mA

o) O =" (S~ L)X

Solution

(1) We evaluate (nk\zﬁy|n’k> forn=+and n'=—,

<+k‘ﬁ,‘—k>= . k)
R m h X

a . ip 0 1 iei(p la
=% e 1 =% s,
o0 )Ll o]( N R

where gis the in-plane angle subtended by k, and k, where k,, = [k + k.

_ _hzk,\- l _ 0 1 O —ieﬁi‘p
o (+ OE o ER Y

(3) Combining both, we obtain:

Im[<—k‘ JAY ‘+ k><+k‘ Gy ‘— k>] = Iml[%coswj(— h;]:; ﬂ =-— h;c:na cos Q.

Repeating the above calculation for the other combination, i.e.
n=-—,and n’=+, we find the correlation differs only in signs, i.e.

Im[<+k —k><—k +k>}=h§;‘:c0s¢.

Contribution to the conductivity is, however, of the same sign, due
to an additional (-) sign from the Fermi distribution factor (f,, — f,,).
Hence, the spin Hall conductivity is given by:

+k>]

Im[<+k’ Jj? —k><—k’ 3

k)= (+k[o,

"z

h
i +k>=— klo_p,
. o P,

h:
2

kX
m

A

jav4
J v,

0 (0= X 2T (S = £,

(E—k - E+k )2
[hkxajcos(p
2eh 2m
R
eh’a Kk
T md ;(ﬂ* _f‘*)x(4k2a2)'

In the last line of the above, we have made use of the fact that
(E_,—E,)=2ka
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5.72 Time-space gauge theoretic

While the acceleration and precession method is plausible, one wonders if a gauge
theoretic approach will yield similar results. This is in view of the fact that the
adiabatic spin alignment method has been employed rather convincingly to
expound hole SHE in p-doped semiconductors. In fact taking a closer look at the
2DEG system reveals a remarkable connection®® between the gauge theory and
the precession approach. The clue lies again in the acceleration of electron and the
necessary generation of a vertical effective magnetic field, which can be linked to
those discussed by Aharonov and Stern.”® Thus a time-dependent momentum is
required similar to the above method, imposing the need for ballisticity. In fact it
might have been implicit in the previous method® that electron spin eventually
aligns with the additional vertical magnetic field.

In fact, casting the Hamiltonian of the system in the interaction picture and
treating the SOC term as a perturbation, a local gauge transformation could impart
an extra term to the Hamiltonian. It was found that this term is like a Zeeman
magnetic field. For a right moving electron, this Zeeman field is vertical up
generating spin up current; for a left moving electron, this Zeeman field is vertical
down generating spin down current. The transverse momentum of electron is thus
Zeeman (spin polarization) dependent, resulting in SHE, similar to the previous
theory discussed above. Summing over all momenta over the annular Fermi
surface yields a remarkable universal SHE conductivity identical to that obtained
with the Kubo formula. In the following, we provide some details of this theoretical
method and summarize important results in Table 5.8. This provides a summary
of the Hamiltonian and its transformation in Schrédinger and interaction pictures.
A local gauge transformation in the interaction picture is required to generate the
effective magnetic field.

In the interaction picture where V', = ya.B(k) is taken as a perturbation to the
system, one then has:

eEt dB(k)
ho ok,

V="V, = yo-(B(k) - J =70.B(1). [5.63]

Table 5.8 Hamiltonian in the laboratory and transformed frame under the
Schrédinger and interaction pictures reveal different additional energy terms

Schrodinger picture Interaction picture
Lab frame p? p?
H5=m+eE.r+yO'.B(k) H,(t):%+eE.r+V,(t)
Transformed = [ p? o , [ p? o
frame H! = ﬂ—eE. (r-iUoU)+yo,B| H,= z—m—eE. (r-iU'oU)+yo,Blt)
=ihU%U=E =ihU"U=E
ihnuto,U=E ihUT9,U = E — hA(1)
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The term iAU" 0,U yields E in the Schrodinger picture but £ — A#A(?) in the
interaction picture because, in the latter, momentum hence U(p(?)) is time-
dependent, resulting in non-vanishing iA(U* 0,U) as shown below:

ihU'd U = ind, +in(U'9,U) = E —hA1). [5.64]

This need for a time-dependent momentum implies the need for ballistic transport.
The process of local gauge transformation in the interaction picture has generated
an extra gauge term of /A (¢), which is also expressible by A (7) = he.(m < d,m),

if U= e.m(¢). It is not hard to see that asU = exp{é O'.a)t}, hA (1) = —ih(U"'arU)
yields by approximation:
h .
1A =ZU(C.o)U' [5.65]

which, when viewed in the lab frame, is simply a Zeeman-like magnetic field. In
other words, an effective magnetic field has been generated in this system. When

L . i .
the local gauge transformation involving U = exp {E .0 t} is taken to transform

the eigenvector of n(f) to n(t + df), it also means rotating the z axis from n(¢) to
n(t + df) about w. The explicit expression of U is not unique; in Eq. 5.66 we give
two possible unitary matrices that could perform the process described above:

—ip ip/2  _—ip/2
Ul=—| L€" [ ya=—L| ¢ " [5.66]
\/E el(p _1 \/5 _61(0/2 e~t¢/2

The process of axis rotation can be illustrated by the schematic shown in Fig. 5.7.

For convenience, n, = n(t), n, = n(¢ + dt). Note that n is the unit vector of the
spin orbit effective magnetic field, i.e. B = Bn. From the above, one can work out
0n = n X , which leads naturally to:

®=nXon+(w.n)n [5.67]

2] d¢ »
— -
n
(a)

a (b) ()

5.7 (a) General schematic showing the rotation of an eigenvector about
the rotation axis . (b) For an arbitrary angle 6, schematic illustrating
the generation of an effective Zeeman field. (c) For 6 = 90, the
Zeeman-like w is now vertical to the plane containing n.
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where when n, and n, are both contained in the 2DEG plane; (@.n) vanishes and
one is left with @ = n x 0,n pointing vertical to the 2DEG plane. Thus the term 6.
can be viewed as a form of internal Zeeman fields which sustain the vertical spin
polarization in the Rashba 2DEG. This is not unlike the picture described in the
precession—acceleration correlated mechanism discussed earlier.

Critical readers might argue that Eq. 5.67 does not pre-determine the orientation
of @. There are many possible solutions of @ and n that can satisfy this equation,
depending on how a rotation is performed. Simply put, @ and n are not unique
because there is a rotational freedom. Let us begin with an arbitrary axis and

L i .
rotate this axis with U = exp{g o.0 t} to n, about w. Although n, is a vector

contained within the 2DEG plane, this fact does not predetermine @. But now, the
arbitrary axis is aligned along n,. The next instant is to rotate this axis to n,, which
is equivalent to rotating n, to n,. The fact that both r, and n, lie in the same 2DEG
plane allows no other solution for @ than to stand perpendicular to the 2DEG
plane. This leaves (e.n)n zero, and reduces @ = n x 0,n + (@.n)n to @ = n x O .
This process is clearly illustrated in Fig. 5.7(c). Rotation back to the lab frame
would leave the Hamiltonian with a Zeeman term of ¢.w. Careful examination of
the term @ = n < 0,n reveals that an electron’s transverse momenta will take on a
positive or a negative spin polarization depending on the Rashba band it is
associated with. Careful selection of the band region, in this case the annular
region of the Rashba band, is crucial for producing a SHE effect. The above shows
that spin-dependent transverse separation is heuristically possible. In fact, with
this modified Hamiltonian, SHE in Rashba 2DEG can be quantified with
integration over the proper momenta region to yield a definitive spin transverse
conductivity. The process is identical to the semiclassical approach used in the
previous method. In fact the difference between the present and the former method
lies in the vertical spin polarization n. In this method, the vertical polarization
arises due to symmetry involving the time coordinate. The universal value of
o = £ canbe reproduced.
&

Xy

5.7.3 Non-Abelian gauge SHE

In the context of non-Abelian phase in spintronics,’"”7?> a form of spin transverse
separation can be predicted in which an up spin ‘feels’ a vertically up magnetic
field, while a down spin ‘feels’ the down version. This method predicts two copies
of effective magnetic fields. However, the effective magnetic fields here is of
Lorentz nature and not Zeeman, which means it exerts force on electron but has
no effect on precessing or locking the electron spin. This system can be viewed as
generating spin-dependent Lorentz magnetic fields. By contrast, the previous two
methods generate spin-dependent (Zeeman) momenta. One distinct difference is
that, unlike the previous two methods, the non-Abelian gauge method could not
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predict a Zeeman field to sustain spin polarization. It is therefore still unclear at
this point whether this mechanism concurs with the other two in terms of the
universal SHE conductivity. Non-Abelian gauge effects in nanoscale devices
were first discussed in the late 1980s.7373 Its relation to SHE was discussed only
in earnest in recent years.**70-80 To study SHE under the non-Abelian gauge field,
one may need a special 2DEG system with external magnetization or magnetic
field vertical-to-plane. This is because the requisite vertically spin-polarized state
is not an eigenstate of the system as the vertical Rashba electric field produces the
spin orbit magnetic field in the in-plane direction. This leads to two effects, both
detrimental to the spin current:

1. The large electric field hastens the relaxation of the initial vertical spins to the
in-plane direction, thereby suppressing the SU(2) transverse force.

2. For channel lengths longer than the spin coherence length, the spin vector will
precess about the in-plane relativistic magnetic field, causing a zitterbewegung-
like motion and resulting in zero net transverse spin current.

To observe SHE in these systems, the problem of spin relaxation or precession has
to be circumvented. As is well known, the local magnetization with net chirality
could in the adiabatic limit generate a topological spin gauge field that separates
conduction electrons of opposite spins in the transverse direction. Additionally, the
SOC can be viewed to produce a SU(2) gauge field which reinforces or opposes the
effect of the spin gauge. This system could thus provide a tunable spin separation
effect, where an applied gate voltage modulates the transverse spin current.
To provide a theoretical description of such an SHE system, we write the
Hamiltonian of the system as:
P, (pted)” egh he

oc.B+

H=
2m 2m 4m 4m>c?

o.[(p+ eA”)x E] [5.68]

where & is the vector of Pauli spin matrices, A8 = (OAf,O) is the Landau gauge
associated with the external B field and g//4m is the Zeeman splitting strength.
Equation 5.68 can be rewritten as:

2 2
1 1
H=—/|p + e spe ||+ p. +el A2+ i oEe.
2m\ " | dme* T 2m| " T A

+@O‘.B, [5.69]
4m

after ignoring the higher order terms. If one considers a 2DEG system which
consists of both the local magnetization and SOC effects, SHE in this system is
slightly more complex depending on how the system is treated. If one regards the
SOC as weak and that spin aligns mainly with the local magnetization, then a
unitary transformation can be performed to rotate the z-axis to the B field:
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2
; 1 ;
H'=UHU'= Y, —| p, +e| A’ + f 2Uol_Ea_XU*+EUakU'
Pl 2m Amce I e

+@073, [5.70]
dm ° °

Under the adiabatic condition, the 2x2 matrix Ué’klﬁ becomes diagonal, hereafter
represented by matrix A}/ (whose elements are the monopole potential). Taking
note that the electric field is vertical to the 2DEG plane in the Rashba system, the

transformation U(aiEj eijk)UT is equivalent to rotating the laboratory z-axis to the B

field. Thus, the gauge fields comprise the 45U term from the SOC effects, and
a 0

the topological termarising from the net chirality of theBﬁeld,AkM = Ok ,
—-a

k
where a, is the U(l1) monopole potential. The diagonal components of the
monopole gauge matrix (+a,) can be understood by the path-integral method,
w(x,0) =] G(xt,xt,) y(xg.ty)dx, for spin parallel/anti-parallel to the B field, where
G(xt,xt,) is the propagator between times #, and ¢, and x and ¢ are x,;,, and ¢, ,,
respectively. Explicitly, the evolution is described by:

A7
h

| B iAt 2
L m (X, V(x) h ml X=Xy V(x,)
m 2 20 A o 20 A o

W(x,t):j (Zm'hAt e ..e dx, ...dx, [y(x,t,)dx,,

[5.71]

where V(x,) is the local potential. Equation 5.71 can be written in a simple form:

ntl

m 2
y(xn= | (ZnihAt] e dy .dvdx, |w(xt,), [5.72]

0 2\ dt
spinor system, neglecting the dynamic phase, S would correspond to the

2
where S(f) = %J‘Tﬂ[ﬁ] —-V(x,)dt is the action of the system. In the dynamic

action § [n(t)j = 0 jol iz 0,z dt, where n(%) refers to the spinor vector at time 7 and

z is the spinor. An expansion of the action leads to:
I/ L hp ¢
S—Ejozz 9,z dt—iEJ‘O(l—cose)Edt, [5.73]

for spin parallel (+) and anti-parallel (—) to field. Considering the evolution over a
short time interval, the above integration leads to:

© Woodhead Publishing Limited, 2012



180 Introduction to the physics of nanoelectronics

[a.dr=x+] 21(1 —cos )V ¢.dr. [5.74]
e

It is unclear if the non-Abelian method will lead to the universal SHE conductivity,
but at least we can show indication of SHE by two methods — the force operator
and the Heisenberg equation of motion method.

Spin-dependent Yang—Mills SU(2) force

The effect of the gauge fields on the electron motion, for spin assuming out-of-
plane eigenstates under the applied B field, can be reduced to examining the
individual effect of 45U and 4¥,. As A% acts on both up and down spin species
in the same transverse direction, assumption of a weak vertical polarization (i.e.
that there are equal numbers of up and down spin) implies that 4% would not
contribute to the transverse spin separation. We thus focus on the effective
magnetic fields generally prescribed by the Yang—Mills field tensor of:

ie
FM :auAv —8‘;Au +E[A"’A“]' [5.75]

Focusing on the spin-dependent part of the curvature, and using the relation
[UAU T,Ul UT1=Ul4, LU l where 4, is an arbitrary vector component, an effective

field for the SU(2) gauge field can be obtained. With ‘WT k> ’Wk >[ 1 J and after
some algebraic manipulation, one arrives at: 0

oo ne’E’ 1 epa(2dk ) )
\\mn =—Z2¢c0sO| —e > Ox dod COS”‘H »1+2 q
<V/Tk ) WT.k> Snct |:7rd ;: J.J odq 0q
[5.76]
where the Gaussian wavepacket has been used. Further derivation leads to:
~50C ~
<WT.I< F-“y’”n'\- l//T,k><WT,k F,\')'mny !//T‘k>
hz 2E2 2d 2N+l 2 2N 2 ' . .
= %cos@ — y (2k,.) 2N +2)! f doa?¥ e
8m’c o) (2N+1)' ( V+](N+1)!) 0
h’ezEz o )zw , . 579
— =2 cosB ~Hox¢ 2N+3 —q [ X ]
- sm'c? [ zN'(N+1)vj dqqe

The expression in the square brackets evaluates to a simple form, i.e. k. The
non-Abelian nature of the gauge arises from the non-commutativity of the SU(2)
spin algebra. The approximation U(c,E £ k)UJr O'E ko which holds for small 6,
would lead to a force-like operator of:

2
P =" 55 B [5.78]
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Heisenberg equation of motion

In the following, we provide a more definitive indication of spin separation by
deriving the position operator in the Heisenberg picture. In fact a force operator can
be related to the time derivative of the velocity operator in the non-relativistic limit.
This force operator is, however, different from the curvature force operator. It is
remarkable that both force operators yield the same EOM by taking their expectations:

B, ()= (0)e " = Z[ ] [H, 511, [5.79]
=0
where t= it/hi. Using the Baker—Campbell-Hausdorff relation and summing the
odd and even terms carefully, the position operator can be found. In fact it is
interesting to note that the position operator arising due to the force operator, which
is itself related to the curvature of the Yang-Mills gauge potential, of y(¢) is the
same as the spin separation part of y,(¢) upon converting to the Rashba constant
and removing the chirality strength of cosé based on the approximation above.
We now calculate the force expectation values for the case of a Gaussian
wavepacket state with the spin aligned to the applied magnetic field. What is to be
expected here is that the force expectation values arising from an injected Gaussian
wavepacket state would have the same form as that would be obtained with the plane
wavefunction, but with the generic & of the latter being replaced by k ,, which
corresponds to the center of the Gaussian wavepacket along the k axis. The
application of the Heisenberg EOM formalism on the Gaussian wavepacket has an
advantage from the physical point of view. It indicates that the force expectation
values are dependent on the average net velocity of the Gaussian wavepacket, and
can thus be related to the average drift velocity of electrons in the presence of a
longitudinal electric field, £. The drift velocity in the 2DEG system under
consideration, which consists of an InAs/InGaAs heterostructure, can typically range
over a wide range of values depending on the mobility and the applied electric field.
To obtain a measurable spin separation, we represent the electron’s probability
amplitude with a Gaussian wavepacket of width d in k-space, prepared in the spin

L k- k)
up state, ie. Y, (r,0)= \/7J.d2k 2 e’k"[(l)]. Assuming that the

expectation value of the transverse wavevector is zero, i.e. <t//Tk|ky|l//Tk> = kyO =0,
the spin-dependent average transverse separation of electrons is:

~ eB:t2 eb__M az
yH(t)’v/N>:y(0)+ - * = - hk_,. [5.80]

If we look only into the SOC part, it is not hard to see that

W 1 97O 1wy =y, | 75 (0) |y, ). Both Yang-Mills force and Heisenberg
EOM methods give the same indication of possible SHE in Rashba 2DEG.
Table 5.9 summarizes the position and force operators due to SOC as well as local

magnetization.

<‘/’u
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5.8 Spin drift diffusion for collinear spin valve

Following the discovery of the GMR effect, the theoretical study of spin transport
in CIP geometry was initiated by Camley and Barnas,?! based on the Boltzmann
equation. Subsequently, Valet and Fert®? simplified the Boltzmann equation to the
spin diffusion and the two-current models in order to calculate the GMR ratio in
the CPP geometry. The SDD equations have been used®3#* to study spin transport
at interfaces between a ferromagnetic and a non-magnetic layer. It was pointed
out that, at these interfaces, a spin-dependent split of the electrochemical potential
A= pt —u] can be observed or measured. The split can be ascribed to an effective
interfacial resistance.

In metal spintronics, the most notable device is the spin valve, which consists of
a superlattice of thin metallic layers. The ferromagnetic layer with fixed
magnetization is known as the pinned layer and plays the role of a spin polarizer.
The ferromagnetic layer with free magnetization is known as the free layer and
plays the role of a spin detector. In the CPP configuration, one can imagine spin-
polarized current travels from the pinned layer to the free layer and the magnetization
orientation of the free layer determines the resistance of the device. Figure 5.8
shows a two-layer basic representation of an otherwise multilayer CPP spin valve.

The SDD equations describe the flow of spin flux in the device:

F—i [5.81]
’ * ox
where u is the electrochemical potential, o is the conductivity, x is the spatial
position and ‘s’ refers to the up/down spin orientations. It is not hard to see that
Eq. 5.81 is a more general description of Ohm’s law for linear potential drop. The
second-order spin diffusion equation is:

%ﬁ‘x _ % [5.82]
Layer i i+1
A B C D
FM NM

x=0 X; x=L

5.8 Two-layer schematic illustration of a typical multilayer spin valve
comprising a core ferromagnetic-non-magnetic-ferromagnetic part.
Notations A, B, C, D are spin accumulation amplitude at the different
layers.
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where 4 is the spin diffusion length (SDL). These equations are to be solved
subject to the boundary conditions:

* continuity of spin accumulation, Au, = Au..,
e terminal boundary condition, Au, = 0; Ai, = 0 where L is the thickness of the
device.

The solutions for the electrochemical potential, and hence the total potential drop
over the device, are obtained for parallel and anti-parallel configurations, from
which one can derive the magnetoresistance ratio. In the limit of infinite SDL, the
drift-diffusion model reduces to the well-known two-current model. Worth
mentioning here is that boundary condition of (b) is an approximation since the
zero spin-accumulation condition is strictly valid only at the ends of ferromagnetic
layers of infinite thickness. However, one can show that the approximation is
approached in a practical spin valve device by taking into account the presence of
long non-magnetic conductive leads adjacent to the ferromagnetic layers, and
applying zero spin-accumulation condition at the ends of the leads (instead of at
the ferromagnetic layers). The resulting magnetoresistance at high lead resistance
will be significantly lower, due to the non-spin-dependent scattering within the
non-magnetic leads.

It has been pointed®>8¢ that applying the zero spin accumulation condition at
the device terminals and not that of the leads is consistent with assuming a metal
contact with infinite conductivity. The requisite high lead conductance can be
achieved by having a lead made of Cu, and increasing its cross-sectional area 4 by
the same factor, e.g. a hundred times compared with the active spin valve region.
This requirement is usually realized in a physical device, where the leads have a
much larger 4 than the submicron-sized spin valve cross section area. For instance,
reasonable cross-sectional areas of 0.01 um? for the spin valve trilayer and 1 pm?
for the contact leads could have achieved the required hundred factor. Thus, it is
areasonable assumption to neglect the effect of the leads in our magnetoresistance
calculations and to apply the zero spin accumulation boundary conditions at the
terminals. Table 5.10 summarizes the boundary conditions required to solve for
the spin accumulation and spin current across the device. The inclusion of
interfacial®” resistance and interfacial spin flip is important for practical devices
and their effects on boundary conditions are also provided in Table 5.10.

5.9  Spin drift diffusion for non-collinear spin valve

Spin transfer torque was first studied, independently, by L. Berger and J. C.
Slonczewski.®® Spin drift diffusion in the previous section considers only the
longitudinal component of the spin accumulation, since the spin of the carriers is
either parallel/anti-parallel to the local magnetization direction M in spin valve in
which the ferromagnetic layers are either parallel or anti-parallel to one another.
However, it is necessary to extend the collinear spin transport model to the general
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Table 5.10 Phenomenological solutions for spin accumulation across a multilayer

device (e.g. the spin valve)

To find parameters:

To find parameters:

A B,CD,B,j,r
Given parameters j, Ry, ¥
R, = interfacial resistance

1. Terminal boundary conditions
Aty =Au, =0

2. Continuity of spin accumulation
AM;= Al

Asymmetric interfacial resistance
breaks continuity of spin accumulation
~(Auy,y = Au) = - r

3.  Asymmetry of spin current
jT=Bi j*=(1-B)j

4.  Asymmetry of interfacial resistance
= YR, rt=(1- Y)R,

A, B, C,D,B; By i e 1P

Given parameters j, R, ¥
R, = interfacial spin flip

Terminal boundary conditions
A=A, =0

Interfacial spin flip breaks continuity of
spin accumulation

1 o
(A, — Ay) = E;So’a G2+ 47

Asymmetry of spin current

=B Jr=01-B);

Interfacial spin flip breaks continuity of
spin current polarization 8

.T _ - .l _ .
Jia=Buidir  Tha == Bya) iy
Asymmetry of interfacial resistance
t'=yR, r‘=(1-yR,

1 . .
§(Al-‘i+1 +Au) = Rgp (A= Aji,q)

Note: A, B, C and D are the strength of spin accumulation at different layers.

case in which the relative magnetization directions of the ferromagnetic layers are
at some arbitrary angle to one another. There are two motivations for this:

1. In practice true parallel/anti-parallel alignment in spin valves can be achieved

only at high fields.

2. One needs to calculate the transverse (i.e. perpendicular to the local M) spin
accumulation (m,), which arises when the magnetization alignment is
non-collinear, i.e. 8 # 0. A finite m, is essential to generate a spin transfer
torque between the conduction electrons and the local magnetic moments, and
thus forms the basis of the current-induced magnetization switching (CIMS)

effect.

Since CIMS offers a potentially useful method of magnetization switching, it has
been actively investigated in a variety of experimental magnetic nanostructures,
including pseudospin valve (PSV) trilayers,3° exchange-biased spin valves,’® spin
valves with synthetic anti-ferromagnets®!-°? and magnetic tunnel junctions.”>%
In this analysis, both the in-plane and out-of-plane components of the transverse
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accumulation m, are considered; however the former was neglected by many
previous models. The effect of mixing between longitudinal m, and transverse m,
spin accumulations due to s—d coupling between the accumulated spins and local
moments is also considered. By relating the transverse accumulation m, to the
effective torque on the local moments in the free ferromagnetic layer, the non-
collinear model becomes particularly suitable for studying spin transfer torque, an
increasingly important physical effect in nanoelectronics. One can now imagine
that both m and m, are generated by the passage of spin-polarized current into the
free ferromagnetic layer of a PSV trilayer with non-collinear magnetization
alignment. At equilibrium, this generation rate is balanced by spin relaxation
processes which proceed at a faster rate for m,, compared to m, as a result of
precessional motion. The charge and spin transport are driven along the potential
and spin accumulation gradients by ¢ and D, respectively. The coupled equations®?
for the spin and charge currents are given by:

=20 [29)_2ap| O™
j= ZGO(BxJ 2AD[ Bx]

. 9¢ Im
=2a0| 2 |-2p | —L
Jm” O-( ax ] 0 [ ax
om,

Jn = "ZDO(XJ [5.83]

where D, and o, and are the spin-independent part of the conductivity and
diffusivity constants, respectively, and AD and Ao are the difference in
conductivity/diffusivity experienced by majority and minority spins, respectively.
Note that the units of charge ‘e’ and spin have for simplicity been taken to be 1.
We now apply the non-collinear SDD model on a PSV trilayer structure (Fig. 5.9),
consisting of a fixed ferromagnetic (FM1) layer, a non-magnetic (NM) spacer and
a free (FM2) layer. The magnetization directions in the PSV are assumed to be
non-collinear, i.e. with the magnetization M, of the fixed FM1 layer in the vertical
(z—) direction, while that of FM2 (M,) is rotated by some arbitrary angle in the
y—z plane relative to M.

p4
'« 4(M
y T Co2 §f o2
Cof (fixed) Mco1 Cu (spacer) (free) ¥4
X
~ ~ 7L ~ ‘L, "L,
f, by ts

5.9 Schematic diagram of Co1-Cu-Co2 pseudospin-valve trilayer.
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To solve the coupled equations, we express the ansatz for the longitudinal and
transverse spin accumulations in the three regions (k= 1,2,3, corresponding to the
fixed FM1, spacer NM, free FM2 layers, respectively) as:

—(x—L
mlk(X)=AIkeXp{( AL k)]+Ak p{ (xlk k)]

L

m| (x)= B} exp{( T ")1+Bk exp{%}. [5.84]

T

In the above, L, , , refer to the position of the right boundary of the three layers,
while ik and /lkT are the spin relaxation lengths for the transverse and longitudinal
spins, respectlvely. For the NM spacer, the two lengths are identical, i.e. /12 = /12
but they assume very different values in the FM1 and FM2 layers. In these layers,
the SDL are summarized in Table 5.11, where 4 Sfis the spin-flip length.

The SDL A, for Co is much shorter since the relaxation process involves both
spin flipping and precessional motion of m, about the local magnetization M.
Notation J_, is the s— coupling energy between the conduction electrons and the
local moments, and is of the order of 1072° J, so that A is typically 1-2 nm. To
solve for the coefficients A“) and B(lﬂ)z, we need to apply the boundary conditions.
The first set of four boundary conditions are applied at the terminals of the PSV,
i.e. atx =0 and x = L;, where both longitudinal and transverse spin accumulations
vanish, i.e.

mHI(O) =m| (0)=0
m”3(L3) = mi (L,)=0.

[5.85]
Table 5.11 Spin diffusion length for Co and Cu
SDL of different materials®%96
1. Longitudinal spin diffusion length /\CL°= 60 nm
A=A 1-(Adlo)(AD/D,)~A, Af¥=140 nm
2. Transverse spin diffusion length A0 =2 nmlref. $5)

Ar=+2hD,1J_, A8 =140 nm

3. Bulk spin polarization of conductivity (Ac/g,) of Co is
taken to be 38%.

Bulk diffusivity (AD/D,) of Co is taken to be 38%.

Notes: For calculation, other required numerical values are: Cu and Co conductivity
0c,=16x 107 Q'm~" and 0, =5.96 x 107 Q-'m~" Angular deviation of 6 = /4 is

assumed for M, and M.
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The above ensures that all conduction electrons, regardless of spin orientation,
experience the same potential drop across the device. Another set of four boundary
conditions is obtained by considering the continuity of the transverse and
longitudinal spin accumulations across the FM1-NM and NM-FM2 interfaces, i.e.

my(L)=m’ (L),
m, (L) =m’ (L),
m(L,)= [m”}(Lz )]cose— [m3(L,) ]sin6,

m*(L,)= [m‘f(Lz)Jsin9+[mi(Lz)Jcose.

[5.86]

In the above the reference spin orientation for the NM layer is chosen arbitrarily to
lie along the z-direction, similar to that in the FM1 layer. Since the local
magnetization in the FM2 is pointing in the oblique direction, we have resolved the
components of the spin accumulation in FM2 along the y- and z-direction to obtain
the last two boundary conditions corresponding to the NM—FM?2 interface. We
have disregarded, for the moment, any interfacial spin-selective scattering events.
The final set of four boundary conditions is derived based on the continuity of
the spin currents j, , and Jyy, ACTOSS the two FM-NM interfaces. As charge

current conserves, and by eliminating 9 from the equations for j ,, the

longitudinal spin current can then be expressed as:

o o
j = i_"{ i + 2”(8_?)}2130 [a—n;} [5.87]
0

The continuity relations for the longitudinal and transverse spin currents at the
two FM—NM interfaces are analogous to those for spin accumulations, i.e.

i (L)= j,i”(L] ),
jllnl (Ll ) = j:ll (Ll )’
Ji(L)= [j;” (L, )]cos() - [j;L (L, )Jsine,

I (L)= [jj, (Lz)]sin9+ [ Jn, (Lz)]cose,
[5.88]

where we have again accounted for the rotation in the spin reference axis in the
last two relations. In the above continuity relations, we have also assumed no spin
flipping at the NM—-FM interfaces. However, in practice a finite amount of spin
flip may occur at the interfaces, but this can be readily incorporated into the
current equations by introducing an interfacial discontinuity in j, , and ol The
spin accumulations m, and m are solved by substituting the ansatz of Eq. 5.84
into Eq. 5.88 and determining the coefficients 4%, , and B*, ,. One can then use the
solutions for m, and m to find the various spin current.
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Appendix 5.A Spin current under magnetic fields and
spin orbit coupling

This appendix contains the steps required to derive the wavefunctions under the
effect of magnetic fields and spin orbit coupling. As described earlier, the purpose
here is to find the eigensolutions of /. so that we can use these solutions as basis
solutions for the total Hamiltonian that comprises cross electric magnetic and
SOC terms. One sees that on gauge (— By, 0, 0):

—n? n'k’ 1
H. =—@"+| — —mw’y* = L +eyE
p 2mrp [2m Sa ,‘]rp ——¢” 5 e -y, e+teE
co "+ mw -y 0+Vp [5.A.1]

where J = %mwz( yj _ y2 ), 0= ﬁ is the cyclotron frequency, y, =
a m

cyclotron center and y, =y, — eEy/ma)2 is the cyclotron center in the presence of
the cross electric field. Note that the cross electric field has been consistently
denoted by E, while the energy is denoted by E. Table 5.A.1 summarizes the
Hamiltonian at different levels of sophistication and their solutions.

Table 5.A.1 Hamiltonians with their corresponding solutions and harmonic potentials

Hamiltonian Ansatz/solution Harmonic potential

(p, +eAx)2 p’ 1 2 2

1. HL:T-'—% (P,,(V—yg) UL(V)—EmCO (y_yo)

1

2. He=H, +eyE, o, y-v,) U, ly)= Emcuz(y—y‘.,)2
an 2 2

3. H=Hg+Hy+ Hgg v=2elv-v.) Usly)= —mw v-v,)

n=1 n
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Multiplying the above equations yields a column vector equation:
(H,+guB- E);pnan {ia[%—[kx +§ij]— B[%+(kx +—4, ]HZ(/) g

{ia[%—(k;%@]}ﬂ[——(k +2 A]HZ(/} (HC+guB—E)nz:}(pnbn

[5.A.2]

=0

,eB

where F = ¢ — E. Using the substitutions of f = Y and kV = y_g where one
X - r

defines r* = % one has the following:
e

(H,+guB- E);go a +{_la[%+[yr2yo]j ﬂ[aay [yry()]H;(p” ’
o e

[5.A.3]

M] n=1,2,...} are mutually

7

where 4, = —By. The elements of {Hn(

orthogonal in a weighted Sobolev space, i.e.

J.VH”(X)Hm(x)exp(—xz)a’x cd — [\]g)exp(%ﬁjj[}[ﬁ)exp(%{zﬂdx:5"m

[5.A.4]

-y.)

where x = & and V = {x] — o0 <x <+ o0}, cn_: \2"n! 1t is worth recalling

that the solutions for H . or H, are given below; the content of x depends on the
harmonic potential:

H (x) —-x’ (n+1)
90,,(x)=”—e><p[ ]; E = ho. 5.A.5
JWr 2 ntr 2 2 A1

With the Hamiltonian written in a column vector:

) o9 |_B[o _
(H,+guB E>Z¢n“n+{ ’r(ax”] r[ax xﬂ%"’"b"

n=l1

=M=0. [5.A.6]
[_i%[aax J+E[ai+xJ:|Z(pﬂ +(H, - guB - E)”z:}(pnb”
One can next apply the transform:
[o, ()M dx=0. [5.A.7]
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Table 5.A.2 Hermite spectral identities and the integral
equations used to derive the eigenfunctions

Useful Hermite identities
2xH, (x) = H,

e (X)+2nH,_ (x)

H

aan = an—1 _% n+1

Integral equations

L o0, +x) Y ¢,8,d=\2m+a,,
2 e, x0,-xY" @8 dx=—\2ma,_,

With the help of the spectral Hermite identities in Table 5.A.2, one can derive two
important integral equations (refer to Exercise 5.2) which are also shown in the
table.

Making use of the integral equations and ignoring the Dresselhaus effect,
(B =0), one now has:

Hm %jhw +gUB— E:|a —i%\am+1) b
r

ig\IZm a, +Hm+%)hw—g‘uB—E} b

7 m

-0, [5.A.8]

Substitution of m — s — 1 and m — s for the upper and lower row simply means
selecting, respectively, the (s — 1) term of the upper and the s term of the lower
row. One has the freedom to select because both upper and lower rows contain
infinite sets of equations. In the presence of transverse electric field, one can
introduce ¥ which is explicitly V(E), resulting in:

s=hw+V +guB 1 s
2 r a_, a_,
-E L [5.A.9]
bY bY

ﬂ\/27s [s+%)hw+V—guB
”

Let us begin with s = 0, and @_; = 0. One thus obtains:
1
[Ehw + V- g/,LB]bO =E, b, [5.A.10]
The first energy band has thus been obtained. Its corresponding wavefunction is:

w0=<00(y—yu)[ 1? ] [5.A.11]
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One can further deduce that fors=1,23,........ , the energy band will be:

s

2
E* = sho+V + §§+2s[3] [5.A.12]
r

where E,= ¢, + Vand &, = % Ao — guB. The above shows that for each value of s,
there are two energy levels: the (+) branch and the (—) branch. With the eigenvalue
equations found, the eigenfunctions corresponding to £* can be found:

+

a. + a. 1
s—1 — N+ DS : s—1 — N— B A [5.A.13]
b.\' 1 b.v DS
The normalization constant for both spin branches are:
- 1
N® = —— [5.A.14]
1+(D? )

where:

—iot\/g/r

D =D = : [5.A.15]
h h 2
& +,|E +2S(a]
.

The normalization constant is found from:

[y v dy=15@Wya+D7))=1 [5.A.16]
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6

Graphene and carbon
nanostructures for nanoelectronics

Abstract: This chapter introduces electronics based on carbon materials like
carbon nanotubes and graphene. Monolayer and bilayer graphene are discussed
and the forms of their Hamiltonian analyzed. The concept of gauge potential
induced by strain or graphene deformation is introduced. Particular attention is
paid to the extra degrees of freedom in graphene, namely, pseudospin and
valley spin, which both share the spinor physics of electron spin. Novel
graphene behaviors like localization, Klein tunneling, minimal conductivity are
also discussed. The integer quantum Hall effect (IQHE) in graphene is
discussed in relation to the semiconductor IQHE.

Key words: monolayer, bilayer, graphene, pseudospin, valley spin, Klein
tunneling, minimal conductivity, strain, integer quantum Hall effect, IQHE.

6.1 Introduction to carbon electronics

Carbon, beyond the traditional roles it plays in the steel and chemical industries,
powering rail and naval transportation and generating electricity, is in this century
set to shed its past grimy image and take on the gleam of high-technology
electronics and integrated circuits. Silicon made possible the early human quest
into nanoscience, and with metal-semiconductor field-effect transistor (MOSFET)
technologies, set us forth on our long march since the 1960s down the scale of
electronic channel length. Silicon has given humanity fast and nanoscale
electronics, the netbook and the cell phone which can store large colorful
photographs. Human needs are unfortunately also expanded by their very
fulfillment. With electronic channel length approaching 20 nm and smaller, the
post-silicon era becomes ever more real.

The spotlight is on carbon, a close cousin of silicon in the periodic table, but one
which exists in various allotropic forms, e.g. sp’ (fullerenes, carbon nanotube and
graphene) and sp? (diamond) bonding. The focus on carbon follows from the failure
of molecular electronics to live up to the large-scale fabrication stability required of
mass production for integrated circuits. Contact resistance as well as contact effect
on channel property remains the major hurdle. Carbon nanotube (CNT), considered
a form of molecular electronics based on carbon, possesses quantum confinement
and superb electronic properties' to succeed silicon (see Table 6.1). However, like
molecular electronics, contact resistance as well as patterning process difficulty
remains a difficult challenge to stable, large-scale production. Table 6.1 provides a
summary of the advantages of CNT over silicon-based devices. MOSFET devices
that have been designed and fabricated out of CNT include:

198
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1. Back gate CNT field-effect transistor (FET).
2. Front gate CNT FET.?

3. CNT ballistic FET.?

4. CNT vertical FET.*

Possible examples of spintronic devices based on CNT are CNT spinFET? or
CNT spin valve.® Other applications include CNT superconductivity, which has
led to the concept of CNT supercurrent FET.” In CNT optoelectronics, a CNT
light-emitting diode (LED) has been demonstrated.®

The experimental discovery of graphene in 2003 marked the dawn of a new era
in condensed matter physics, in which scientists could probe the behavior of
massless Dirac fermions in a laboratory setting. Graphene inherits most superior
macroscopic electronic features from CNT but largely eludes the patterning and
contact problems faced by molecular and CNT electronics on the nanoscale. It
also shows large ON current without the need for a large array of parallel CNT.
Graphene’s electronic capability is further supported by experiments which show
that the charge carriers can be tuned continuously between electrons and holes by
simply adjusting the gate voltage in concentration of n = 10'3 cm™2 with mobility
exceeding 15000 cm? V! s7! at room temperature. Semiconductors like InSb
exhibit mobility as high as 77000 cm?> V™! s7!, but such high mobility is
meaningless if this agility is possible only with a sparse system with a handful

Table 6.1 Summary of the superb electronic features of carbon nanotube which have
led to hopes of CNT replacing silicon in the future

Electronic advantages of a carbon nanotube

1 It is a one-dimensional nanostructure and has the properties of:

(a) high speed due to less scattering

(b) ballistic transport — several um for metal CNT, hundreds of nm for
semiconducting CNT

(c) low resistance

(d) low power consumption.

2. Due to its small diameter (1-2 nm), CNT FET enhances gate control of the
channel, particularly when gates are designed to wrap around the channel.

3. One crucial advantage of a CNT FET over silicon MOSFET is its much lower
capacitance values (0.05 aF nm~") which allows fast switching.

4. Because of its covalent bonding - it has large current carrying capacity (10° A
cm~2) which promises CNT spintronics, e.g. spin transfer switching requires
large current density. Its geometrical properties are no dangling bonds,
cylindrical shape and smooth surfaces.

5. CNT possesses small spin orbit coupling, which might translate to large spin
diffusion length (SDL). However, CNT will be a weak spin polarizer. It shows
large magnetoresistance, e.g. in La,,;Sr, ;MnO, (LSMO) CNT and LSMO
devices.
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electrons. In graphene, high mobility is maintained even for n > 10'> cm™2, thus
yielding long mean free path (MFP) approaching 300 nm even at room temperature.
Recent work even showed a mobility of 230 000 cm? V™! s™! for a suspended
graphene layer.’

In addition, graphene has shown interesting quantum properties such as phase
coherence, ' integer quantum Hall effects (IQHE) (albeit at high magnetic field)!!
and spin polarization,!? all at room temperature. Recent progress with graphene
on silicon (GOS)'3 and graphene on insulator (GOT)!# s set to further speed up the
industrialization of graphene fabrication. Beside superb macroscopic and quantum
electronic properties, graphene also shows novel quantum behavior due to its
unique electronic dispersion. The novel features include Klein tunneling, pair
production, minimal conductivity, topological zero modes, pseudospin and valley
spin polarization. The novel quantum features of graphene represent a completely
uncharted territory for nanoelectronics, promising a plethora of romantic
nanoscientific ventures that could potentially revolutionize conventional
electronics. However, these novel features also pose engineering difficulties in
realizing conventional graphene-based electronics. Minimal conductivity results
in a relatively poor ON/OFF ratio, a feature not favorable for transistor operation.
The lack of quantum confinement in graphene compared to CNT arises due to
Klein tunneling.

The lack of bandgap in monolayer graphene has been a major obstacle to
realizing graphene electronics. Systematic closing of the graphene gap!® can,
however, be accomplished by increasing sample thickness. The principle of gap
opening is based on broken symmetry. Bilayer graphene was epitaxially grown on
SiC substrate, producing a gap of approximately 0.26 eV. The interaction between
the carbon atoms and the underlying substrate results in a graphene layer
configured in such a way that one of the carbon atoms in each unit cell has a
neighboring atom in the atomic layer below but the other one does not, thus
breaking the symmetry. Bandgap engineering has also been investigated'® where
graphene was patterned into a quasi one-dimensional (1D) structure, also known
as the graphene nanoribbon (GNR). It was found that lateral confinement gives
rise to an energy gap near the neutrality point. GNR shows a drop of conductivity
with decreasing temperature at a much greater magnitude than ordinary graphene,
suggesting that lateral confinement could have opened a bandgap. In monolayer
graphene, applying the gate voltage could alter the position of the Fermi energy
with respect to the Dirac point or the normal Fermi point. However, a practical
difficulty still exists because of transport sensitivity to the edge profile and
difficulty in fabricating edge nanostructures.

Exercise 6.1

(1) In MOSFET electronics, carriers can exist in the form of negative
charge or positive charge carriers, which correspond to electron or
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hole current, respectively. Comment in terms of carrier forms/types
on what novel types of current one can expect to detect in the field
of spintronics and graphene.

(2) Graphene and CNT have similar electronic properties perceived to
be superior to those of silicon in MOSFET devices which, at 20 nm
gate length now, face great fabrication challenges in the near future.
Describe briefly the shared electronic advantages of graphene and
CNT over silicon. Explain why graphene is more promising than
CNT in terms of substituting silicon as a future channel material for
nanoscale devices.

(3) Despite the many superior properties for electronic applications,
CNT devices remain largely in the laboratory. In contrast, metal
spintronics has been more successful in terms of technological
applications, e.g. spin valve recording head and magnetic tunnel
junction.

(a) Explain in terms of carrier scattering and mobility why CNTs are
promising candidates for future electronic devices.

(b) In your view, what is still holding back the development of CNT
electronics?

(c) Whatis the prospect of hybrid devices based on CNT spintronics
and optics?

6.2 Monolayer graphene

The periodic potential of the monolayer graphene honeycomb lattice is defined by
two sub-lattices shifted relative to one another. A monolayer graphene is held
together by two types of electronic bonding. The in-plane o bonds are hybridization
results of the 2s, 2p , Zpy orbitals in a sp? configuration; these bonds give rise to
its rigid structure. The other type of so-called 7 bonds is formed from the 2p,
orbital, which is perpendicular to the graphene plane. The 7 bonds give rise to the
valence and conduction band.

6.2.1 Electronic structure

Graphene!”!® is a monolayer of carbon atoms packed into a two-dimensional
(2D) honeycomb lattice. Given its thickness of just one atomic layer, it is the first
truly 2D system and it is not hard to conceive that such a monolayer 2D system is
the basic building block of all carbon-based nanostructures in all dimensions.
Table 6.2 provides a summary of some useful and well-known carbon-based
nanostructures.

We will study the electronic structure of graphene by first examining its
honeycomb lattice in real space (Fig. 6.1a). The reciprocal space lattice can be
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Table 6.2 Graphene sheet can be wrapped and stacked into various carbon
nanostructures

Geometry Carbon nanostructure
1. Wrapped into 0D Fullerene
2. Rolled into 1D Carbon nanotube
3. Stacked into quasi-2D Bilayer or trilayer graphene
4. Stacked into thin film, quasi-2D Few layers (3-10) graphene
5. Stacked into bulk 3D Graphite
> (s5:)
'3V34 _ 2rx
o Tky b1_3730(1,f3)
2r _2nm
A B (——, ) 21 2&
320" 332 (3730'3\/330 )
. ® @ k
X
y 4 >
K
_2r __on 2n 2z )
X 33" 3\3a, . 33" 3\3a,
' (5%)
332 bp= 2% (1,-3)
3a,
(a) (b)

6.1 (a) The honeycomb lattice of graphene comprises two
interpenetrating triangular sub-lattices A and B. (b) The Brillouin zone of
graphene is also hexagonal and comprises two non-equivalent corners
or valleys (Kand K’) at which the energy spectrum is degenerate.

derived following standard procedures'® as shown in Fig. 6.1b. The real space and
momentum space unit lattice vectors are:

== o= o =35

0
3 3
where azﬂ,bz \/7%
2 2

and a, ~1.42 A. The tight binding Hamiltonian that

describes the monolayer graphene energies in real space is:

H=-tY.al b —t'Y ala +bl b +he. [6.2]

o, 0,]
ij.c .o
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6.2 Nearest and second nearest neighbors in the graphene honeycomb
lattice.

where ¢ ~ 2.8 eV is the hopping energy for the three nearest neighbors, while
¢ ~0.01 — 0.1 eV is for the six second-nearest neighbors (see Fig. 6.2).
The eigenenergy solution is:

E(k)=tt3+g(k) -t g(k) [6.3]

where g(k)=2cos («/gk‘ a, ) +4cos [g k,a, ]cos(% k.a, j Substituting k= K + p,

with | p| < |K] into the above for Dirac points K and K’ (also known as valleys), one

3ta
obtains the respective energy dispersion of £ =tv, ‘ p|,wherev, = TO ~10° ms™.

The nearest neighbor tight binding model can be used to describe the lattice. By
measuring from the valley point K, one can arrive at the Hamiltonian of:

gl Vi |wd] 0 ki g 64
v, | 2 ktik, 0 v, '

o 3,4
where y, = 2.7 €V, a Fermi velocity v,. = o

=~10° ms™ is introduced. With this,

one works out the Hamiltonian for the K and K’ valleys to be

0 p -, , 0 -p-p
HK:vF ’ Y ;HK =v, ’ 7 [6.5]
p.+ ipy 0 -p, + ipy 0
or, in short, the Hamiltonian for the K and K’ valleys are, respectively:

H*=v,0.p; H  =v,0’p [6.6]
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where 6 = (0, cry); 6/ = (o, ay). The Dirac matrix Hamiltonian combining both
valleys is:

op +0p, 0

H,=v, (‘L’__ ®oc p +II® O"ly_p-‘_) =v, [6.7]

0 _O-.\'px + o-\'pr
where 7_is the Pauli matrix for the valley degree of freedom. The solution for the
Dirac matrix above is:

" AT
v, =(viviwiwl). [6.8]

The solution is thus regarded as the pseudospin for its resemblance to the spinor
solution of the high-energy vacuum Dirac Hamiltonian. Equation 6.8 clearly
depicts the additional degree of freedoms in monolayer graphene.

For our studies of the pseudospin effect, only one valley is considered unless
otherwise stated. From the above, one can deduce the wavefunction to be:

v, = Py =[ iem] [6.9]
£ 0, 1

where ¢ = arctan ky / kx, whose spinor is also known as the pseudospin because of
its similar mathematical structure to the real electron spin. The + in the exponential
refers to the K and K’ valleys, respectively. Mathematically, y, can be viewed to be
rotating in the x—y circle plane of the special unitary group of degree 2 (SU(2))
Bloch sphere. Physically, such rotation describes the distribution of electrons on
sub-lattice sites, 4 and B.

It would not be possible to fully comprehend particle behavior or motion in
nanoscale graphene systems or devices without first understanding the relativistic
quantum mechanics that governs the behavior of these particles. Thus before
going into more qualitative descriptions of the dynamic effects in graphene such
as conductivity and confinement, we refer readers to Appendix 6.A for a brief
review of relativistic quantum mechanics. As this is not a formal course in physics,
the formal interpretations of relativistic physics are not discussed. The purpose of
this section is to facilitate understanding of the more elaborate descriptions of
graphene particle dynamics in the later parts of this chapter. For comparison, the
high-energy massless Dirac Hamiltonian is of the form:

[“"1’ 0 ] [6.10]
0 o-p

Let us expand our examination of the monolayer graphene Hamiltonian to both
valleys: H,, = v, 6°p, Hy, = v,6/-p, where ¢ = (g, g,) and o/ = (-0, a,). One
realizes instantly their analogies to the Weyl equations where,, in the massless
limit, particles possess handedness. It is espoused by the high energy physics
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community that electron exhibits right or left helicity because of mass-related
mixing. To preserve Lorentz invariance,’ the electron loses its helicity.
Decomposition of the right and left helicity would be possible when particles
become massless. For comparison, the Hamiltonian for massless neutrino can be
decomposed into y, and y, to result in the Weyl equations of:

(id,—0-p)x,=0

(—id,—o-p)x, =0

[6.11]
which accounts for the positive-energy massless particle and anti-particle,
respectively. The massless particle acquires a unique helicity, i.e. its spin projection
is constantly parallel to its momentum direction. A comparison is given in Table
6.3. The above is merely for reference; a more mathematical description of the
physics of helicity is given in Appendix 6.B. It is hoped that useful applications can
be discovered by understanding the graphene analogies to the massless neutrino.

6.2.2 Pseudospin and valley spin
Pseudospin

As shown above, carriers in monolayer graphene mimic the massless Dirac
fermions rather than the usual conduction electrons.?’>? This is because of the
peculiar linear bandstructure at the Dirac cones which subjects particles at
the Dirac points to behave like relativistic particles. One wonders whether the
monolayer graphene electron should be addressed as an electron after all. But one
can regard the graphene ‘electron’ as a neutrino which has acquired a charge e or
an electron that has lost its rest mass.

For simplicity we will focus on the K valley where H,. = v, 6-p. The solution to
this equation is a column vector spinor (y, y,)" which describes the sub-lattice
degree of freedom (DOF). Figure 6.1a shows that graphene’s hexagonal lattice is
the superposition of two triangular sub-lattices which distinguishes 4 atoms from
B atoms. In exact analogy to the real spin, electrons can reside in one of the two
sub-lattices (corresponding to up-spin or down-spin) or a superposition of 4 and
B sites, and are represented by the familiar two-component spinor form. In
quantum mechanics, the state vectors of |T) and || represent the full distribution
of electrons in sub-lattices 4 and B, respectively. The hopping of electrons
between 4 and B can be mathematically described by the rotation of a pseudospin

Table 6.3 Analogy of monolayer graphene to the Weyl equations of the neutrino

Monolayer graphene Weyl equations
Valley K He=vdop, + oypy) Hgp=clo,p, + oypy)
Valley K Hy'=vdo,p,-0o,p,) H =c¢(-op,-0,p)
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vector on a Bloch sphere in exact analogy to the SU(2) physics of the electron’s
real spin. In fact, the rotation of the pseudospin vector can be regarded as a direct
result of the rotation of an effective magnetic field induced by the electron
momentum measured around the Brillouin zone corners, i.e. p in our notation.

The pseudospin indexes the two non-equivalent lattice sites of graphene on
which electrons can reside. The pseudospin of massless Dirac fermions in graphene
possesses an analogous property to the electron spin in metal or semiconductors.
One interesting fact to note here is that the pseudospin of massless particles is
irrevocably tied to the momentum direction. Therefore, if the momentum of
massless particles is confined or constrained in motion, such that all massless
particles have a unique p, total pseudospin polarization reaching full polarity could
then be achieved with pseudospin oriented parallel to momentum. One may thus
conjecture that such a system could be used to supply highly pseudospin-polarized
current for yet another analogous effect, e.g. pseudospin transfer.

Valleyspin

The remarkable bandstructure of graphene is due to its unique honeycomb lattice
structure (Fig. 6.1a). From the real lattice, one can readily derive the reciprocal
space lattice which is also periodic and hexagonal. One can show (e.g. using the
tight binding approach) that the conduction and valence bands of graphene touch
each other at Dirac points at the corners of the first Brillouin zone. The Brillouin
zone of graphene is hexagonal and the energy gap closes at the six corners (see
Fig. 6.1b). The corners are of two non-equivalent and degenerate types, also known
as valleys, which are labeled K and K'. Due to its two-valued nature, and the fact that
the valley DOF is quite robust (inter-valley scattering can typically be ignored — for
low energy regimes), valleys have been likened to the electron spin and numerous
proposals of devices which exhibit valley-dependent transport have quickly
emerged. Since inter-valley scattering is normally well suppressed in graphene, the
valley DOF might be able to emulate many device functionalities in spintronics
rather conveniently in the two current fashions. The physics of valley-based
electronics?>2° — so called ‘valleytronics’ — in graphene has thus been studied
intensively in recent times. Indeed, the term ‘valleytronics’ was coined just several
years after the discovery of graphene to collectively describe the plethora of physical
effects and potential devices that make use of graphene’s valleys. More recently, the
idea of valley-qubits in quantum computing applications has also been proposed.?®

Exercise 6.2

Bandgap engineering of graphene is an essential task for building
graphene-based nanoelectronic devices. As mentioned, one way of
inducing a bandgap in graphene is to grow it on a substrate (e.g. SiC)
such that the two sub-lattices of the graphene interact differently with the
substrate. This breaks the sub-lattice symmetry, which is modeled by an
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electrostatic potential U, (U,) on the 4 (B) sub-lattice, where U, # U,.
Thus, we can write the effective Hamiltonian as (K valley):

u, 0

A

H =vo-p+
Kk =VROP 0 U,

(1) Show that the Hamiltonian above can be written as:

Hy=v,0p+ Ao, +7l,

where:
A=UA_UB and = Uu,+U,
2 2

(2) Derive the eigenvalues for the Hamiltonian and conclude the
existence of an energy gap of magnitude 2|Al. Show that the same
result occurs at the K’ valley.

(3) Compute the Berry curvature of the Hamiltonian, and show that it is
of equal magnitude but opposite signs in the two valleys.
(Refer to Chapter 7 for more details on the concept of Berry curvature
in nanoelectronics.)

6.3 Carbon nanostructures

The electronic structure?’-?® of carbon nanotubes (CNT) is similar to monolayer
graphene with additional sub-bands. We will look at the momentum space diagram
of a monolayer graphene with the two valleys as labeled. A CNT is formed by
rolling up a sheet of monolayer graphene. For an arbitrary direction along the
circumferential vector ¢ (see Fig. 6.3), a quantized sub-band is formed due to
constraints (periodicity) imposed along that direction. Electron momenta take on
quantized values along ¢ and continuous values along the lines perpendicular to c.
The CNT has thus become a one-dimensional electronic system where every line
corresponds to an integer value o which denotes the number of complete stationary
wavelength that an electron forms along c. A dispersion relation can be written for
every integer value .

Vector c is also known as the circumferential vector, denoted by ¢ = ma, + na,.
Recalling in Fig. 6.1 that a, = ai + bj, a, = ai — bj, one has:

c=ma +nay; c=(m+n)ai +(m—n)bj. [6.12]

Figure 6.4 shows the honeycomb lattice of a graphene sheet. The chiral vector
which defines the folding direction to form a CNT is denoted by C. The periodic
boundary condition requires that momentum along the circumferential vector can
only exist in the multiple of 27, i.e.

ke=(m+n)ak, +(m—n)bky=27tv. [6.13]
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6.3 Graphene sheet is wrapped along the circumferential vector and
momentum becomes quantized along that direction. The electron is
only free to move along the diagonal lines, exhibiting one-dimensional
behavior.
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6.4 Honeycomb lattice of a monolayer graphene before rolling into
various carbon nanostructures.

If these lines pass through one of the valleys (ka , kyb) =(0 ,+2x/3), energy
E = 0 at the valley coincides with the lines, and thus there will be no bandgap in
these CNTs. One can see that this can only happen for:
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|m—n|=3v. [6.14]

The graphene sheet shown in Fig. 6.5a can be wrapped along the x axis, such that
side 4 meets side B to form a CNT structure known as the ‘armchair’, reflecting
the top and bottom circumferential edges of the cylindrical structure. Similarly,
Fig. 6.5b when wrapped around in the same manner (along the y axis) yields a
cylindrical tube structure with zigzag edges. The allowed momenta for the
armchair CNT lie along a set of lines parallel to the y axis, while those for the
zigzag CNT lie on lines parallel to the x axis as shown in Fig. 6.6.

Armchair Zigzag

Cylinder
height

X

(a) (b)

6.5 (a) Armchair CNT with circumferential vector ¢ = 2ami. (b) Zigzag
CNT with circumferential vector ¢ = 2bmyj.

Metal KA ky Metal ky K
PEN o
Ky - Ky ? . Ky
|
Semicornductor
P >
K K K

(@) (b) (©

6.6 (a) Armchair CNT with circumferential vector ¢ = 2ami showing
metallic bandstructure at the valleys. (b) Zigzag CNT with circumferential
vector ¢ = 2bmj can be metallic or semiconductor depending on the
values of satisfying 2m = 3v. (c) An arbitrary circumferential vector can
yield metallic or semiconducting CNT for any which satisfies |m - n| = 3v.
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Exercise 6.3

Deduce using ¢ = (m + n)ai + (m — n)bj that the circumferential vector for
the armchair and zigzag CNTs are ¢ = 2ami, ¢ = 2bmj, respectively. Explain
with Brillouin zones and sub-band drawings why the armchair graphene
is always metallic regardless of the value of m.

Solution

In armchair CNT, m = n, and the chiral vector is ¢ = 2ami. One has 2mak_
2 . L

=2nv, or k.= v| — | and L = 2ma is the length of the CNT cylindrical
ma

2r
circumference. The wavelength of the wavevector is k_= V(Tj

The sub-band with v = 0 will always pass through K = (kga, kyb)

3

6.4 Bilayer graphene

Much has been said about the novelty of graphene which promises new electronics
with applications wild and aplenty. We begin this section with a brief introduction
to the full bilayer graphene Hamiltonian leading to its reduced form. As is well-
known, the bilayer graphene comprises two monolayer graphene stacked vertically
and has a more complicated energy structure. The bilayer graphene Hamiltonian?’
has been expressed as:

—ul2  vnm 0 er’ P4
Hy, = v w2 crm 0 P, [6.15]
0 cn' w2 ot P

cTw 0 t —u/2 (pB]

where 7 =p + ip,,t is the interlayer coupling and v, is a four-component spinor
wavefunction. In graphene it is known that interlayer coupling between 4, and B,
is strong. Subscripts 4, B refer to the sub-lattice index, while 1, 2 refer to the layer
index. Alternatively there are different versions of the Hamiltonian found in
literatures. The differences arise mainly from symmetry as well as variations due
to approximations.
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6.4.1 Bilayer graphene Hamiltonian

The spinor wavefunction of (1) in Table 6.4 is different from those in (2) and (3).
A transformation can be performed as follows:

Pa P 10 0 0
v, = P -y’ =Uy = s where U = 0 0 0 1 =U".
., o 0 O 1 0
?, 0, 0 1 0 O
[6.16]

Matrix U defined above has the property of hermicity (i.e. U = U') and unitary
(i.e. UU' = I). The Hamiltonian can then be transformed as H, = UHU".

Table 6.4 Hamiltonian of the bilayer graphene resembles the massive Dirac
Hamiltonian

Bilayer graphene Hamiltonian Reference
- -u/2 vy 0 crt’ @ an 29
H1w1: Van U/+2 Ccrt 0 B2
0 crt ul/2 t PA2
cn 0 t —u/2)\ pg
2 30
-u/2 et 0 0 @ A1
cr -ul/2 t 0
Hy,= + e
0 t ul/2 cm Pz
0 0 cr -ul/2 @s2
3. .
—u/2 cm 0 Vv, P A
cn -ul/2 t 0 8
Haes=l gy w2 ot |
. PpA2
2 0 cn -ul/2 ps2
Exercise 6.4

Show that after transformation, the Hamiltonian of H, is identical
to H,, and is very close to that of H, except that v,t and v,7" have been
dropped in H,.
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Solution
-u/2 vw 0 en’ o
+
Hy,=| %»F #/2 c@ 0 Oe L ny =UuHU Y,

0 o' wu/2 ¢ P

CcTT 0 t —ul?2 (Pgl

—ul/2 ' 0 v, D4

— CcTT —ul/2 t 0 (Pgl

0 t ul2 cnt ?,

v37r+ 0 cr ul2 5,

It is interesting to examine whether the above Hamiltonian fits the Dirac’s
equation. In terms of the explicitly covariant form of the Dirac equation, (ifiy# 8#
—mc) y =0, one has:

E— —-o.
{ e P ]y/=0 [6.17]
o.p —-E-mc
where:
0 1 0 j 0 O'j
= , /= , . 6.18
2 D TS B an
Equation 6.17 can be transformed to:
[ E-me -0.p Jy/=0. [6.19]
-o.p E+mc
Equation 6.19 seems a closer fit with (£ — H,) y = 0 which explicitly is:
E 0 wvm
|, 0 -o.pc
3 v=0 [6.20]
0 ¢
-o.pc E-

In the above, magnetic vector and electric scalar potential has been removed. The
bilayer graphene mimics the massive Dirac systems to some extent. Future
nanofabrication technologies might be able to produce a graphene-like system
which mimics the massive Dirac system with less approximation needed.

© Woodhead Publishing Limited, 2012



Graphene and carbon nanostructures for nanoelectronics 213

6.4.2 Reduction of the Hamiltonian

In bilayer graphene, the 4x4 Hamiltonian is cuambersome and one often uses a 2x2
simplified form. In this section we transform the larger bilayer graphene
Hamiltonian into a simplified form. In Table 6.4, the Hamiltonian (3) can be
written as:

u .
hd i
- ) @ TCT @y TV, P,

“ul/2 gt 0 wr P u
er —ul2 ¢ 0 || 9| | TPu TOny TOn

Hy, = = [6.21]

3

0 t ul2 e’ || @, u R
1, +¢,— +cn'e
va' 0 em ou/2 ®, T2 -

, u
V3nr¢m TP 4, TPy, 5
where u is the applied electrical voltage between the two layers and ¢ is the
interlayer coupling. Subscripts 4, B refer to the sub-lattice index, while subscripts
1, 2 refer to the layer index. Written in this form, one has chosen to show the
interlayer coupling between 42 and B1. One assumes the limit of strong interlayer

coupling, i.e. 1> u.

Exercise 6.5

Show that in the limit £ < ¢, the Hamiltonian H, can be reduced as follows:

2.2 212
—ul2  ont 0 W _Z(I_CP ](_Cﬂ' +V”j
. 2 s t 3
— — t 0 eff _
H3 — cTw u/2 . - H}ﬂ = ) s )
0 t ul2 crm - ¥ u cp
+ +v,T - 1-—
VT 0 ct ul/2 t : 2 t
Solution

In the limit ©« << tand E << ¢, one can obtain an effective Hamiltonian for
the lowest energy bands. We can reorder the wave functions according
to (4, B,, 4,, B,) = (4,, B,, 4,, B), and in the new basis, the Hamiltonian

becomes:
_z V37T 0 C77:T
2 u CcTT 0 H H
r B — _ 11 12
H = vr 2 S
HZI HZZ

=]

[/

© Woodhead Publishing Limited, 2012



214 Introduction to the physics of nanoelectronics

where H, is @ 2 x 2 block. Use the identity det (H; — E) = det (H,, — H,, (H,,
—E)' H, — E) det (H,, — E). For, E <, the substitution H,, — E — H,, reduces
the computation of the lowest-energy bands to the diagonalization of the
2 x 2 effective Hamiltonian:

Hgff:Hu _H12H£21H21

1]
|
LN
<
o
N
|
-
s
+ —
‘Q
o
VO
§ o
a
(=
,
N——
~ o=
|
=
VY
§ o
o
S
1,
N—

Taking the limit of u < tand p =,/ pf + pi, the effective Hamiltonian can now

be expressed in the basis (4,, B,). Thus the Hamiltonian of the reduced bilayer
graphene is:

2 0 2.2
o _ T 0 = u cp 1 0 0 =«
HY = ¢ _ ]l -— + . 22
’ t[nz 0 J 2[ r J(O—lJ v3(7rT OJ [6-22]

This Hamiltonian has been used widely as an approximation type of Hamiltonian for
bilayer graphene. Future advances in technologies might allow us to engineer the
various parameters and new approximations might be possible. It will be interesting
if one can pre-conceive a useful Hamiltonian and use technologies to achieve the
desired Hamiltonian. The present Hamiltonian above has been used to understand the
topological properties®'? of graphene as well as the Berry’s phase,*> which have
great implications to the physics of electron dynamics in graphene.

6.5 Deformation-induced gauge potential

It has been understood that free-standing graphene is not flat. In fact it is soft and
membrane-like, and conforms to the substrate, creating ripples which are static
distortion of the 2D lattice.3® Because of its flatness, graphene sheet reacts to
thermal fluctuation and thermal stress and becomes warped or floppy as a result.
Free-standing graphene also generates flexural (out-of-plane) phonons which are
simply quantized mode of vibration in the crystal (dynamic distortion). Thus
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graphene sheets can move in the third dimension — in other words behave like a
‘cantilever’. Lattice deformation in graphene modifies the nearest neighbor
hopping strength as well as the on-site potential.

We will show that asymmetric hopping strength or site potentials can in fact
induce a gauge potential’” in the graphene sheet. We begin with the nearest
neighbor Hamiltonian of a graphene sheet system:

- T i
H=-t Y a'b+bla, [6.23]
ied j=123
where i runs over all sub-lattice sites 4 and j = 1,2,3 are the three nearest neighbors
surrounding each site i. Here, we focus on the hopping strength effect. Lattice
deformation modifies t as t — ¢ + 5ti’ generating a perturbation Hamiltonian of:
=-6t(r) 3, a'b+ba. [6.24]

i€dj=123

Using the Bloch wavefunction for each lattice site:

\wﬁ) 2 ""allo)

o)
[6.25]

where N is the number of unit cells. Considering intra-valley scattering within
valley K, one finds the matrix elements:

< A+A+6A’H’WA+A> < A+A+5A’H’WA +A>
< A+A+6A’H’WA+A> < A+A+5A’H’WA +A>

‘V/B>:\/7 2 lkr

ieB

0 e o ZA(r) id,(r,)
- [6.26]
o ok 2A(r)+zA ) 0
where:
vFAx=5tl—%(5t2+5t3); vFAy=§(5t2—5t3) [6.27]

and it is understood that 4 and J¢, are functions of sub-lattice A site i. The same
can be worked out for valley K’ using similar processes. The full Hamiltonian for
valleys K and K’ due to lattice deformation modifying the hopping integral are:
Hy +H} =v, 0.(p+A(r))
HY +H =v,.c’.(p- Ar)).
[6.28]
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Inter-valley scattering in graphene is well suppressed and we do not discuss its
effect here. The on-site potential modification due to lattice deformation or
external imposition is also not discussed. As far as electron motion is concerned,
it becomes clear that applying strain to graphene is equivalent to applying an
external magnetic field.

6.6 Application of graphene spin

Spintronics is one of the richest topics in nanoscale electronics. Spintronics in
graphene has, however, remained a fairly quiet area of research. This is because
spin-based effects in graphene, such as spin orbit coupling (SOC) and Zeeman
interactions, are negligibly small, typically of the order 0.1 K.3® As an example, in
2005, Kane and Mele*” proposed the existence of the remarkable quantum spin-
Hall state in graphene (which led to the launched of a separate and vigorous
investigation into a new state of matter known as ‘topological insulators’).
However, due to the invariably small SOC, graphene was soon ruled out as a
likely candidate for the experimental realization of the effect. We note though that
recent studies suggest evidence for strong spin orbit coupling in bilayer graphene.
One of the most remarkable things about graphene is the immensely rich and
elegant physics that can be drawn from such a simple structure. Despite the lack
of interesting spin-based effects, the symmetry of pristine graphene affords us two
additional spin-like quantities, namely pseudospin and valley spin. Like the real
spin, the pseudo and valley spins in graphene are two-valued, and in the effective
Hamiltonian, can be expressed in terms of Pauli matrix-like quantities.

6.6.1 Pseudospin electronics

Unlike the real spin, the pseudospin cannot be polarized by a real magnetic field.
This is because the polarizing effect in opposite valleys cancel each another out.3’
To induce a Zeeman-like term which actually polarizes the pseudospin, one needs
to break the symmetry between the two sub-lattices. This could be realized by
applying different electrostatic potentials to the A and B sub-lattice. In the case of
monolayer graphene, this can be achieved by epitaxial growth on, for example,
SiC substrates. It is particularly simple for the case of bilayer graphene where one
need only apply different gate voltages to the two coupled graphene layers (in the
low energy regime). This opens up a gap in the electronic spectrum which
is proportional to the energy difference on the two sub-lattices, effectively
transforming bilayer graphene into a tunable semiconductor.

Berrys phase

The pseudospin of graphene has deep and interesting connections with many
physical effects, e.g. the half/full integer shift in integer quantum Hall effects
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Table 6.5 Summary of Berry’s phase in monolayer and bilayer graphene and the
associated gauge potential

Monolayer graphene Bilayer graphene
Wavefunction " oa]_1(ze y- P :i[ie‘z""’]
: (pa \/E 1 : Ps2 \/E 1
Berry’'s phase (pse”y:J'dk.A:in ¢Bew=_[dk'A=J—r2”
Local gauge
gaug . —k, , -2k,
Alk)== Alk)=—i \% =t
(K= . TR
0 0

(IQHE), pseudospin analogies of spin Hall and spin torque, particle localization
and anti-localization, Klein tunneling, minimum conductivity, zitterbewegung
and pair production. It is, however, not always apparent how pseudospin is
linked to these phenomena. But if one understands the connection between
the pseudospin and the Berry’s phase, the link becomes clearer; one needs only
to understand the link between the Berry’s phase and the physical phenomena.
In Chapter 7, we discuss the adiabatic evolution of the pseudospin vector and
how it gives rise to the gauge curvature and to Berry’s phase, which is a
topological invariant. Prior to that, readers are required to accept that Berry’s
phase associated with pseudospin of graphene can be derived as summarized in
Table 6.5.

Pseudospin analogies of spin Hall and spin torque

Spintronics — particularly in semiconductors and magnetic multilayers — has
represented an engaging field of study and has become all important for
applications in magnetic storage. In semiconductors, the SOC effect, in which
carrier spins feel an effective momentum-dependent magnetic field, plays a
crucial role in how spins are manipulated. For example, it leads to the remarkable
spin Hall effect (SHE) in which dissipationless transverse spin currents flow
in response to an applied electric field as discussed in Chapter 5. Since SHE
can be linked to the Berry’s phase associated with spin, we remark that a similar
SHE for the pseudospin might arise in connection with the Berry’s phase
associated with the pseudospin. Likewise, we comment generally that other
spintronic phenomena related to spin orbit gauge potential or Berry’s phase (e.g.
the spin torque and spin current) might have their respective counterparts in the
pseudospin.
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Pseudospin orbit coupling

Using the Dirac equations, SOC can be derived in vacuum with applied electric
fields. One can thus visualize that a similar effect should arise for the pseudospin
of graphene particles governed by the Dirac equations. Below, we derive the
pseudo SOC for a bilayer graphene with the Hamiltonian /7, (see Table 6.4):

0 vz 4 0 wvrm 4

co. t 0 B nf B
my,=| <P o Hy,=| 0 e TP [629]

0 t ¢ o.p A2 co.p 0 ¢ A2

\)371?+ 0 B t 0 B

2 1

For brevity, we write (4, B, 4, B,) to denote ¢ ,, ¢, @ ,, ¢ ,). The transformation
performed by U determines the type of pseudospin to be investigated; for example,
by the above method, which results in y = (4, B,)”, pseudospin is defined between
site 4, and B,. In application to particles which mimic Dirac fermions, it would be
instructive to replace the coupling mass term of mc? for particles in vacuum with
a coupling term A which arises due to material bandstructure but plays the same
role as the mass term as far as the Dirac matrix is concerned. The coupling term A
gives rise to the energy dispersion where the effective mass of particles in the
materials can be derived. For monolayer graphene, A vanishes and one deduces
from the energy dispersion relation that particles behave like massless Dirac
fermions. Following /7, in Table 6.4, we write the graphene Hamiltonian:

E-A —-o-pc
« TP T g [6.30]
—0-pc E+A,

0 vrm

such that it is comparable to Eq. 6.19. In this specific case, A = and

v 0

0 —¢
A, = [ /0 j - Multiplying by yo to the left, one obtains the graphene Hamiltonian:

(E—eq))—Aa -0 pc 12, (631]
o-pc —(E—e([))—Ab 0

which is comparable to Eq. 6.17. Note in Eq. 6.31, the electric field has been
incorporated via e¢. Equation 6.31 is now written as:

ihy*D,—R=0 [6.32]
where
A O ]
“ and D =9 _ky.
0 A u e

b
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One can now apply the electric field &, with electric potential ¢. Here we merely
wish to illustrate the close connection between the bilayer graphene and the
vacuum Dirac Hamiltonian such that useful analogies between pseudo SOC and
vacuum SOC can be drawn. Thus, to simplify matters, we temporarily disregard

0 wr 01
the fact that A = and A, = - Rather, we modify as follows:
v’ 0 t 0
v,p)’ 0 N0
az=| &P Sare| ) [6.33]
0 (\/3p)2 0 (mcz)2

so that one can write A2 = A%, where A = mc?. We make an even more drastic
assumption that one can write:

2
A, :[’”C 0 j:AI. [6.34]
2
0 mc
Multiplying Eq. 6.32 to the left with "D+ R thus yields:
E—ep] - p’c - A’ —iehc G- €
[E—ep] —pc y iehc (2] (6.35)
—iehco-€ [E—e¢]’ — p°c’ - Alz, 0
Equation 6.31 therefore can be reduced to:
o pc
0=————x
(E-ep)-[A,] [6.36]

where [Ab]: 1/|:Ai:| = A. The relativistic energy equation, which could be

used to describe the analogous effect of pseudo SOC (i.e. the coupling of
pseudospin to particle momentum in the presence of electric fields) for Dirac
fermions in graphene-like material systems is thus:
iehc’ ehc’

T oA P Emepoia 0 EX P X =0 1637]

{(E —ep)’ — Al - p’c?

We note again that approximations have been taken to avoid dealing with excessive
material science, i.e. we have assumed bilayer graphene material could satisfy
A =N I;A =AlL

6.6.2 Valleyspin electronics

The first valleytronics work?* proposed a valley filtering effect where electrons
are transmitted through graphene quantum point contacts. In such contacts, right
and left movers reside in opposite valleys. It was suggested that two such valley
filters could be connected in cascade to form a valley valve; see reference 40 for
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further insights into the physics of the valley valve effect. A valley filter in strain-
engineered graphene has been proposed.*'#? In bilayer graphene, there has been a
proposal for a valley filter* based on irradiation by high intensity light. We have
mentioned that inducing an asymmetry in the graphene sub-lattices opens up a
gap due to the Zeeman like splitting of the pseudospin. Moreover, it can be shown
that this mechanism results in a finite Berry curvature in momentum (k) space.
This Berry curvature has opposite signs for the two valley spins and thus affects
carrier motion in a valley-dependent manner. In fact it leads to the valley Hall
effect? in direct analogy with SHE in p-doped semiconductors.** Such an effect
also arises in the case of inhomogeneous sub-lattice asymmetry, where the
effective Hamiltonian contains a valley orbit coupling term.*

In fact, the analogy with the electron spin goes much deeper. It has been
shown?’ that, in graphene with broken inversion symmetry, there is an intrinsic
magnetic moment associated with the valley DOF exactly like the electron spin.
The requirement for spatial inversion symmetry breaking comes about from
symmetry considerations of the effective ‘Bohr magneton’. The (low-energy)
magnetic moment characterizing monolayer graphene’s valleys is:

M, =&,
. oh [6.38]
M= 2m*
2
where & =+ 1 for the two valleys and the effective mass m™* = — Here, A is

3a’t
the size of the inversion asymmetry. Unlike the real spin, the magnetic moment

associated with the valley DOF is an orbital magnetic moment and originates
from the self-rotation of the wavefunctions about the valley centers. It is found
that, for typical values, u*, is an order of magnitude larger than the spin-Bohr
magneton, implying that in the low-energy regime, the response to a magnetic
field is dominated by the valley magnetic moment rather than the actual spin. In
the limit of high magnetic fields, quantum Landau levels are formed, and several
authors have experimentally found that the lowest Landau level (n = 0) exhibits a
broken valley degeneracy.*® This was later explained as an intrinsic property of
the symmetry of graphene’s lattice.*” The above discussion motivates a serious
discussion abouttherelevance of the valley spin in graphene-based nanotechnology.
With this, we proceed to discuss some valleytronics devices proposed in the
literature, including valley filters, valley valves and devices which make use of
valley-dependent Hall effects.

Valley filtering

In the context of spintronics, one could conceive of a spin filter, in which an
unpolarized input current gives rise to a spin-polarized output current. In direct
analogy with this concept, valley filtering in graphene has been proposed by several
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authors. The first proposal>* was based on valley-dependent transmission through
graphene nanoconstrictions. This idea works on the principle that, in narrow
graphene nanoribbons with zigzag edges, the lowest energy mode is chiral in the
sense that left movers and right movers occupy separate valleys. One caveat is that
the filtering property relies on the graphene samples that have well defined zigzag
edges, which are difficult to control in experiments. Upon application of a rightward
moving electric current to the device, only carriers in one valley are able to be
transmitted, while those in the other valley will be totally reflected (there are simply
no states in the central narrow region supporting the other valley). Numerical
calculations of the transmitted current through such devices reveal that a near
perfect valley polarization approaching 100% can be achieved. The polarity of the
filter can be changed by applying a sufficiently large electrostatic potential U> £,
to the central nanoconstriction via gating, which pulls up the energy bands and
switches transport from the conduction to the valence band. When two valley
filters with tunable polarities are connected in series, a valley valve effect can be
realized in which the electronic conductance can be modulated depending on the
parallel/anti-parallel configuration of the two filters. We note that the valley filter
seemingly requires zigzag edges in the nanoconstriction to operate perfectly.
However, it was subsequently shown that there is some robustness of the valley
polarization with respect to imperfect edge profiles.

Valley filtering in strained graphene was proposed by Fujita et al.*! Graphene
is unique in that its electronic properties can be modulated simply by applying
mechanical strain to the bonds. The operation of the valley filter can be understood
most simply by realizing that strain induces a valley-dependent magnetic vector
potential in the effective Hamiltonian:

H=0-(p+EA) [6.39]

where ¢ is the valley index. It is well-known that, when carriers are transported
across regions of differing vector potentials (e.g. due to magnetic field barriers),
wavevector filtering takes place; namely, incident carriers with momenta k are
either transmitted or reflected depending on details such as the magnetic field
strength and carrier Fermi energy. Since the strain-induced vector potential is
valley-dependent, so is the wavevector filtering and it is possible to tune the strain
against the Fermi level of carriers such that exactly half of the filtered states
belong to the K valley, whilst the other half belong to the K' valley. Clearly, the
transmission of the two valleys is well separated in ¢ space. One now only needs
to employ a standard magnetic barrier to filter out either the K or K’ carriers.
Numerically, perfect valley polarization has been predicted for experimentally
realizable strain and magnetic field values. Subsequent works have also studied
other methods of using the valley-dependent magnetic field for valley filtering.
A valley filter making use of the valley-asymmetric trigonal warping in monolayer
graphene was also proposed.*® Trigonal warping measures the deviation away from
the conical Dirac spectrum of the carriers in graphene as the energy increases
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beyond the neutral point and introduces a small valley degeneracy. It was predicted
that a valley polarization of ~20% is achievable from this scheme, although the
large energy scales involved would be likely to excite inter-valley scattering
processes which would degrade filtering performance. On the other hand, there has
been a proposal of a valley filter based on the line defects in graphene.*’

Berry curvature and valley Hall effect

The Berry curvature plays a crucial role in spintronics, in which it governs the
topological transport effect, most notably the SHE. Graphene offers a natural
setting to study such effects. We have seen above that inversion symmetry breaking
in graphene allows one to consider the valley DOF as an additional orbital magnetic
moment. In graphene we can break the inversion symmetry by introducing a sub-
lattice asymmetry; applying an energy different electrostatic potentials between the
A and B sub-lattices (U, and U, respectively, U, # U,). In the monolayer
Hamiltonian, this can be modeled by an additional Zeeman-like term:

H=0-B,+Uo_+V [6.40]

where B =0, fpy) is the effective pseudospin field, £ = £1 indexes the valley K
(+1) and K’ (=1), and U = 0.5(U, — Up), V' = 0.5(U, + Uy) are pseudospin-
dependent and independent potentials, respectively. The sub-lattice asymmetry
quantified by U opens up an energy gap in the spectrum of magnitude A= 2|U|.
Furthermore, it induces a finite Berry curvature as shown below. Applying the
well-known result for the Berry connection, 4, =+ — (1 cos0)V, ¢, we find that
in graphene:

A (k)= +l p— T [6.41]
JP+p+UP |\ PiHD] PP

8A is calculated to be:

whose curvature F.. =
i~ ik

EU
F(k)=———. [6.42]
2 2 22
2( p.+p,+ U )

The k space Berry curvature is known to result in an anomalous velocity of
carriers. It is clear that in graphene, the Berry curvature is valley dependent, which
means that K and K’ carriers will be affected in an equal and opposite manner in

terms of topological transport.
One consequence is that a valley Hall effect will result in a sample upon

application of an electric field (Fig. 6.7). To see this, we examine the full equations
of motion of a carrier in the presence of Berry’s curvature is:*°

k=-SE
7
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J

6.7 lllustration of valley Hall effect in which carriers residing in
opposite valleys are deflected in opposite transverse directions.The
deflection results from the finite k-space Berry curvature in graphene
with broken spatial inversion symmetry.

. loe;
r=——kx F(k). [6.43]
h ok (k)
The Berry curvature appears as an additional velocity term, which is perpendicular
to the applied electric field E, and which is equal and opposite for the two valleys.
The same mechanism drives the intrinsic SHE in semiconductors, whereby

opposite spin species are separated along opposite lateral sides of a sample.

Quantum valley Hall effect

Below we discuss an analogue of the quantum SHE in valleytronics, returning our
attention to strained graphene.’! Strain induces a valley-dependent vector
potential. The curvature of the vector potential is equivalent to an effective,
vertical magnetic field which points in opposite directions for the two valleys. For
spatially uniform strains, the effective field strength is zero. For spatially
inhomogeneous strain the finite vertical magnetic fields induce a valley resolved
quantum Hall effect; namely two copies of the quantum Hall effect for each
valley, one chiral and the other anti-chiral, placed on top of one another as shown
in Fig. 6.8. The two copies are related by time-reversal symmetry and thus the
whole system is time-reversal invariant.

Valley-orbit coupling

In spintronics, in particular semiconductor-based spintronics, the notion of SOC
is most important as it makes possible the idea of manipulating spins purely by
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6.8 The quantum valley Hall effect in which the two valleys experience
opposing magnetic fields which induce two copies of the quantum Hall
state. The overall time-reversal symmetry of the system is intact.

electric means. It has been proposed that an analogous valley orbit coupling could
exist in graphene. In particular, the effective conduction band energy in monolayer
graphene in the presence of spatially varying sub-lattice asymmetry, U = U(¥),
was found to be:#’

En 2U+E N
—E- - - )
€ SEUTE) px - VU-eVV|2-eV [6.44]

where E=,/p}+p, +U’. The valley orbit coupling is indicated inside the

square brackets of Eq. 6.44. The first term depends on the spatial variation of the
sub-lattice asymmetry and suggests that the lattice distortion can be viewed as an
effective electric field. The second term is of the same origin as the relativistic
spin-orbit coupling in the Dirac equation.

6.7 Localization and Klein tunneling

Klein tunneling™ is a strictly relativistic behavior, which normally occurs in high
energy physics. Graphene provides the rare low energy stage in which such high
energy behavior can be observed. That Klein tunneling could be seen in graphene
introduces new implications, e.g. new confinement methods to modulate device
conductance, as well as harnessing the physics of pair production®® for device
applications. In semiconductors one can confine electrons quantum mechanically
using electrostatic barriers, e.g. a quantum well confines electrons along one
dimension as shown in Fig. 6.9.
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Potential Potential
barrier barrier

PN

6.9 A quantum well which normally confines electrons, forming
stationary waves within the well.

In graphene, electrostatic barriers cannot confine electrons due to Klein
tunneling; high transmission occurs for high and wide barriers. It has been shown
for monolayer graphene that normal incidence of a wave on a potential barrier
results in unity transmission, while in the case of bilayer graphene, normal
incidence results in total reflection. To give readers a foundation of Klein
tunneling, we refer to Appendix 6.C, which introduces the general concept of
Klein tunneling in relativistic physics.

In the context of nanoscale device, Klein tunneling can be understood by
examining the band diagram in Fig. 6.10a, which shows a raised electrostatic
barrier where the hole band energy in Region (II) overlaps the energy of the
conduction band in Region (I). This is because the bandgap is small compared to
the raised electrostatic barrier. Electrons in region I interact with positron (holes)
in region I, resulting in the escape of particle. Figure 6.10b shows a large bandgap
compared with the raised electrostatic barrier. Figure 6.10b illustrates normal low
energy systems, e.g. semiconductors where electron waves encounter a barrier in
the conduction band.

(1 (In

v
v

I

Small Large

pendoer IR
@ (o

6.10 (a) Raised barrier is high compared to the small bandgap resulting
in an overlap as described above. (b) Raised barrier is small compared
to the large bandgap.

We show below the Dirac incident, reflecting and transmitting wavefunctions
which explain how flux continuity at the boundaries gives rise to the escape of
particles through high and wide barriers:
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1 1
1] | o |,
0 eép: ~p

v (2)=a [ =a pc e, [6.45]

pc 1
(E+mcz) O ] (E+mCZ)
0

For reflected wave in Region (I), the solution might be:

[1] [OJ
0 i pe 1 Lpz
e"( )2 )+b, e”( )2 ).

v(z2)=0>
_—pe |1 _pc_ [0
(E+mc*) 0 (E+mc?) 1
For Region (II), E is replaced by E — V, and p’c =+/(E = V)* —m’c*, leading to:

[ : ] ( ! ]
0 i 1 i
eé(p'z)+d' v

WT(Z)Zd , , e’
pe 1 -p'c 0
(E-V +mc?) ( 0 ] (E-V+mc?) [ 1 ]

[6.46]

[6.47]

6.7.1 Interaction, localization and minimal conductivity

In graphene, electron—electron interaction is strong because of the weak screening,
the vanishing density of states and the much larger coupling constant of o = e*//iv,.
compared to & = e*/c in quantum electrodynamics. Moreover electron motion is

1
slow in graphene compared with photons as we know that v, ~ %c. The model

that describes the interaction in graphene is also not Lorentz invariant due to the
great departure of v,. from c. The Dirac particles in graphene are individually
relativistic particles, but interact in a non-relativistic way because of their slow
motion. The particles in graphene are also helical, in the sense that the pseudospins
are aligned (anti-aligned) to the momentum in the conduction (valence) band. One
deduces from H = v a+p that electrons in the conduction band have the opposite
pseudospin to those in the valence band. Since graphene’s Fermi level coincides
with the Dirac point, the Fermi sphere shrinks to a point and intra-band electron—
hole pair transition might not be possible. Thus in clean, undoped graphene,
electron—hole pair is restricted to inter-band excitation. However, as doping
pushes the Fermi level above the Dirac point, the intra-band transition is recovered,
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and the many-body effect of graphene begins to resemble those of two-dimensional
electron gas (2DEG).

One interesting but as yet not well-explained observation in graphene is the
minimum conductivity.’* Experiments have shown that graphene exhibits a
minimal conductivity of 4 €%*/h at the Dirac point. For ordinary materials, such a
low conductivity would normally lead to a metal—insulator transition, but graphene
remains conductive with a small conductivity. Since bilayer graphene also exhibits
minimum conductivity, one can rule that chirality is perhaps the more important
reason than the linear dispersion which might be responsible for this.?> One other
explanation is based on the fact that graphene electrons, being Dirac particles, are
not easily confined, as they escape easily from electrostatic barriers through Klein
tunneling. Localization can be observed in metals and semiconductors, but in
graphene, this well-known phenomenon seems absent.

The lack of localization in graphene remains puzzling, although it is possible that
strong electron—electron interactions at the Dirac point could be the reason. One
other reason is the short phase relaxation length, within which the effect of localization
can manifest. It has been anticipated that, at very low temperature, where the phase
relaxation length becomes longer, it might be possible to observe localization in
graphene. One could also borrow Mott’s physical elucidation of metal conductivity
to explain the minimal conductivity of graphene. Under the theory of Boltzmann,
increased electron scattering implies the continued shrinking of the average distance
known as the mean free path (/) between two electrons on colliding course. Mott
hypothesized that downscaling of conductivity (shrinking of /) cannot continue
indefinitely. When / shrinks to the electron’s Fermi wavelength (1), scattering
becomes ineffective. The conductance of an electron shall not be lower than:

el é
G_hl_h' [6.48]
A factor of four arising from valley and spin degeneracy needs to be included.
However, a formal derivation based on the Kubo shows a different result:

4e’
o= [6.49]

h
It has been suggested that the difference could be due to sample boundary effects
and theoretical approximations of scattering processes that previous derivations
have failed to take into account. Overall, graphene has high mobility, high
conductivity and weak coupling to phonon scattering. These properties make
graphene a promising candidate material for device applications.

6.7.2 Pseudospin relation

It may not be apparent how pseudospin could in any way have an effect on the
localization of electron. But if one looks from the standpoint of Berry’s phase, the
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connection becomes clear. Take monolayer graphene, for example, which exhibits
a 7 shift Berry’s phase. The Berry’s phase imparts an additional phase to the
propagating wave, transforming an otherwise constructive interference to a
destructive event. This results in weak anti-localization. However, there are events
in graphene which destroys the Berry’s phase (e.g. edge scattering), which might
restore some localization effects. Therefore in graphene, there is a mix of both
localization and anti-localization in competition. The above is also related to the
absence of backscattering in graphene by long-range potential impurities.

To obtain a clearer understanding, we rewrite the graphene Hamiltonian for
valley K:

0 e
H = | ° [6.50]

where ¢ is the in-plane angle, (£, ky) = (k cos¢, k sing). The solution for the
conduction band is thus:

wh = o 6.51
s| [6.51]

For impurity with long range potential, scattering strength is given by:

+

_io i
<—k‘H,.,,w|k>=j%ez”‘" e%: V(()r) V?r) ei_: 0. [6.52]
e e

A backscattered particle going around an impurity in real space inscribes a 2z
rotation in momentum space around valley K. The Berry’s phase of 7 shift acquired
by the quasiparticle results in ¢(—k) = ¢(k) + 7. The matrix element above vanishes.
Physically, the pseudospin components of the backscattered wavefunction interact
with the oncoming wavefunction such that the probability that an oncoming state
transits to the backscattered state is zero.

Klein tunneling is another direct consequence of the relativistic wavefunction
of graphene quasiparticles, whose internal dimension is of course the pseudospin.
It has been shown for monolayer graphene that the normal incidence of a wave on
a potential barrier results in unity transmission, while in the case of bilayer
graphene, normal incidence results in total reflection. Klein tunneling has also
been attributed to the minimum conductivity of graphene.

6.8 Integer quantum Hall effect

Quantum Hall effects in graphene’>° have been studied intensively. Generally
speaking, the IQHE in graphene has the same underlying mechanism as that in the
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semiconductor 2DEG. Readers are referred to Chapter 4 for the basic concepts of
quantum Hall effects in semiconductors, e.g. Landau levels, cyclotron frequency,
degeneracy strength, flux quantum, incompressibility, Shubnikov—de Haas (SdH)
oscillations, integer-shift Hall plateau, edge and localized states, impurities
effects, and others. Bearing the above in mind, the IQHE in graphene can be
understood with some modifications due to its different Hamiltonian. Table 6.6
provides a comparison summarizing the important IQHE physical effects in
semiconductors and graphene.

Pseudospin has a well-known physical consequence to IQHEs in graphene. As
described earlier, Berry’s phase arises as a result of the rotation of the pseudospin
in an adiabatic manner. When the graphene quasiparticle’s momentum encircles
the Dirac point in a closed contour (i.e. 27), the pseudospin for graphene acquires
a Berry’s phase of Jx, where:

0 (p.—ip,)
H= : [6.53]
(p,+ip) 0

and J = 1/2 indicates a monolayer/bilayer graphene, respectively. Thus, for a
monolayer graphene, the quasiparticle gains a 7 Berry’s phase while for the
bilayer graphene it is 2z. Berry’s phase affects both the SdH oscillations as well
as the shift in the first quantum Hall effect plateau. In monolayer graphene, the
Berry’s phase contributes to the z-shift in the SdH oscillations and a half-integer
shift in the Hall conductivity plateau as the Fermi energy (£,,) crosses the n = 0
Landau level. The conductivity shift is £ge*2h depending on electron/hole,
respectively, and g is the degeneracy factor. But as £, crosses higher Landau

Table 6.6 Summary of physical quantities relevant to the understanding of IQHE
in semiconductors, monolayer and bilayer graphene.

Semiconductor 2DEG Monolayer graphene Bilayer graphene

_CZ 0 n?Z
Hamiltonian H =(p +eA)’ H=v,(p+eA)c HzT -
T
1
Energy E =hw ”[n+fj En:ihwcxfﬁ E =thw ’n(n—1)
Cyclotron eB
== _ ,
frequency W m w=v.VeB/h ? 2
Transverse e? 1)e? o :J_r(gn)e—
= - :i —_|— X
conductivity Oy ir(gn)h Oy Q[n+2jh y 7
n>1
Energy step w~1K w - 1500K

forB=10T e

Note: In bilayer graphene 7= (p, + eA) + i(py+ eA y).The factor g denotes the spin
and valley degeneracy. In monolayer and bilayer graphene, g = 4.
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levels, the conductivity shift is +ge?/h. Thus, the effect of Berry’s phase is to yield
the quantization condition of 0= +g(n + 1/2)e*/h. For the bilayer graphene with
J =2, one observes a Jr Berry’s phase which can be associated with the J-fold
degeneracy of the zero-energy Landau level. The double-degenerate zero-energy
Landau level explains the integer shift of the Hall conductivity just across the zero
energy. The eigenenergies of monolayer and bilayer graphene:

E =+ho n; E =+ho \[n(n—1) [6.54]

show that a zero energy Landau level exists. For the monolayer graphene, a zero
Landau level occurs for » = 0 and, for bilayer graphene, a zero Landau level
occurs for n =0 and n = 1. An inspection of the Hall conductivity at energy just
across the zero Landau level shows that it has shifted a half-integer vertically,
resulting in the first conductivity step in either direction being half the size of
subsequent steps. Figure 6.11 provides a pictorial description of IQHE in graphene
for both the monolayer and the bilayer.

The half-integer shift of Hall conductivity can be deduced straightforwardly
where Hall conductivity for monolayer graphene is (Table 6.6):

2
- A:i4(n+l]e—. [6.55]
” 2)h

The degeneracy factor of g =4 arises due to two contributed by valley and two by
spin. The underlying physics is related to the particle-hole symmetry and
electron—hole degeneracy at the zero energy level. Nonetheless, one can imagine
the zero Landau level to consist of both electrons and holes, and thus at energy
just across the zero energy in either direction, Hall conductivity due respectively,
to electrons and holes will be a 1/2 integer shift compared to conductivity due to
the first Landau level. Thus when the Fermi energy surpasses the first Landau
level, Hall conductivity contributed by carriers of both zero and first Landau level
will give a total of 3/2 shift integer shift. In bilayer graphene where the Hall
conductivity is (for n > 1):

2

o, =*(4n) % [6.56]
ge?h gé/h

3t 31
L=, =,

-3 2 10 - — -1 0
) v 3 2 1 3 v
Ll » ‘l_l;

31 31

(a) (b)

6.11 (a) IQHE for monolayer graphene showing half integer shift.
(b) IQHE for bilayer graphene showing full integer shift.
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a full integer shift of conductivity is obtained for » = 1. Inspection of

E =tho \/n(n—1) shows that at, n = 0,1, energy is zero. The double-degenerate
zero energy Landau level explains the full integer shift of the Hall conductivity.
Therefore, the main difference between monolayer and bilayer lies in the half shift
for monolayer and full shift for bilayer at zero Landau level. But in both monolayer
and bilayer, the first Hall plateau appears just across the zero energy. This is the
major difference between the IQHE in graphene and conventional semiconductors.
On the other hand, IQHE in bilayer graphene resembles the semiconductor 2DEG
in that full integer conductivity shift occurs for the Landau level of all n. Thus,
while the physics of half shift in monolayer is related to electron and hole
degeneracy, the full shift in bilayer graphene is due to the doubling of this effect
due to the double-degenerate Landau level at zero energy for n = 0 and n = 1
explained earlier.
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Appendix 6.A Relativistic quantum mechanics

In relativistic quantum mechanics, Dirac matrices could have different
representations, but all obey Dirac algebra. Table 6.A.1 summarizes the various
representations.

Table 6.A.1 Different representations for the Dirac matrices

y° of 4 iv°=iy'yy® Y =vylye
SetAstandard |/ 0 0 of 0 o 0/ 40
representation (0 —l) (o" 0 '—o" 0 ) (I 0’ _’(I 0)
Set B2 0 |/ -0/ 0 0 Jf -1 0 0

(/ o) 0 o") (—o" o) 0 I ’(0 —/)
SR B N
° (o (ool ol (o

In the position basis, the Schrodinger equation for a free particle (electron)
isolated from all external force fields is:

(0 =2 () [6.A.1]
L oy
zhg = [ca. p+ayme ].,, [6.A.2]
iho 0,y = [caoa - p+o,0,mc’ :Il// = [cj/ -p+mc’ :Il//. [6.A.3]
One could thus surmise that the relativistic energy equation must resemble:
. 0
S (p ey +(meyy=inY, [6.A.4]
= ot

The square of Eq. 6.A.4 leads to the Klein—Gordon equation. Dirac wanted to
prevent obtaining a second order equation and wanted to give equal treatment to
space and time. Thus, he reasoned that, since the right side of the equation contains
a first-order derivative in time, the left side should contain equally simple first-order
derivatives in space (i.e. in the momentum operators). One way for this to happen
is if the quantity in the square root is a perfect square, which also has the form of
E-I=aync*+c 2/3:1 @, p; One would then obtain the free Dirac equation of:

3
ihaa—li/=|:cza/p/+aomczi|w=HW~ [6.A.5]
ik

The coefficients @, and o, are to be determined. Since:

2
3 3
E*=3\(p,c) +(mc*) = [cz o,p + Ocomcz] [6.A.6]
Jj=1 Jj=1
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one could easily deduce that:

3 3
E(E)Wy = {cz op,+ aomcz][cz a,p, +a0mc2:|y/
=

k=1

3 3 3
= [cz Z(xj(xkpjpk + z‘otjozop/mc2 +2‘06006kpkmc2 +(x§m2c4:|l//
=1 k=1 = =1
1 3 3 3
2 2 2.2 4
= E{a/,ak}c z{;p/pk +{Oc‘/.,a0}2{pjmc +ogm’c |y [6.A.7]
j=1 k= j=

And, by comparing coefficients, every term of Eq. 6.A.7 with every term of the
left-hand side of Eq. 6.A.6, one obtains the relations for the coefficients shown in
Table 6.A.2.

Table 6.A.2 Some identities involving the a

matrices

1. al =1

2. {txj, ot =0

3. {oc]., ot = 25,

Additional properties are that «, is hermitian since it follows from the hermicity
property of the Hamiltonian:

Tr(et,) = 0. [6.A.8]

From Eq. 6.A.2, a0y = —0a, it follows that O = G0, This leads one to
conclude that:

Tr(o,)=~Tr(o,0,0)) = —Tr(ajag) =-Tr(e,) = Tr(er)=0.  [6.A.9]

One can now determine the dimensionality of N. Using the relation Ay = ~0 0,
and taking the determinants as follows: ‘

det(ar o)) = det(~o 0 ) = det(~er ) det(ar ) = 0" det(ar )det(cr,) = N = even. [6.A.10]

One has thus concluded that the dimensionality (V) must be even. In fact one can
deduce further that N > 4 since the Pauli matrices (o, /) form a complete set of 2x2
matrices, with the unit matrix / always commuting, and they do not satisfy the
above anti-commutative form. This leaves N = 4 as the lowest possibility. It is
convention to let:

I 0 0 0
I 0 0 1 0 0
o, = =
) {o _1} o o0 1 o [6.A.11a]
0o 0 o0 -1
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o = 0 o where 0, = 01 , o,= 0 —i , O,= 10 .
o, 0 10 i 0 0 -1

[6.A.11b]
Appendix 6.B Helicity and masslessness

In the massless limit, we will evaluate iha,0, = [caya * p + agagmc®] = [cy * p +
mc?] using the set B convention of Table 6.A.1, which can be written as:

i
;aoy/ =(y’c-p+y'me)y. [6.B.1]
Expanding fully:
p, —mc 0 P; P, —ip,
0 Po e ptie, TPy, [6.B.2]
P, p,—ip, p, +mc 0
p,t+ip, -, 0 p, +mc

the solution to Eq. 6.B.1 is:

1
_|E+mc 0 (6.8.3]
v 2F Ap, o
A(p, +ip,)

where A= ¢/(E + mc?). But y is not a solution of the helicity operator. The helicity
solution can be found by:

s p,—p, 0 0 pstp
c-p= htip, e 0 0 Ly = /L’"a ptip,
0 0 Py p—ip, QEX(p,+p)| Alp,+p)
0 0 ptip,  —p A(p, +ip,)
[6.B.4]
cp

where A = —. In the massive limit, a solution to the Dirac equation can

E+mc
also be a solution to the helicity operator only when particle is at rest, i.e. p = 0.
In the massless limit, a solution to the Dirac equation is also a solution to the
helicity operator for the z dimension only, i.e. o,p,. Using the following Dirac

. (U c 0 . 0
matrices, = , o= , and lettin = , the

massless Dirac equation is Ey = a + p + ffm leading to:
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(6-p)0+my=E0

~(o-p)x+tmO=Ey.

. [6.B.5]
And since m =0 and E = |p|:
(6 - p)0=1pl0
(e-p)x=—1Ip
. . o-p . [6.B.6]
With the helicity operator, s = ‘—, we can then write:
P
0=2"Lo-po
I
o' .
x= |—|px =hy.
p [6.B.7]

From experimental results, a massless particle (neutrino) has helicity 1 while its
anti-particle counterpart has helicity —1. Thus, to remove the § components, with

1
project the & components, leaving the helicity —1 components. Thus we get the
chirality operators:

the matrices of set C, the operator P:%([_f): 00 J can be used to
0

|
v, =50~ v

v, = %(HJ’S)‘IL

[6.B.8]
The chirality of a particle is right-handed if the direction of its spin is the same as
the direction of its motion. It is left-handed if the directions of spin and motion are
opposite. By convention for rotation, a standard clock, tossed with its face directed
forwards, has left-handed chirality. Mathematically, chirality is the sign of the
projection of the spin vector onto the momentum vector: Left is negative, right is
positive. Particles with mass have relative chirality, which depends on the
observer’s reference frame. In the case of these particles, it is possible for an
observer to change to a reference frame that overtakes the spinning particle, in
which case the particle will then appear to move backwards and its apparent
chirality will reverse. Massless particles have absolute chirality (a given massless
particle appears to spin in the same direction along its axis of motion regardless of
the point of view of the observer). A massless particle moves with the speed of
light, so a real observer (who must always travel at less than the speed of light)
cannot be in any reference frame to see particle reverse its relative direction,
meaning that all real observers see the same chirality. Because of this, the direction
of spin of massless particles is not affected by a Lorentz boost (change of
viewpoint) in the direction of motion of the particle, and the sign of the projection
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(chirality) is thus considered to have been fixed for all reference frames, i.e. the
chirality is absolute. The solution to ° &*p is:

0 0 by pTip
5( ) 0 0 p| +ip2 _p3
o = . —>
PACPVEL b p-in, 0 o |¥
P, +ipz —Ps 0 0
0 0 p3 pl—iPZ p3+p p3+p
0 0 ptip,  —p, P, +ip, P tip,
IS P —ip, 0 0 (P3+P) -7 (p3+p)
pitip,  -ps 0 0 )l (p,+ip,) (p,+ip,) [6.B.9]

Appendix 6.C Klein tunneling and paradox

Klein tunneling has significance to graphene devices and confinement. Below we
provide a general derivation and interpretation of Klein tunneling. Understanding
the physical effects of electron—hole interaction could assist one’s understanding
of surprised electron escape for very high potential barriers.

In Region I (Fig. 6.C.1), the incident particle acts as a free particle:

ihaa—ltllz[ca.p+aomcz]l//:El// [6.C.1]
_iE,
where W(x,t)=y(x)e " .Letting
v=ly, v,y y,]" "= {g}e"”””, where6=| " |and x=| " |, onehas:
X ) v,
E o e = [ca- p+a0mcz:| 6 e, [6.C.2]
X X
0

Since the electron wave propagates in the z axis, we have 7 =| 0 |and:

El 0 :|e’p:/"= c[ 0 o, :H o :|—ih8+[ 0 :|mcz— o | e,
X o. 0 X | o 0 -7 A
[6.C.3]
which leads straightforwardly to:
(E —mc*)0 — co_px=0 [6.C.4a]
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v
A
V —
z
® > £ <«
«—
Region | Region Il

6.C.1 One-dimensional tunneling of particle with wave-like behavior.

—co_pO+(E+ me*)y = 0. [6.C.4Db]

To have non-trivial solutions (linearly dependent), the determinant vanished, i.e.

E-mc® —co
Lol 0 which leads to the energy square equation of:
—co.p (E+mc)

E*—m’c* - czopo':p =0. [6.C.5]
Since g, - o, =1, one gets E? = m’c* + ?p* = pc=[p? _ 2 c* and:
c(o.p)
(E+mc™)

Note that helicity is the projection of the spin onto the direction of the momentum
defined by § = EO’,- The general solution is:

0
V= 0 | orn c(o.p) e, [6.C.7]
x Erm)’

Noting the Pauli z matrix, it is an easy guess that the eigenvectors are 6 =

6= ( (1) ] and ( (1) ) The more specific solutions in Region I would thus be:

O eé /):.

pe 1
(E +mc?) 0
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For reflected wave in Region I, the solution might be:

0 e;i(—pz) oy 0 eé{—m'
e L _pe |1
(E +mc?) 0 (E+mc*) 0

For Region 11 (Fig. 6.C.1), £ is replaced by E — V, and p'c = \[(E =V )* = m’c*,

leading to:

Vu(2)=b [6.C.8b]

I 0
O i 1 i
Vo ()=d pe " d 0 " 6.C.8¢]
(E=V +mc?) -p'c
0 (E—V +mc)

The paradox involves V> E + mc?, E > mc?. For the wavefunction to be equal at
the border, z =0, y, + y, = v, and one has two independent relations as below:

a+b=d [6.C.9a]
_pye_ P
(E+mc )( b= (V —E —mc*) [6.C.90]
o P'(E+mc’) . :
which implies = @ — b = — ———————d. This would then lead, noting the

p(V E —mc?)
expression for p and p’, to:

\/(V EY —mzc4(E+mc)

= [6.C.10]
VE* —m’c* (V — E—mc?)
which after straightforward steps is:
\/(E+mc YV — E +mc’ )
a-b= =-rd, [6.C.11]

\/(E mc* )V - E — mc)

Since V> E + mc* and > mc?, it is easily seen that 7 > 1. One also observes under
the above boundary conditions there are two more independent relations:

v=d [6.C.12a]
Py P° g [6.C.12b]

(E+mc”) V—-E—-mc”)
With b'=d' =0, it can be deduced straightforwardly thata = a —Zr)d ,b= d +2r)d s

or finally:
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b 1+r d 2
—=—— and —=——. [6.C.13]
a l1-r a 1-r
One would now proceed to deduce that the set of current involved in the process
of Klein tunneling using the relation j = ¢ y*a,w, namely:

2

. 2pc
=a*a———
Ji E +mc’
-2pc’

o =b*b———

I E +mc’
72

jy=drd—2PC

! E-V+mc. [6.C.14]

Examining the current carefully, one notes that for V> E + mc?:

i d*dQp ) E+mc 4
S drd@pe)Exme) _ -4 [6.C.15]
J, a*a(E-V+mc)2pc’) (1-r)
and
i | -p*b : j
J%:‘ [_(1er S PR A ) [6.C.16]
i\ |a*d \1-r (1-r) J,

In fact one notes that when V' — o<, j,. — —2¢? but not zero, showing that electron
cannot be confined in the barrier. The above results can be explained with the aid
of Fig. 6.C.2. The ‘negative energy solutions’ in Region II are larger and lies in
the same range as the solutions of positive energy in Region I. The potential in

Vv
A
Vy + mc?
L —x——— Vo>mc+E
2
Vo — mc
e~ —» «— e~ et —»
o o E
+ mc?
0 ————1 __yY__
- mc?
> z

6.C.2 Schematic illustration of physics of Klein tunneling in relativistic
physics.
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Region II raises the electron energy in Region II sufficiently until it overlaps with
the positive continuum in Region I, resulting in electron—positron pair creation at
the potential barrier. There are incident wave packets coming from the right
(Region II). Electron and hole interacts in the finite potential region to generate
left-moving electron and right-moving current. This explains why the reflecting
current in Region I is larger than the incident current. Electron interaction with
hole is the physics behind the escape of an electron in a very high potential region.
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7

Topological dynamics and gauge potential in
nanoelectronics

Abstract: This chapter introduces the gauge theory of quantum physics and its
application in nanoscale electronics. The concept of effective magnetic fields in
the magnetic space and the momentum space is introduced. Exemplary systems
are spintronics, graphene and topological insulators where effective magnetic
fields in this system contribute to the conductivity, which is topologically
invariant. Anomalous Hall effects (AHE) are introduced and their topological
versions are studied in both momentum and local space. Spin torque induced by
the effects of spin orbit coupling will be discussed using gauge theory. Lastly,
mathematical properties such as the Dirac string and magnetic monopole are
presented and their physical contribution to the effective magnetic fields is
discussed.

Key words: topology, gauge theory, topological insulators, anomalous Hall
effects, Dirac string, monopole, Berry’s phase, Berry’s curvature.

7.1 Introduction to gauge physics in nanoelectronics

The physics of symmetry and gauge field has traditionally been an integral part of
quantum field theory written mainly for high energy physics. The use of gauge
theory in condensed matter physics was largely related to superconductivity and
quantum Hall effects. In recent times, gauge theoretic methods have become
popular in the various fields of nanoelectronics, where curvature of gauge potential
and Berry’s phase have been related to the physics of electron dynamics in these
systems. One example is the spin Hall effects (SHE),' where gauge potential
related to spin Hall conductivity can be found. In Chapter 5 we discussed SHE in
the Rashba two-dimensional electron gas (2DEG) system, and one of the ways to
obtain the universal conductivity is via gauge potential in energy space.

In this chapter we give a pedagogical introduction of the mathematics and
physics of gauge theoretic applications in nanoscale electronic systems, e.g.
spintronics, graphene, magnetic and topological insulator systems. We discuss in
particular the application to one important aspect of spintronics, namely the
phenomenon of spin transfer torque,> which is under intense research for the
technology of current-induced magnetization switching, so-called CIMS. We also
discuss the topological Hall effect or conductivity in magnetic systems, where
micromagnetic studies of magnetization configurations have improved the design
of magnetic media and read-heads for recording purposes.

We begin our discussion with the time-reversal symmetric system where:

THT '=H [7.1]

243
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where T is the anti-unitary time-reverse operator that satisfies TPT~! = —P, TST™!
=—S, TOT ! = O, where P, S, O are the momentum, spin and position operator,
respectively. One notable example is the Rashba spin orbit coupling (SOC)
system” in semiconductor or metal spintronics, and topological insulators. SOC
has direct implication to the spin and the momentum dynamics of electrons:

H, =g0-(pxE) [7.2]

where o is the Pauli matrix, p is the momentum operator and g is the SOC strength.
In fact, SOC is highly relevant to spintronics, ranging from the well-known
anisotropic magnetoresistance, the anisotropy energy of local moment density, the
keenly studied spin Hall and spin current in semiconductor spintronics, to more
subtle implications like spin torque, spin dynamics, spin oscillations and
zitterbewegung. An SOC system can be viewed as one with an effective Zeeman
magnetic () field which varies in the momentum (K) space, e.g. the momentum
dependent b field of the above is b = a(p % E), which is perpendicular to the plane
containing both p and E. One can thus draw an analogy between an SOC system
and one with locally varying b fields. The conduction electron experiences the
varying b field in real (R) space.

Let us imagine that electron spin evolves and aligns adiabatically to the b field
in their respective K or R spaces. Under the theoretical framework of gauge and
symmetry,>¢ the two systems will be analogous in that electron spin evolving
adiabatically ‘sees’ the gauge potential of a magnetic monopole. In fact the
magnetic monopole is the curvature (Q) of this gauge potential in the magnetic
(B) space. In other words, one can now disregard the Zeeman b field and imagine
that the electron feels only the impact of the monopole magnetic field. In simple
language, electrons traveling in these systems experience forces due to the
monopole magnetic field. It is, however, not physically obvious how gauge
curvature in B space is related to the dynamics of electrons. For better physical
illustration, it might be necessary to transform the B space curvature to one in the
more useful spaces of K or R under which equations of motion’® can be constructed
to describe the electron’s orbital dynamics.

The monopole field can be viewed as a mathematical object that can lead to
instructive description of the electron motion.”"!' Here we present a thorough
description of the Dirac gauge potential arising from spinor dynamics (fast
alignment with b fields) in the strong field (adiabatic) limit. A strong Zeeman
effect in momentum space manifests in SOC systems (e.g. semiconductor
spintronics, topological insulators) in which gauge curvature in K space will be
derived. In local micromagnetic systems, which have been studied intensively in
the magnetic media for hard disk drives, or domain wall spintronics, one needs
instead to investigate the gauge curvature in real spaces. A similar system, which
resembles the SOC, is the special carbon system of monolayer and bilayer
graphene. But the spinor of carriers in these systems does not represent the spin
state of conducting carriers in the carbon system. Instead, the spinor describes the
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pseudospin which consists of a linear combination of waves due to different
sub-lattice sites.

7.2 Magnetic field in magnetic (B) space - monopole

In a nanoscale electronic system with spinor eigenstates, the adiabatic change
of an eigenstate (e.g. spin or pseudospin in graphene) in parameter space (e.g.
b field) gives rise to a geometric phase also known as Berry’s phase.'>!3 By
symmetry, the Hamiltonian will be modified by a set of gauge potentials which are
Abelian by nature:

N

N h N a¢ 7 3
— - .
A = (1 COSO ) [ ]

where N indicates the type of space and # is the parameter in N space. In Eq. 7.3,
the spin eigenstate at any point in time shares the same spherical coordinates
(6, ¢) as those of the parameters (e.g. n). In the event where the parameter is
oriented differently than the evolving state (e.g. spin is perpendicular to the
parameter of momentum in the SOC at any one time), transformation would be
required to find the gauge field in the momentum space. Explicitly, Eq. 7.3 is:

n 99 09
= ( )(an “an, ] [7.4]

To understand the origin of the geometric phase in an adiabatic spinor system, we
first examine the evolution of an eigenstate from initial to final state as described
by the path integral of spatial propagators as below:

V) = [ GO0 Y, )y, [7.5]

where G(x,,, .|, X,t,) is the propagator between times #, and ¢. The propagator in
explicit spatial terms is:

GOyt %e) = [ (35,0 [0t ), )M, UG, )
...<x1 ‘U(tto)|x0>dxldx2 oo dx [7.6]
m 2h[r A\/ 7|]2A' *%A’ _ m .
where <xn |U(t”t”71) X, 1> AL e’ = ZnihAty”’l is the

propagator between two spatial points. Substituting this into Eq. 7.6 yields:

n+l

m 3 iS()
‘V(xn+1”,,+1):j (27rihAt] e dx ..dx |y(xt,)dx, [7.7a]

n+l

2

m
w(x,, t,.,)= j [mﬂmt] [7, ¥, dx, oy, |y (x,t,)dx, [7.7b]
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iS(1)
where  the infinitesimal  propagators are Y, ....Y,=e’ and

2
S=i Jg %(%j =V (x,) dt is the action of the system characterizing a spatial

n+l

n+l
] " has dimension of (%J , which cancels that

2mihAt
due to the volume element dx, ... dx,dx,. The infinitesimal propagator of

/ m _ <x
27rihAty" ™

spatial point at £ = ¢, to another at#=1¢_; the subscripts 0,1,2, . .. n,n + 1 are time
stamps. The strength of this probability is higher if x  is closerto x .
The above is a general description. In a dynamic spinor system which evolves

with the changing & fields, the infinitesimal propagator corresponding to

\/%yn = <x,7+1 U(tn+ltn)|x"> is:
C)/” _ <Z”+1 e z”> = <Z,7+1 z

where n and n + 1 correspond to interval ¢ and ¢ + dt, respectively; b = bri and 7 is
the unit vector of the b field. In Eq. 7.8, use has been made of the approximation:

<z”+l zn> =1-z' <zn+] - zn> ~1-z" 9 z 6t = PR [7.9]

n+l n+l "t
where propagation from |z,) to |z, ) depends on whether |z,) is parallel or
anti-parallel to the b field. Letting 7i. 6 = g,, one could deduce that g |z ) = +|z, ) for
|z,) parallel/anti-parallel to b 7i; note that the direction of spin state |z,) is (z,, | & |z,)
= 7. It can be deduced simply by inspection that the action of the system due to
spinor evolution would be:

T
S =FubT + ih jo (z,0
Neglecting the dynamic phase of ubT and expanding the action leads to:

o 9 h ¢
=+ — T =4+ - —_— . 7.11
S 2J0(1 cos 0) = - dr 2j(l cos6) 5 ~.db [7.11]

One can derive the above taking different representation of the spin state. It is
worth noting that, depending on |z ), the respective expressions for the gauge
potential in fact correspond to the north and south versions of the potential which
we discuss later. For any one |z,) chosen, the sign + corresponds respectively to
the parallel/anti-parallel spin alignment with the Zeeman field as the spin evolves
in time. Here, (6, ¢) is understood to be (6,, ¢,). Table 7.1 summarizes the
descriptions.

propagation. Note that (

U (tnﬂtn)|x”> represents the probability of moving from one

i i i
L y _LStub 1 L5t ub
h&ubo’ > h&u h —s12%a, +h61y>

[7.8]

n

af

zn(t)> dt. [7.10]

The term g(l—cos 0) g—ﬁ is a gauge potential defined on the S, manifold as a

regular expression except at @ = 7. One can thus see that the gauge field in B space
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Table 7.1 Gauge potentials appear differently depending on the choice
of the eigenstate representation

Spin states Gauge potential i(z, (1) | 9,| z, (1))
T 1
1. z >:(cosg singe"”] —5(1—cose)ar¢
n 2 2
0 i ! )
2. zn>:(cos—e”"”sin—i 5(1+cose) @
2 2

for any system under consideration is related to its Berry’s phase. One could have
also seen by now that taking a curvature of the gauge potential does not produce a
regular quantity that can be defined everywhere on a S, manifold parameterized by
(7, 6, ¢). In fact it has a singularity on the —z axis (see Appendix 7.A).

This problem can be resolved!*!> by conceiving that the gauge over the S,
should be represented by at least two different expressions. Each expression
covers all parts of the manifold except its own singularity. We define a north/south
expression, which covers all parts of the manifold except the south/north poles.
The overlap between the two expressions is the area where transition from one
expression to the other must be carried out if one intends to cover the entire
manifold with the two expressions. Thus, the total flux § (V, x 4%).dS cutting
through the manifold can be derived using these two expressions. These fluxes
can be regarded to have radiated from a monopole charge.

In summary, what has been described above is that the spinor dynamic in B
space under the adiabatic approximation has generated a Dirac potential. The
curvature of this gauge potential is consequently a Dirac monopole magnetic

99

field. We now focus on +§(1—cos6)—, which arises due to the spin

ob

assuming only the lower energy eigenstate of the magnetic fields. Let us begin

with a two-dimensional (2D) surface defined by the b field. In the adiabatic
approximation, the spin aligns closely with b, and the spin and b thus share
the same spherical coordinates, i.e. (0, ¢) = (05, ¢5). The gauge potential in B
space is:

0s6, )% [7.12a]

9% _1

ob 2

and in the momentum space, (6, ¢,) # (O, @), the gauge potential in K space is:
1 0. 1 ¢ db ob

A" =—(1-cosf )—2=—(1-cos@ ) —>—r= 4" —+,
Um0 g =3 g =

A pictorial description of this relationship is shown in Fig. 7.1, where the subscript
‘s’ indicates the spin spherical coordinates.

A° =%(1—cos@s) % L

[7.12b]
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7.1 Gauge potential in B and K spaces arising due to fast assumption
of spinor eigenstates as the Hamiltonian evolves.

In general, a gauge potential in N space can be converted to an arbitrary L
space by:
)
A= (1 cos0) 205 91 _ 4y 91
o 2e ‘" on dl, dl,

We have seen earlier that Eq. 7.11 is a result of adiabatic evolution of a spin up
particle tracking the b field. Alternatively, one could start with a Hamiltonian as
below:

[7.13]

2

H= ;’—m +g0.b(k)+V(r) [7.14]
where g is the SOC strength, b(k) is the momentum-dependent spin orbit magnetic
field, and V(r) is the potential energy. In the presence of an external electric field
E, we have V(r) = —eE.r. One can diagonalize the expression above with respect
to b(k) by parameterizing the SOC field in terms of the spherical angles, i.c.
b = b(sinf cosg, sinf sing, cosd), where 6 and ¢ are understood to be spherical
coordinates of the b field. Diagonalization is achieved through the rotation matrix
U(k) where:

o6 .6 .,
COSE Sll’lEe
U= =c-m. [7.15]

¢ _—cos—

2

The gauge potential resulting from the above is a 2 X 2 matrix which can be
written generally as ./[”(k) = (m % 8#m)'0' = Aﬂ-o- where A” is the scalar gauge

.0
sin—e
2

. 6 . 0 . 6
potential and m:[smzcosq), smEsmq), COSEJ. The Hamiltonian under the

rotated frame of reference is:
2
H'=U*HU=;L+go,b—eE.(r+iU*akU) [7.16]
m z
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where ./I”(k) = —iU'0,U is the 2 x 2 gauge potential, which is also commonly
known as the special unitary group of degree 2 (SU(2)) gauge field in momentum
space. The term H .= yo-b(k) can be written as go,b.

Performing the unitary transformation in the manner U'yo U = yU'Us U'U b
results in Hg, .= g 0.b. In fact in a general form, one can view the SU(2) gauge in
an arbitrary space of u. In the example above, u is the momentum:

_ —i9
;1=c0s6) COSQ)a#q) ~i%—(sin6 3 p+id 6)
e 2 - . [7.17a]
—iez (sin6 3, 9id 6) —i(_zﬁay

In the usual adiabatic approximation, one considers only the diagonal terms of the
matrix, decoupling the spin up and down effects. The top left diagonal term is
associated with the anomalous velocity for the spin up while the bottom right
diagonal term for the spin down electron:

l,(l—c2059) 3“(1) 0
0.4, = . 0 . [7.17b]
0 _ima 0
2 u

The SU(2) gauge can thus be reduced to two versions of Abelian U(1) gauge
potential, or the scalar potential:

—d,fsing—sin6 cosg d ¢
d,0cosp—sin@singd ¢ | [7.18]
(l—cose)auq)

=
N | —

The gauge potential is also known as the connection. The curvature of this
connection is the Berry curvature. The curvature is gauge invariant and acts like a
magnetic field. It could thus give rise to the modified equations of motion for the

electrons. One can thus generalize that a U(1) gauge potential in L spacee.g. A" ng

u
constitutes the top left diagonal term of Ud U' where U is the unitary matrix
which rotates the laboratory axis to a n field where spin is considered to be aligned

to the field in the adiabatic limit. The above can be summarized by

AN a_": diag[UayU*]: A" 9 n’, where it is common to write 4%, == A(0)

"ol e H "
6¢/6nv!: which is also the gauge potential in N space.
One of the reasons it is legitimate to ask if the Dirac gauge potential in B space
has any physical implication to a particle which experiences its presence could be
because the Dirac potential is not well-defined everywhere (e.g. at & = x) and its
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surface integral is vanishing as a consequence. This suggests that the Dirac
potential derived through the path integral approach might be mathematically
inadequate to represent the monopole field. To make physical sense of this gauge
potential, the region described with d(x)d(y)6(—z), which resembles a string, must
be avoided. This region is also known as the Dirac string. One needs to find ways
to cover the manifold completely, but avoiding the string if one wants to obtain a
curvature that resembles a physical magnetic field. This is the method first
espoused by T.T. Wu and C. N. Yang.'* One can thus view the Wu-Yang treatment
as having reasonably affirmed that the monopole field can be regarded as a
physical magnetic field. It is hence reasonable to accept that the monopole field
influences the dynamics of charged particle, e.g. the electrons in the same way
that the externally applied magnetic field causes their motion.
The curvature of the gauge potential in B space can be expressed as:

QB a B

K = abﬂ v 8/,1\11(

[7.19]

where x4, v, k are the three space-like dimensions with summation over double
indices implied by Einstein’s convention. Noting the explicit form of A5, and
setting /i/2¢ to 1, one obtains:

b | ¢ o b |d¢
Q' =||1-= | === |= . 7.20
. [ b Jabﬂab\, [abﬂ b ]ab‘,]em [7.20]
For clarity, the z component of the curvature can be deduced directly to be:
bl o o d b oo 0 b | do
Q' =l-Z || —,— |- | =—Z | +| —= | =—. 21
: b]{ab\_’aby]q’ [abx bjaber[aby b]BbX 721

The monopole field has been expressed explicitly as a function of the Zeeman b
field. In the SU(2) system, it is normally straightforward to deduce an effective
Zeeman b field from the Hamiltonian. The Zeeman b field is related to the energy
which forms the generator of time translations for the spinor part of the
wavefunction. To derive the curvature in B space explicitly, we note that cosd =
b/b and tan¢g = by/bx; restoring 7i/2e, the curvature reveals their monopole
signatures:

QB_hbv B_hby B_hb-

=, =, et 7.22
Y 2e b’ Y 2e b’ P 2e b’ [ ]

Note that in the above expressions, the Dirac string has been deliberately ignored;
more discussion of the Dirac string is found in Appendix 7.A. One could easily
check that, had the above derivation been carried out in real space (i.e. replacing
b with r), the expressions of Eq. 7.22 would have the dimension of the magnetic
fields. However, in application this is only possible for the specific case of spin
aligning with 7, i.e. spin aligned to the » coordinates with respect to the spherical
center. One way of achieving this is by means of technology whereby one creates
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local magnetic fields or moments with orientations in B space that overlaps the r
coordinates in R space, i.e. b = cr where c is a constant. On the other hand there
are many natural systems which provide a Zeeman b field in the momentum space,
e.g. in the SOC systems of semiconductors and topological insulators, as well as
the pseudospin or valley spin systems of graphene.

7.3 Magnetic field in momentum (K) space -
spintronics, graphene, topological insulators

Above, we have shown the path integral derivation of the gauge potential and its
monopole in the B space. As mentioned earlier, the curvature in B space is not
useful for heuristically elucidating the motion of a particle which ‘sees’ these
fields. In nature, there exist many systems that provide the mimic of Zeeman b
fields, and these fields normally depend on the momentum. It is of interest indeed
to find a curvature in the K space, which would be more useful for deriving the
equation of motion and hence for elucidating qualitatively and visually the
dynamics of electrons which ‘see’ these fields. The SOC systems, which have
been known to exist in atomic physics (hyperfine interaction), semiconductors,
metals and topological insulators, are the most conspicuous systems that provide
such k-dependent Zeeman fields. The SOC effect manifests in the bandstructure,
lifting the degeneracy of valence electrons at momentum other than zero. Other
analogy of b(k) systems include carbon-based systems such as monolayer and
bilayer graphene, and superconducting systems. In the non-relativistic limit:

5 .
p hie ihe
P o G-(px E)+ E-ply=cy. 7.23
[Zm 4 4m’c? (px E) 4m’c? P]ll/ v [7.23]

In SOC, graphene or superconducting systems, the parameters of interest lie in the

K space. To find the Dirac gauge potential in K space, one merely needs the Zeeman

field as a function of momentum. Space conversion for the gauge potential is

straightforward, but that for the monopole field is slightly more complex. But we

show below that, to transform the monopole field in B space to a gauge curvature in

K space, one merely needs b(k). Looking at the z component of the curvature only:
Ao

© T ok, ok,

[7.24]

. b . . . .
Using 4 5 =A" '887’ it is straightforward to obtain:

d ob J ob ob ob ob ob
Qf = —| A% — |——| A*— |=| — 9, || A®*.— || —. A% —| [7.25
e a2 i) v

which can be re-expressed in:

of db, 94, db, [ 9, 04, 0b, yr b, d’b, _0b, d’b,
“\ ok, 9b,ok, Ok, 3bdk,

ok, db, ok,

ok, b, ok,

z

]. [7.26]
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The last term written in Af
general:

A AL P
ak‘ak‘ ak‘ak‘ clearly vanisnes as [ s y] = in

b, b, |k ok, b, Ok, Ok,

Using the identity (,0,-0,0.) = ¢,,¢,, Where ¢, is the fully anti-symmetric
iy i ik v ij
tensor and 51,/1 is the Kronecker delta, one obtains the z component of the curvature

in K space:

K ob
o= (ab" —“]%k. [7.28]

=—2E. | —
* ob, | ok, ok,

Likewise, the other components of this curvature field can be derived and
expressed in the more familiar vector calculus form:

b (ab_ b
Qf=— | T
© Ok, ok,

or_b (b b

aAK K ab K ab
Qf =[ - —aijai—# = A, (51;16/\: _5:\:5_/#)[ e _#] [7.27]

e
i b [ o
© b\ ok, Ok, [7.29]
04~ b, )
where abl g, =——. It has thus been shown that the curvature in K space can be

J
developed by substituting the Zeeman b field into Eq. 7.29.
When the spin of a particle inscribes a path on Sé, the gauge potential an

electron carrying that spin ‘sees’ at every point on the path is 4% = 21(1 —coses)
e

N
%lb' This potential is directly related to the change of the spin angles with the
change of the magnetic field over the manifold. Under the theory of adiabatic
alignment, the spin angles coincide identically with the magnetic field angles,

99"

resulting in 4% = 2—(1 —cos6” )E Likewise, if one were to perform the same
e
over the momentum manifold, i.e. when the electron inscribes a path on S,z(, the

N
potential the electron ‘sees’ would be 4% = ;(1 —cos8°® )aaik This gauge
e
potential is clearly not equivalent to 42. What one has is:
99"
ok
One can simplify the above descriptions by considering that an electron ‘sees’ 4%
or AX depending on the type of parameter variation that is being considered. It is

A ¢£(1—c056’<) [7.30]
2e
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worth cautioning that while V, x 4% is a monopole field, V. x A% is not generally
a monopole field.

Exercise 7.1

Show that for b = ck, or b = cr, one does not need to perform conversion

R r
w55 Qe
k r

and that the monopole fields will, respectively, be Q o

Solution

When b = ck or b = cr is obeyed, the spin will share the same polar

coordinates with k or r. P .
h L) h o)

H LAY =—(1-cosO* JA® = —(1-cosf®)—/—.
ence 2e( ) ok 2e( ) or

Below, we study the various nanoelectronic fields where the curvature in K space
can now be viewed as the spin-dependent Lorentz magnetic fields. Table 7.2
summarizes the curvature fields for the cubic Dresselhaus, the linear Dresselhaus,
the Perel-modified Dresselhaus, the linear Rashba and Dresselhaus in quantum
well systems, the monolayer Weyl system of massless Dirac fermions in graphene,
and topological insulators. First the SOC effects and their corresponding effective
b fields are presented. These effective Zeeman b fields can be derived by

considering the first of /= u b= jg’_h b where u,, is the Bohr magneton which has
m

the SI unit of a joule/tesla; note that u, is also equivalent to /4 where [ is a
circulating current and A4 is the area enclosed by the circulating current. The last
column of Table 7.2 summarizes the gauge curvature arising in these various
condensed matter or device channel systems. Heuristically, the curvature denoted
by Q can be regarded as a type of Lorentz magnetic field that provides Lorentz
forces to bend electron path. These Lorentz magnetic fields can be derived from
the effective Zeeman fields denoted by in Table 7.2.

The fact that the force experienced by the spin up/down particle is opposite in
directions arising due to =(V x 4) provides the physical picture of spin transverse
separation. However, more rigorous quantification of such separation, or the Hall
conductivity, is related to the Berry’s phase which can be interpreted as a
summation of the Lorentz forces over all electron momenta. The Berry’s phase in
K space, which has important relevance to electron transport, can be derived from

o= %JA .dk= % [ (V x A) . d?k, where it is worth noting that (V x A4) can be

viewed as the magnetic field that the electron ‘feels’.
It is not the focus of this paper to conduct an extended analysis of the Berry’s
phase of all systems. But in view of the modern trend of quantifying system
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Table 7.2 Various SOC and other spinor systems, their Hamiltonian, relativistic
effective fields and corresponding K space monopole curvature

Spin orbit Hamiltonian and effective Q is the curvature field in K space
coupling type b field

(material

system)

Semiconductor systems with linear SOC (GaAs, GaSb, InAs, InSb, GalnAs, GalnSb)

Linear H=np(ok, - oyky) " 0
Dresselhaus k. Q-+ 771 0
p=To —k &%(k)
Hg Y
0
Linear Rashba H=n, (oxky - oykx) . 0
K Q=2 ?" 0
p_'lo _/: 52(k)
s OX
Graphene systems
Monolayer H=A(ok, + oyky) " 0
graphene B Q= LIS
(massless A x e 52(K)
Weyl) b=— k,
(one valley He 0
only)
Bilayer h? K2+ K2 K2 —k? 0
graphene H= om g oy—zi inﬁZn 0
(one valley e )
only) k2 — k2 5°(k)
b=3 2k k
L M i’
Graphene with H ="fv, (k,0, + k,0,) + B0, TH’v?B,
sub-lattice - s 22 2,272
asymmetry hvek, Z[Bz +hvek :I
b=| thv.k, T = % is the sign representing valley

B K/K

z

Semiconductor systems with cubic SOC

Dresselhaus  py_ nDC( ok, [kf _kf])+c.p.

cubic (k2 -k )(k2-K2)(k2-KZ) | "

(bulk 111-V) k [kz_k2] Q= 2eb? 4
n X y z kz
b=\ k [k2-k2]
Hg
ke [k k2]
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Dresselhaus 41— (- g k ¢ +a,k K Kk
(high kinetic, +h 2Ky
2 2 _ =T 2 2 4
Perel) +0,k, |:kx_ky:|) Q= 2eb’ (ky_kX) kzky
—k k? kzs
b =" kK
Hg 2 2
k[ K-k ]
Topological insulators
Three- H=-fvdko, -ko)+ th*vEio-yk?)
dimensional (o = ykz)('JZ = 2Al—yk?Y +f‘izvf_k2]m
surface
topological ~hv.k,
insulators b= fhv.k,
(e—y k?)
Optics
Optical Py Q:cl
Magnus effect H= 2(p m(r)-Q oX
p,p, _ c= ¥ is the sign representing
A== . PP ,0| right/left circular polarization

plei+p;) plei+p])

conductivity using the Berry’s phase, we merely provide its derivations for
common systems only, i.e. lincar Rashba, linear Dresselhaus, monolayer and
bilayer graphene. To derive the Dirac potential for these systems in the intended

space of K, one needs to recall that A: = ;(l —Cos 9)§T¢. To derive A: for the
e
u
systems, one would thus need the effective magnetic fields of each system and

keep in mind that in the B space, cosf = b_/b, tan ¢ = by/bx. To obtain the Berry’s
(pk, gk, 0)", which is the

phase, one can then examine the gauge of A== Y
e

gauge potential at § =7/2, i.e. in the plane of the K space two-dimensional system.

In monolayer graphene with sub-lattice asymmetry, B (— B,) is the strength of
the electrostatic energy at sub-lattice A(B). It can also be treated like a vertical
magnetic field acting on the pseudospin of the graphene. Because the effective
magnetic field of this graphene system contains an explicitly valley-dependent
constant 7, a valley Hall effect could be deduced from the valley-dependent
curvature. Careful examination of the curvature shows that, in the limit that
B_vanishes, the delta function curvature of monolayer graphene can be recovered
but with an explicit z constant. Considering just one valley, the normal pseudospin
Hall effect for monolayer graphene can be recovered.

In the optical Magnus system, p is the momentum of photon, while n(r) is the
spatially varying refractive index and Qij =pp; is a 3 x 3 matrix in the spin-1
space. In geometric optics, light propagation in a spatially inhomogeneous
medium is governed, to a good approximation, by the Hamiltonian in Table 7.2.
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Table 7.3 Various SOC systems, their gauge and corresponding Berry’s phase

Spin orbit coupling type Gauge @ is the Berry's phase
(material system)
Linear Dresselhaus P nm
h y
A=+ _
2ek’ k,
0
Linear Rashba —k nm
ﬁ y
=t——| &k
2ek? x
0
Massless Weyl K nm
(monolayer graphene) h 4
A=+ k
2ek? x
0
Massive Dirac (bilayer ok 2nn
graphene) h 4
A=tae| 2.
0
Combined linear Rashba 1 5
and Dresselhaus iE(a -89 - g -
| o~ 7|

A=
(02+ B2 20Bsin 2p)k> L

Note: ¢= %J A.dk = cﬁSF[V x A(e - %ﬂ d’k.

This model remains remarkably valid for wavelength of light much smaller than
the length scales of the spatial inhomogeneity.

Exercise 7.2

Consider a system in an eigenstate adiabatically transported around a
closed path in phase space. The eigenstate returns to its original state
with an additional dynamic phase, and a geometrical phase. For a 2D
system, the Berry’s phase can be derived with:

T
7,=§. A(G— Ej.dk

where C represents a closed path. Derive the results inTable 7.3.

Exercise 7.3

Berry’'s phase can be represented by a solid angle Q traced out as a
closed path by the spin vector of an electron. Note that in the adiabatic
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regime, an electron will align its spin to the magnetic field it experiences.
That is to say, for an electron in a changing magnetic field (or an electron
moving through micromagnetic patterns), the spin aligns to the changing
magnetic field such that a closed path in parameter space is traced out
and it acquires a Berry's phase.

d. 1ad . 1 J .

1) With V. =—a,+——ap+ —ag,
) With ¥, = 536 b0 99"

show that the gauge
potential is:

A=(z

v Z”>_.1—cos9A 1+cos0 .

=i——a, —i——a
2bsin 6 2bsin
(2) The curvature of this gauge potential is:
Q=V,x <zn \%

(3) Show, using Stoke’s theorem of y, = icﬁA .db= iCﬁVB X A.dS,, and the
relation S, = b*dQ @y, that the geometric phase is a function of the solid

¢

n B

B 2

2,)=

1
angley, = —EQ. Note that Q denotes the solid angle, not gauge curvature.

Solution
1—cos6 .

- a¢ (
2bsin O

1+cosO .
- a;.
2bsin O

Use

.
z >= cosg singe‘“’ to obtain i
n 2 2

0 ., . 0) y
or|zn = cosEe smE to obtain —i

We have introduced a general approach which allows the derivation of the
monopole field of a specific system in the B space using the Dirac gauge potential
defined in the same B space. But the physical significance of the curvature fields
depends on the space in which the curvature is taken. The usefulness of the general
approach is that it provides a unified underlying picture for the curvature fields in
any arbitrary spaces (e.g. in K and R) under a common origin, i.e. the Dirac gauge
potential and its monopole field in B space. One merely requires an effective b
field of the form & . b in the Hamiltonian of a specific system. The gauge curvature
can be derived in any space outside the B space.

The surface integral of the curvature yields a non-vanishing quantized value,
which is invariant under deformation of the surface of integration. The surface
integral is hence a topological object. In the context of Dirac monopole, this is
associated with the quantization of the electric charge. In SOC or graphene
systems, this quantity is associated with quantized magnetic flux or the Berry’s
phase. It therefore becomes clear that the existence of K space gauge curvature
(Lorentz magnetic field) can be related heuristically to particle trajectory, and in
the case of SOC system, spin-dependent separation of charges would be resulted
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from the spin-dependent curvature fields in K space. The summary in Table 7.2
provides a unifying picture for the physics of particle motion in various systems.

7.4 Introduction to anomalous Hall effects (AHE)

AHE was observed shortly after the discovery of the classical Hall effect in 1879.
In fact, it was found that the Hall resistivity in ferromagnetic materials behaves
differently than in paramagnetic and diamagnetic substances. While the transverse
Hall voltage in paramagnetic and diamagnetic substances is directly proportional
to the b field, the Hall voltages in ferromagnetic materials were found to deviate
from this proportion at external magnetic fields, causing the magnetization of the
material to saturate.'® This anomaly is evidence that the resistivity also depends
significantly on the magnetization of the material. The expression for transverse
resistivity p,, in a ferromagnetic material is expressed as a function of both the
magnetic induction and the magnetization of the material. The ordinary Hall
resistivity is always proportional to the b field, and the magnetization dependence
is taken to be linear in M to a first approximation. Hence we have:

p, =R, b+4nR M [7.31]

where b is the applied magnetic field, M is the magnetization of the material, R,
is the ordinary Hall coefficient and R, is the anomalous Hall coefficient. AHE
requires the presence of non-coplanar local moments. While classical charge Hall
causes charge separation, SHE causes both charge and spin separation (Fig. 7.2).
It can thus be viewed as a combined presence of both charge and spin Hall.

The origins of AHE have yet to be fully explained. Many models have been
proposed in the literature. In 1954, Karplus and Luttinger'” offered an explanation
based on the bandstructure and spin orbit interaction. The theory is based on skew
scattering where electrons of different spins are deflected differently to the right
and left. The other mechanism given by Berger et al.'® is based on the side jumping

b field

Classical Hall Anomalous Hall

72 The classical Hall effect is a charge Hall effect which builds up
transverse charge accumulation. The anomalous Hall effect is a
combination of charge and spin Hall which builds up transverse charge
and spin accumulation.
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of the electron’s trajectory close to the scattering center. In the engineering
community it is crudely accepted that at low resistivity (e.g. at low temperature in
pure metals), the dominant effect is skew scattering. In disordered alloys where
resistivity is large, the dominant mechanism is side jumping. AHE can be detected
at room temperature. In fact, there has been intense research recently on utilizing
AHE for sensing magnetic fields. In the engineering community, AHE is also
known as the extraordinary Hall effect (EHE).!” It has been reported that EHE
shows high Hall resistance.

Large Hall resistivity could generate high Hall voltage for a fixed current
density for useful device application. Current density is limited by the damaging
effect of electromigration to not more than j = 107 A cm™!. But in devices, the
applied longitudinal voltage is normally fixed (e.g. to 1 V). Since the same current
density is shared by the longitudinal and the Hall arms, a large Hall angle pxy/pxx
would be most favorable. It is somewhat unfortunate that most materials tested so
far could not deliver the simultaneous need for high Hall resistivity and Hall
angle. For example, material 4 in Table 7.4 shows high Hall resistivity but low
Hall angle. To keep the longitudinal voltage to 1 V, a small current is used and this
results in low Hall voltage as well. As recently as 2002, Onoda and Nagaosa?’
approached the problem of AHE or EHE with gauge theoretic physics. On the
other hand, there have been studies of topological AHE by the same group and
others.

Table 7.4 Material systems with Hall and longitudinal resistivity

Material system Py (uQcm) p,, (WQcm) Hallangle 6, = Piy/Prx
1. Co/Au, Co/Pt, Co/Cu, Co/Pd 1 41 2.3%
. MgO/FePt(10 nm)/Pt(1.5 nm) 39 1.5%
3. MgO/Cr (3 nm)/Pt (60 nm)/ 30 1%
FePt (40 nm)/Pt (2 nm)
4.  Composite materials (e.g. 200 0.1%
Ni:SiO,, Co:SiO,,
CoFe:Al,0,)

7.5 Topological anomalous Hall effects

We now consider a system where the effective Zeeman b field is infinitely strong,
whether it is in the momentum space or the real space. In this strong field limit,
electron spin relaxes to the field. The alignment of the electron spin to the local
field means that the electron assumes the low-energy spin eigenstate of the system,
with no admixture from the other spin eigenstate. Such AHE systems correspond
to material with an intrinsic spin orbit and exchange energy (magnetic moment)
bandstructure. One can take the spin to align along the vector sum of the spin orbit
and the exchange magnetic field in momentum space, and derive (4,, €,) as
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described earlier. If one is interested in the local space effect, one aligns the spin
to local moment in real space and derives (4,, £2,). In the momentum space, the
Kubo conductivity is used; in real space, the semiclassical conductivity is used.
It would be interesting to understand how the two conductivities are related or
whether they provide overlapping information. It is, at least, clear that in the event
of real space analysis, under specific moment configuration, real space conductivity
vanishes. But momentum space conductivity continues to exist. Under this particular
circumstance, one may surmise that the two conductivities may not be the same.

7.5.1 Topological anomalous Hall effects
(momentum space)

Previous sections deal with the gauge physics underlying the magnetic fields in
the B and K spaces. Tabulated summaries of the gauge curvature and associated
Berry’s phase for different nanoelectronic systems are also given. It becomes
clear that magnetic fields in K space could be related to electron dynamics via the
anomalous velocity method, which is a form of Lorentz force picture in the
momentum space. However, falling short of deriving the full expression for
conductivity, electron dynamic remains unquantified. It is also not physically
clear why the electron dynamic is topological in nature.
Answers to these questions lie in the Kubo Hall conductivity given by:

o, =[[Q.(f,- 1) adk, dk, [7.32]

where f(k) is the occupation function for band +. Since [ [ Q_dk_ dk,,is a topological
invariant, one can deduce that in 2D systems, conductivity will be topological in
the energy region where f, — /= C and C'is a constant. Thus in bulk insulator with
a bandgap, topological conductivity can be derived in the gap where (f, —f) — 1.
In the following, we discuss the derivation of the conductivity which has the
physical significance of, upon summing over momentum, the vertical effective
magnetic field bending the transverse trajectory of electron in a 2D planar system.
The general expression for Kubo conductivity in an equilibrium system is:

o, = lE;lmoéQg,(iqm — E+in) [7.33]
where:
0,Gq,)= ALB Tr[J (k)G (k,ik, +ig,)J (K)G(kik,)]
2]
=— Tr X
AB4& |\ ik +ig —E,_ )\ ik, —E,
1 a(k) 1 .
Aﬂ k’”"‘”[(ikn - (Eks - iqm))(ikn - Ek,)] Aﬁ k,n,s',t[g(l n) ] [7 34]
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and Qxy(iqm) is also known as the Matsubara sum, where ig, is the Matsubara
bosonic frequency, ik, the fermionic frequency and A is the area. Note that

o(k) = Tr{Jx (k)J, (k)%(] +s0'-b)%(] +t0'-b)}.

Exercise 7.4
Show that for a Hamiltonian system which sees a K space magnetic field
as given by H=E(k) + g 6.b(k), the Green’s function is:
I+0-b + I-0-b
iIE-E  iE-E

oukm -3

where g is the strength of the Zeeman field b, and £, =E, + g, E_ = E, — g.

With the Green’s function expressed in terms of the Matsubara discrete frequencies,
the Matsubara sum can be performed with the prescriptions of:

| o1
S= A—'B;m[g(zkn)] =~ %Res [g(z)] f(z)) [7.35]

where z; are poles of g(ik,) and Res [g(zj)] are residues at these poles; f'is the
distribution function of the electrons. The two poles for the functions are z, = £,
andz, = £, —iq,,.

Exercise 7.5

Find the residues at poles z, = E,, and z, = E, —ig,,.

Solution
| ok (k- E,) L ak
Res[g(z))]= {(ik,, ~(E, - iqm)) (ik — Em)L a (Ek, —-(E, - iqm))
_ o(k)
g, —E, +E,
Res[ (Z )] _ (X(k) (lkn - (Eks - iqm)) — Lk)
E15)I= (i, ~(E,—ig,)) Gk, E,) |~ (E,~iq,)~E,
__ —ouk)
- iqm - Elcx + Ekr
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With careful summation, one can show that:

o =lim--0 (ig, - E+i)=— a0 f)
T IRET A4 (T0 % (Es(k)—E,(k))

=i r(k) =i r(k) [7.36]
=—) ————— (- f)=— (=)
4 ;(E_(k)—a(k)) 4 ;4g b

where r(k)=TrJ (k)J, (k){%(l+ O'»b)%(l— o-b)- %(]—a.b)%(l+ o:b)}. Finally,

the Hall conductivity can be shown to be:

i 4

-1 ¢pb | 0b_ 0b
“5 1] E‘[a?xij(f- ),

=%jjgz(f_ ~ 1) dk, dk, [7.37]

noting that 4% = 1. It is also worth noting that Q_is the gauge curvature in momentum
space. The physical significance of the above would be clear if one refers to our
analysis in previous sections of how the gauge curvature arises in B space and its
conversion to K space. Here, with the use of Kubo formula, the momentum
space gauge curvature arises naturally, supporting the earlier prediction that gauge
curvature in momentum space is closely related to electron dynamics. With proper
choice of the Fermi surface, e.g. in the region where ( /_—f,) = 1, the Hall conductivity
above would be independent of small fluctuation in Fermi distribution, as well as
inhomogeneities in spin orbit constant and other material parameters. Such
conductivity is said to possess topological property. Topological conductivity has
great significance in nanoelectronics because the electric current and voltage of such
system will be stable against the device’s geometrical non-uniformity, inhomogeneous
film property due to mass fabrication tolerance and impurities scattering.

In Chapter 5 we deduced that in some systems the spin Hall conductivities are
universal constant. For example, the conductivity of a Rashba 2DEG and a Rashba
heavy hole system is not a function of any material parameter (e.g. size, film
property). Conductivity shows exact quantized values. The relation between the
methods used to derive the expressions in Table 7.5 may have a subtle relation to
the method described above. It is believed that, in the case of Rashba, SHE
conductivity is due to spin polarization of P, by a time-dependent field but not the
gauge curvature, as gauge curvature in a Rashba system vanishes except at the
origin in momentum space. Thus in the annular region, there is no contribution
from the gauge curvature.
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Table 75 SHE in semiconductor spintronics and their respective universal
conductivity

Semiconductor system  Spin Hall conductivity

1. Rashba 2DEG :_"€
%%~ g

2. Luttinger (p-doped bulk) e(Skf—kﬁ)
of(y: 12”2

(Note: ‘not universal’ because of its k. dependence; H
and L stand for heavy and light holes, respectively)

3. Cubic Dresselhaus ,  —ek.
(n-doped bulk) O™ Jon?
(Note: ‘not universal’ because of its k. dependence)
4. Rashba heavy holes .9
¥ 8n

7.5.2 Topological anomalous Hall effects (local space)

We have provided a rather extensive discussion on gauge potential, curvature and
Berry’s phase in momentum space for numerous systems, e.g. spintronics,
graphene, topological insulators. In the previous section, we showed the exact
quantification of the conductivity which shows universal values under some
conditions. In this section, we discuss a similar phenomenon but in real space.

One can reason that the Hall conductivity of the system is proportional to the
average magnetic field felt by electron traveling in the local magnetic systems
and thus:

o, = %HQ’; dx dy [7.38]

One starts to imagine that, unlike the momentum space system where distribution
of b(k) was predetermined by nature, in the local magnetic system it is possible to
engineer distribution of b(r) or (r). In full dimension, the curvature in a local

. . s —h . .
magnetic system is Q" = e n.(d nx d, n). One can write the Hall conductivity as
: PR ,

follows:

:%%”n.(@xnxavn) dx A dy [7.39a]
. :

o
xy
~1 7
o =0 [[n.(3.nx0, n)dr~ aw [7.39b]

where n = (sin  cos ¢, sin 8 sin ¢, cos ). Instead of the (x,y) coordinates, one uses
the (r,w) coordinates to track the magnetic moment where x = » sin w and y = r cos
w. On the other hand, (8, 9) are the spin coordinates of the local moment in spin or
magnetic space.
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Exercise 7.6

Show that:
(1) onx0n=nsin6(, 600, 0—0,00.0).
(2) (6.60,0—0, 609 dradw=dOAdg.

Thus the Hall conductivity is:

o, = 4ﬂ[ ijs1n9(898¢ 808¢)drAdw—4—( ]”smGdO d¢ [7.40]

The above shows that the Hall conductivity is topological in nature as it depends
only on the solid angle covered by the range of mapping n: R> — S2. It measures
the number of times the mapping wraps around the 2D unite sphere of S? as the
electron traverses the 2D local magnetic system.

7.6  Spin torque induced by spin orbit coupling

Spin transport theories, including the phenomenological continuity of spin flux as
well as microscopic approaches, have been developed to study CIMS and spin
torque oscillations in a variety of structures?!~2* ranging from ferromagnetic spin
valves and other nanostructures to Coulomb blockade transistors. This has led to
renewed interest in the dynamics of local moment beyond the conventional
Landau-Lifshitz—Gilbert (LLG) description. In this section, we describe
theoretically an additional source of spin torque and local spin oscillations due to
spin orbit coupling. Particular attention is given to Rashba spin orbit coupling
(RSOC), which is gaining prominence in non-magnetic metals® and ferromagnetic
metals,?® as well as rare earth materials.2” We show in this section that RSOC in
ferromagnetic materials may lead to a modified LLG equation which physically
leads to charge current induced spin transfer switching.283!

In this section, we make use of the spin orbital gauge deployed in Chapter 5 to
study SHE in Rashba 2DEG. In the presence of a local moment with smooth
spatial variation, a separate local gauge transformation is required to describe the
adiabatic alignment of electron spin along the moment texture. This transformation
process aligns reference spin axis to the local moment, resulting in the SOC

related gauge term of a U E. T UT and the chiral gauge of ~% Ua yt The
transformed Hamiltonian thus becomes

2
5, ( [ ih . egh | .
H=Y —|p,+elaUEce U -—UdU" || +=—0c|M [7.41]
m 2m H J UM u 4m -| -|

e

where in comparison to vacuum SOC, a simply takes on A 32x107s, In

me
the Rashba system, the material-dependent constant of {(aE) is determined from
the relation of e{aE) = m/ha,, where theoretical and experimental values of aj, for
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various material systems can be found in literatures. Note that superscript »
indicates the new reference frame. Physically, the ea UE ajewU‘L term describes
the momentum of an electron whose spin is aligned along the spin texture in the
presence of the relativistic magnetic field due to SOC. The last term containing
olJM] represents the Zeeman energy due to electron spin aligned along the local
magnetization in the rotated frame where the local magnetization is the z axis.
Alignment of spin to the local moment in the present of SOC in ferromagnetic

material with Rashba SOC is supported by experimental measurements.?® Note

that the line integral of 4" = — % U9,U" over the electron’s trajectory is generally
non-vanishing. It represents the phase acquired by the electron as it passes through
the local magnetization and is related to the net chirality of the local magnetization
under the Abelian (adiabatic) approximation, AC" =0 aﬂ where ai" is the top left
diagonal element of the gauge field matrix ACh Exp11c1t1y

o =_ﬁ[ﬂja_¢.a_”= (ma,n, [7.42]

e 2 on arp Don

where it can be shown that ¢ ' is a magnetic monopole in the space of local spin.
The spin orbit potential is:

A% = ao’[(n E —nkE)i+(nE —nkE)j+(nE —n E)k] [7.43]
The requisite conditions for the adiabatic approximation are:

1. An electron motion which is sufficiently slow to allow its spin to relax and
align along the local spin texture. This condition can be met as the drift
velocity in the magnetic system is fairly low.

2. The diagonal components of 4, = 4,° + 4" = U EO'eWU'—%UayUT is

sufficiently large in magnitude to ensure a large energy difference between the
spin up and down eigenstates, and hence little mixing between the two
eigenstates (i.e. relatively small non-diagonal components). This can be
satisfied in systems with moderately strong magnetization.

In the adiabatic system where spin is constantly aligned to the local field, there is
no probability of the spin assuming its other eigenstate. One can apply a continuous
unitary transformation to the Hamiltonian such that the spin reference axis (z) in
the rotated frame coincides with the local b field direction. From the standpoint of
electrodynamics, the gauge potentials Aio and A/C;” due to SOC and chiral spin
texture, respectively, give rise to an electromagnetic interaction between the
current and the local spin, and results in an interaction energy density term:

E,=(e iAo,

Ch a('/' Ch
=a|j|nE -nE +2\+j|nE -nE+=—|+j|nE —nE +% || [7.44]
x vz z7y o 'y zx xz a z x Ty vy x o
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wherea,=ay,  dn,j, is the charge current density and 4, = A[jo + Alcth. Itis worth

noting thatE, = <(pr | .4, ‘(pr> implies carrying out E, = [ y'A.V y — (Vyh). 4 y
d>x in the adiabatic limit, i.e. considering spin aligned to moment only. In the

presence of SOC, the gauge and hence the total anomalous velocity admits an
i

additional term to become A“ =aU E,.O'/.SWUT - zl Ua”U*.

Exercise 7.7

Prove the following identities:
(1) 8mk1 €,u=9, (Skn - 6mn 6kq

qnl — “mgq
o(x—a)
(2) 6(g(x) = Za,gwm'(ﬂ*"m

The standard expression of the curvature of a field is:

ie
qu = a“A‘, —8‘,Ap —g[Ap,Av]

Show that the above is reduced to -ﬂU[aﬂ,av] U, and thus for any
e

integrable function represented by U, this curvature term vanishes.

Solution

Make use of 9, (utruy=ut 8,U+(, Uhu.

Since the gauge field derives its form from the electron spin relaxation to the local
moment texture in the presence of SOC, the corresponding equation of motion
(EOM) thus describes the above effect on the dynamics of the local magnetic
moment. Generally, the local moment will adjust its orientation in order to achieve
minimum energy. Thus, one would expect the local moment dynamics to be
governed by the energy gradient with respect to a change in the local moment
orientation. As in conventional LLG physics, we can regard the equilibrium state
as one in which local moments are aligned along an effective magnetic field,
which is given by the energy gradient with respect to the local moment, i.e.

" 1| [ on, P da“" on, P aayCh
=— a—Eeg +——|+j|la—E¢g +
w,M G R it T A R M ™
il P, [7.45]
T % n BT o

where n = M/M and y, = 4z x 1077 TmA™". Note that the derivation applied to the
gauge potential due to chiral spin texture is a functional derivative. By inspection
the above shows cyclical nature and can be summarized as follows.
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Exercise 7.8
1 OE
Show by H = ———™ the results of Eq. 7.45.
U, M on
Solution
1 oEint
u,M on

N on, on,_ 73 +laaf" . aiE _aan +i8af”
B u, M an * on, o on Iy on, * on. ° o on,

| on, on, 1 9a“" ).
lan BT B e |

If we consider the low-damping limit, the local moment will precess about the
effective field, so that the general EOM can be written as c;—]‘;[ =yYM X H where y
is the gyromagnetic ratio (in units of A™' s™1). In fact, the precessional motion is
analogous to the dynamical expression of % =8 X H, for a spin S in the presence

of an effective magnetic field H, which arises due to the non-commutative spin
algebra of [aﬂ, o= ZZO'K - In the classical description (.Of the micromagnetic
method) where the spin operators ¢ are replaced by magnetic moment vectors M,
such non-commutativity disappears. One can, however, use the well-based

phenomenological approach to write:

M _ y y on 04,
H=" —LE -1 4
I ﬂo nXx 0 ”X{h {a o o T+ o [7.46]

To analyze the contribution from the chiral gauge component, one recalls ac” =
B

0 n_and notes the relations of €., —"** = 2n,_, which merely reiterates that

v
L pon u'y afy a
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a,. . (n) is a magnetic monopole in the space of Cghe local magnetization as

described earlier. Taking note of the fact that £=%(8”n‘,), the EOM
n

results in: on
on
dﬂ:lnle a—+Eg,
dt on M
ih
_l_[(nvaln_ —nd,n)i+(nd,n —ndn)j+(ndn - n‘,alnr)k]]
o LV TGN =M T RO, KOy T,
on ih
=lnle[aa—’:’Ev8M—znxaln] [7.47]
0

Exercise 7.9

Show that the EOM due to both SOC and local spin texture can be written
in a more compact form of:
aM vy .

z ih P
dr U, Iy | G €, —;nr MEp | €c Eape

Solution

on j
dﬂ:lenA(a—“Es —ﬁnra ne Je £
n, e

dt /.10 a v Auy A s rsB C T ABC

on

where taking 87“ = 6;18' yields the final form of the EOM.
B

The modified LLG equation in a continuously magnetic medium, taking into
account the effect of spin-polarized current and SOC, is given by:

am
?:y(Mj XH)+o,M x(M,xH)

) oM, oM, )
+ /| acM, x| M, x 7 +h| M, x 7 +dCM"XaMf M,Eg,, [7.48]

where a, is the damping constant, a, b are the usual spin torque constants in a
magnetic system (e.g. domain wall or magnetic medium with chiral local moment
texture) and subscript ‘C” denotes a medium with continuous local spin variation.
For comparison, the corresponding LLG equation for a discrete magnetic medium,
in which current acquires the spin polarization of one medium (i.e. M) and passes
on to an adjacent medium (i.e. Mf), is as follows:
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am
7:y(M/.xH)+adex(Mf><H)

d .
+ aDM/X(MfXMp)-i_bD(MfXMp)+dCM/'x87]AM E ¢

JEg,, | [7.49]
7

where a,, and b, are the corresponding spin torque constants and subscript ‘D’

denotes a medium with discrete local moment variation.

Physically, discrete magnetic systems include magnetic multilayers which are
widely used in technologically important devices, e.g. spin valve and magnetic
tunnel junction. In such multilayers, there are discrete changes in the magnetization
direction across the interfaces. Typically, in such a system, the fixed magnetization
layer Mp is used to generate spin current which exerts a spin torque on the free
magnetization layer M. It is important to note that, notwithstanding the different
forms of the LLG equations in the continuous and discrete systems, the influence
of spin orbit coupling on local spin dynamics occurs in both systems. It is worth
noting in the discrete multilayer system that the spin orbit-induced local spin
dynamics does not depend on the fixed magnetization of the adjacent layer. In
short, spin injection is not needed to effect spin transfer in the free magnetization
layer; thus, from the technological point of view, spin dynamics in magnetic
system with SOC is suitable for single layer CIMS.

Figure 7.3a is a schematic diagram of a magnetic multilayer structure used
conventionally in devices such as the spin valve recording head of a hard disk
drive and the magnetic tunnel junction of magnetic random access memory
(MRAM), while Fig. 7.3b illustrates a diluted magnetic semiconductor (DMS) in
the form of a 2DEG structure of a III-V high-electron-mobility transistor (HEMT)
device with large Rashba spin orbit coupling.

\]JX T<_; £
N0 <>

() (b)

73 (a) Magnetic multilayer with in-plane (My, M,) or out-of-plane (M,)
local spin, and current passing in a perpendicular-to-plane direction
through the multilayer. (b) 2DEG of a HEMT made of DMS material
with in-plane local spin (My) and current passing in-plane along the x
direction. The electric field due to structural inversion asymmetry aligns
along the z direction, resulting in Rashba SOC.
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In the above systems, the H field due to spin orbit coupling and j_is:

o
H = L AP (n,E.~nE,) [7.50]
M|on_  on "~ on,
i (0E —-j{aE )
which simplifies to Hfosz) and H*° =—"—2-_ The spin orbit
' My M ’ My M

induced H*° can be treated like the externally applied magnetic field that might
switch the local moment of a magnetic medium.

We will compare the strength of H*° for various SOC systems with fixed values
of j,=10" Am2and M=5 x 10" Am". For a typical InAs/InGaAs Rashba
2DEG with a, = 10712 eVm, k.= 8 x 10 m™!, the vacuum equivalent electric field
can be worked out to be approximately 10'3> V m™!. The bare electron mass my is
considered in vacuum, but in 2DEG, the effective mass is m, = 0.05m,. The SOC

RVF?
J.(ak,)
M

The switching fields for common ferromagnetic metals are given in Table 7.6.

Additionally, in some rare earth ferromagnetic metals (e.g. Gd), where the
Rashba constant could be as high as a, = 10710 eVm, one finds that correspondingly
(aE_)=18.6 x 107 T m. The corresponding H** = 1.3 x 107 Am™! is large. Thus,
for magnetic devices made from these rare earth elements, it may be possible to
utilize the high H*° to achieve CIMS at a much reduced threshold current density.
Table 7.7 gives a summary of the numerical estimates.

It is worth noting that the effect of spin transfer switching due to SOC elucidated
here is in addition to the other previously described sources of spin transfer torque
such as the s—d coupling between local spin and the spin-polarized conduction
electrons. A low magnetization for the local spin generates a higher H*°. This is
because the interaction energy is a function of the magnetization direction but not
its magnitude. Thus, for a given current density, the resulting field H*° will be
more efficient in switching a magnetic material with a lower magnetization.

We have modified the phenomenological LLG equation by incorporating the
effect of spin orbit coupling. We obtained a general EOM for the local spin by
formally deriving the SU(2) spin orbit gauge field arising due to spin orbit
coupling, in addition to the previously derived topological U(1) ® U(1) chiral
gauge due to adiabatic relaxation of electron spin to local spin texture. The full

energy of a specific material system is —e<aE_>k =, k., and one works out
" :

(aE) = 4.3 x 107! T m, which, in turn gives H>’ = =6.5%x10° Am™.

Table 7.6 Switching fields for a few common ferromagnetic materials

Fe Ni Co
565 Oe 233 Oe 7429 Oe
45%103 A m™" 18.5x103 A m™" 591x103 A m™’
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Table 7.7 Numerical estimates of the effective field H from the SOC effect and the
spin precession frequency about the effective field for different SOC sources

External electric 2DEG with Rashba 2DEG with Rashba
field (vacuum) SOC az=10""2eVm  SOC oz =10""0eVm

(0E)= "o (Tm) 3.2x 101 4.3 x 1010 8.6 x 107
fie m=m, m=0.06m, m=m,
Vacuum equivalent 107 2.7 x 10'3 2.7 x 10"

electric field (Vm~")
m=mya=32x10"22s

Effective switching 0.051 6.5 x 103 1.3 x 107
field HSO(AJ
m

Simple relation between he . m
vacuum SOC and am?c? pE=agk > E_aﬁe %n
Rashba SOC fi

where o = 5

c

Note: Current density is j, = 10™ A m~2 and the magnetization of local spin is M =5 x 103
Am.

LLG equations were presented for both cases of continuous and discrete
spatial variation of the local spin texture. The EOM in the LLG form will be
applicable for micromagnetic or spin transport simulation across domain walls
and in multilayer magnetic devices. We have also discussed the implications
of our results in various spintronic applications; for example, SOC contribution
to the spin torque will have direct relevance to CIMS operation in terms of
the critical current density for switching or magnetization noise. In addition, the
SOC has a substantial effect on the local spin trajectory and resonant frequency,
which can be readily modified by voltage or current biasing. This tunability is
particularly relevant to the generation of microwave oscillation in nanomagnetic
devices.

7.7 Dirac string and monopole properties

To determine the vector potential for a regular monopole field is not a trivial task.
In fact a single vector potential function which is regular everywhere on the S,
manifold probably does not exist. We would like to remind readers that a (V x
AB) based on one gauge expression (either north or south pole) will necessarily
yield a vanishing surface integral over the entire S> manifold, due to the Dirac
string. Whereas in modern understanding where (V x 48) is based on at least two
gauge expressions, the curvature is regular everywhere even though the individual
gauge expression is not, and the surface integral of such regular curvature will be
a non-vanishing quantity as the string can be avoided. Here we will show using
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the south pole gauge that the Dirac magnetic field has a string. The vector form of
the Dirac potential is:
5o hxk) _hbi-bj
2eb(b—b.k) 2eb(b-b.)

[7.51]

At first sight, the curvature of the above potential may appear to be
(VB X A“): fib
2

eb’’

However, the expression is incomplete because it does not

fully capture the fact that the Dirac potential is not a regular function; it is singular
along 6 = 0 but regular along # = 7. A proper approach is to first regularize the
Dirac potential by inserting a > to R so that # = 0 can be negotiated, and derive
the regularized magnetic field. The regularized potential is:

45 = n(bxk)

" 2e¢R(R-b.k) [7.52]

where R? =5+ bzy +b2_+ €. The regularized magnetic field can be shown to be:

hb h e e
Q(be)=————| — m— n,. [7.53]
2¢ R° 2e\ R°(R-b) R(R-b)

Lifting regularization, which simply means presenting a modified expression that
resides in both the regular and the singular regions, one obtains:
limQ (b e)=££—£47r0(b )6(b.) 6(b,). [7.54]
€0 ’ 2e B 2e : ! 7
Equation 7.54 consists of two parts, the regular magnetic monopole and the
singular Dirac string. The curvature of Eq. 7.54 vanishes as $Q - dS = $Q_ . dS +
gﬁQsm.ng . dS = 4ng — 4ng = 0, noting here that the monopole has been separated
into the regular and the string parts. This clearly shows that the south pole Dirac
potential used above cannot be a correct representation of the vector potential for
a magnetic monopole.

It is thus necessary to find a correct representation and this task was completed
with the modern theory of fiber bundle. In this treatment, it is important to
understand that there should exist at least two gauge expressions on the S°
manifold in order to provide a non-vanishing § (V x 4%).dS over the manifold.
In fact by Stokes’ theorem, one sees that the surface integral of the monopole field
is the line integral of the gauge field. To illustrate this more clearly, one resorts to
the differential form which is related to the vector quantity as follows:

=T 9 =T
A_ze(l cose)(abj db—ze(l cos0)do [7.55]

dA=(V x A).dS [7.56]
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In Eq. 7.55, 4 is expressed as a 1-form. Performing an exterior differentiation
of 4 following standard definitions in differential geometry will lead naturally to
Eq. 7.56, which is the dot areal product of the curvature. b is the parameter of an
arbitrary space (e.g. the B space) and dS is in the same space too. In fact Eq. 7.56
is neither unique nor is it a complete form of the gauge potential. The gauge
should be expressed as one of Eq 7.57, depending on the chart which covers the
S7 surface on which A is defined, where b is the radius of S7.One example set of
two charts that overlap but completely cover the S i manifold is:

AS:—£ﬁme9W¢ AN=§;vwmew¢ [7.57]

dA™N is defined everywhere on S? except the —z axis, while d4° is defined
everywhere except the +z axis. Equation 7.29 is the differential form of the Dirac
gauge potential in the spherical polar coordinates. For comparison in Cartesian
coordinates, the differential form of the Dirac gauge is:

b b b 5
7L B . S LN s T S BT
2e\ b(b—b) b(b-b,) 2e\ b(b+b) b(b+b,)

where b is the required coordinates in Cartesian form. Since AV is related to 4 by
AN= A5+ d0, it is obvious that d4S = dA™ which shows dA is unique. In summary,
A is not globally defined throughout S2, otherwise | d4 # 0; in other words, if
there is a vector 4 such that its curvature has no singularity and 4 is unique, then
[ d4 # 0. Now with the Dirac gauge potential defined on the north and south
charts, one can then perform the surface integral of these gauge potentials as:

$ Q.dS =GV x A).dS+§(V x A°)dS =2ng + 2mg =4ng [7.59]
N N

avoiding the string of each gauge potential.

7.8 Conclusion

We have provided a modern theoretical syllabus which covers recent developments
in nanoelectronics, e.g. spintronics, graphene electronics, topological-based
electronics, single-electronics, and others. Readers are constantly reminded that
electrons in these systems are not only treated as charged particles but ones with
internal degree of freedoms, e.g. spin, valley spin and pseudospin. In a nanoscale
device, electrons propagate in an environment with periodic crystal, random
impurity and device boundary potentials, subject to inter-particle interaction. Pure
condensed matter physics focuses on the inter-particle interaction effect on phase
transition. But nanoelectronics ought to focus on interaction effects on electron
motion. Although inter-particle interaction has not been discussed in detail, the
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framework for future inclusion of these effects has been provided under the
Kubo and the non-equilibrium Green’s function (NEGF) formalisms in Chapters
3 and 4. The application of external fields is crucial for the operation of
any nanodevice. It is thus important to consider the screening and the non-
equilibrium physics. A large portion of Chapters 3 and 4 is devoted to discussing
the non-equilibrium electron transport which takes into account its internal degree
of freedom.

In Chapters 5 and 6, we introduce spintronics and graphene electronics
since both areas are becoming technologically important. Chapter 7 discusses the
new and important idea of topological and curvature effect. The current
descriptions make no distinction between a bulk condensed matter and a nanoscale
device channel, opening doors for future work. The recent discovery of a
topological insulator is certain to further underpin the importance of topological
physics.

Many physical phenomena discussed here are solely of nanodevice origin, e.g.
single-electron transport, Rashba effects, NEGF transport, and monolayer and
bilayer graphene physics. These physical effects cannot be found in natural
materials, but exist only in nanoscale devices fabricated to nanometer scale and
operated with external fields. This book should be expanded in the near future to
include the topological insulators, plasmonics and metamaterials.

Lastly we hope this book will bring widespread awareness that there is now a
need for theoretical physics to be defined and written for modern nanoelectronics.
Nanoelectronics is a highly technologically relevant area. In fact, technological
need is the only reason for its existence. The physics of nanoelectronics will be
the prevailing physics of the twenty-first century. May this book prevail upon all
young, creative individuals of today to participate in the future development of
this beautiful physics.
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Appendix 7.A Mathematical properties of
monopole fields

AlthoughANand AS are by no means unique on their own, they uniquely determine
a 1-form @ on the bundle space P which is a S;, where R is the radius of the
3-sphere. Here we provide the mathematical origin, the 1-form w on R, which is
given by:

©=i(=ydx, +xdy, — y,dx, +x,dy,) [7.A.1]

which is well-defined on the SZ ,S; and S; can be defined as:
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S; ={x,y,X,Y,)} R, :x]2 -+-y]2 +X§+y§ =1
Se={(x,y,2)} R, :x* +y’ +2° =1}
[7.A.2]

0 i€ . 0 i€. 0
One can re-parametrize such that SZ = {(zl,zz) = (cosae ’ s1n5e 2 j; 0< 5:

<

SRR

,ELE € R4}, where z, = x| + iy, z, = x, + iy,. It can then be seen that
_ 0 . 0 0 . .0 .
(X, X5 Yy, ¥y = cosicos £ smgcos £, cosgsm £, smzsm €, | and the
constrain: xl2 + J’12 +x§ + y§ =l is obeyed.
. 0 i . 0 i .
Every point of (z,, z,) = (cos Ees' , smE e ) € S; can then be mapped via:
P(0,¢€,,€,)=(sin O cos(g, — €,),sinBsin (¢, - €,), cosO) [7.A.3]

to a point on sz where 2: $*> — 2, which is in fact a form of Hopf mapping to
project the @ on S,i to S,f. In other words, the Hopf mapping 1 : SZ ) Z yields a
1-form gauge potential regular everywhere on S;.

One then carries out the operation such that every point of (z,, z,) € S; is
mapped, i.e.

|Zl|_ ZZ|ZI| _ 0 .0 ).
(z,,2,) > (2,,2,) X = |zl, Z = cosE,smEe J,

z

1
(z,2,) > (Z.:ZQ)le—zlz(%?l, Z2|} =(c0s§e’¢,sin§j.

[7.A.4]

The same point of (z,, z,) € S; can be re-expressed in two different forms known
as the sections, each corresponding to one part of the sz. We note that:

(cos g, sin g e'“”j corresponds to Uy, = S; —(0,0,-1)

(cosgei‘b, singl corresponds to U, = SZ —(0,0,+1).
2 2
[7.A.5]

Equation 7.A.4 can also be written in formal mathematics as:

s,(reU, onS%)= (cosg,smge‘“’);ss(reUs on Sz):(cosge“”,singj. [7.A.6]
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We have established the two sections of a particular point of (z, z,) € SZ, each

corresponding to a chart on sz. We will now work on the inclusion map (2°) of
these points on S;. One has 2°(z, z,) = (x|, X,, ¥, ¥,), which yields:

:l°(cosgeig' ,singeigl ] =(X,%,, 1,5 ¥,)

= (cosgcos €,,sin g COSE,, COS g sing,, sin g sing, ] [7.A.7]

>

The inclusion map performed on [|Z | ﬂ} and [ﬂ z ’J yields:
1] Zl 22 2 °

2°S,(rev, on Sz)::l{cosg,singe““’):(xl,yl,xz,yz)
:(cosg,o,singcosq),—singsinqu

o ) o 0 , .0

°S(reUs,onS*)=21 cos e sin - = (X, 5%, Y,)

— , —qf , 1 _’O 7.A.8
—(COSzcosq) C0525m¢ Sln2 j [ ]

The above simply means that the  defined in terms of (x,, y,, x,, ¥,) can be
re-expressed in terms of (0, ¢) on a re-parametrized S;. In summary, the gauge
corresponding to the north and south charts can be derived as follows:
A =308 yro= Ty dr +xdy, -y dv, +x,d
_Z( N) w_z(_-yl | TXay, —y,ax, X, yz)

h

=—|-0.d cosg +cosg.d(0)+singsin¢.d singcosq)
2e 2 2 2 2

+singcos¢.d —singsin(p =£(1—c0s9)d¢ [7.A.9]
2 2 2e
S h o * h
A :Z(: S) wzi(—yldxl +x,dy, = y,dx, +x,dy,)
=%(—cosgsin¢.d(cosgcos¢)
+cosgcos¢.d cosgsind) -0d sing +sin§.d(0)
2 2 2 2

= —£(1+c059)d¢ [7.A.10]
2e
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Noting the above, the gauge potential in the overlap regions are:

AV =45 +d 2214)). The transition functions are:
e

zz/‘zz‘ ) z/‘zl‘

8oy = =e”. [7.A.11]

The topological magnetic charge is Q= | dA™ =[dA* +dd (2 2h

e

¢j:JdAS.It is

thus apparent that one could avoid the singular part of Abe switching to 4% in
the overlapping region, thus avoiding the conceptual difficulty of the Dirac string.

© Woodhead Publishing Limited, 2012






Index

Anderson model, 43
annihilation operator, 19, 79
anomalous Hall effect (AHE), 167, 258-9
build up of transverse charge accumulation,
258
material system and longitudinal resistivity,
259
arc discharge, 49
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FMI1-NM interface, 188

Fourier transform, 3—7

fractional quantum Hall effect (FQHE), 123
free electron assumption, 59
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application of spin, 216-24
pseudospin electronics, 21619
valleyspin electronics, 219-24
bilayer, 210-14
Hamiltonian, 211-12
reduction of the Hamiltonian, 213-14
carbon for nanoelectronics, 198-242
deformation-induced gauge potential, 214-16
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discrete two-dimensional planar structure,
102-5
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single-band device finite difference
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Hamiltonian, 11, 16
Heisenberg equation of motion, 181
Yang-Mills force due to SOC, 182
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high-electron-mobility transistor (HEMT), 269
honeycomb lattice, 201
hybrid spintronics
semiconductor with metal spintronics, 39-43
bipolar spin valve transistors, 39-40
magnetic—electric field transistor, 41-2
metal-semiconductor spin injection
transistor, 40—1
Rashba spin orbit coupling spin field-effect
transistor (FET), 42-3
hyperfine interaction, 251

integer quantum Hall effect (IQHE), 122,
167-8, 228-31
monolayer and bilayer graphene showing
half and full integer shift, 230
physical quantities relevant to IQHE, 229
interference phenomena, 72

jellium, 52
k -space, 166

Keldysh formalism, 80, 92
Keldysh modification, 11
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Kirchoff law, 110
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forming stationary waves, 225
small vs.large bandgap raised barrier, 225
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one-dimensional tunnelling of particle with
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Kronig—Penny model, 601
Kubo conductivity, 33, 84-91, 260-1
Kubo-Greenwood formula, 11

Landau Fermi liquid theory, 68

Landau spin orbit coupling system, 160

Landauer—Buttiker method, 93

Langreth theorem, 93, 96

laser ablation, 49

light-emitting diode (LED), 199

linear response method, 88

local space, 263—4

localisation

Klein tunnelling, 224-8
quantum well which confines electron,
forming stationary waves, 225

small vs.large bandgap raised barrier, 225

longitudinal branch current, 106

Lorentz force, 122, 124

Lorentz magnetic field, 253

magnetic field
magnetic space — monopole, 245-51
gauge potential in B and K spaces, 248
gauge potential of the eigenstate
representation, 247
momentum space — spintronics, graphene and
topological insulators, 251-8
SOC and other spinor system, 254-5
SOC system, gauge and corresponding
Berry’s phase, 256
spin current and spin orbit coupling (SOC),
158-63
magnetic random access memory (MRAM),
25,38
magnetic space
magnetic field — monopole, 245-51
gauge potential in B and K spaces, 248
gauge potential of the eigenstate
representation, 247
magnetic system, 121-34
magnetic field and Hall effects, 122-3
classical Hall effect illustration, 122
electron states under applied magnetic
fields, 123
non-collinear electron spin and magnetic
field, 1324
electron spin direction relative to magnetic
moment, 132
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non-equilibrium electron transport under
magnetic vector potential, 129-32
discrete sites along electron conduction
path, 129
quantum Hall effects, 123-9
degeneracy and filling factor, 124-9
electron bound state in flux quantum area,
125
electron bound states and distribution in
space, 126
electron bound states distribution in 2D
system, 124
IQHE system density of states, 127
magnetic tunnel junction, 25, 38, 143
magnetic—electric field transistor, 41-2
MOSFET with ferromagnetic gates, 41
magnetisation switching, 38
masslessness, 2368
Master equation approach, 45
mathematics
nanoscale systems, 1-22
basic quantum mechanics, 7-18
Fourier transform and Dirac delta
functions, 3—7
second quantisation for electron
accounting, 19-22
vector calculus, 1-3
Matsubara approach, 89
Matsubara Bosonic frequency, 89
mesoscopic physics, 91
metal-based spintronics, 142-3
metal-oxide-field-effect-transistor (MOSFET),
143
metal spintronics, 35-9
complicated spin valve structures, 38
giant magnetoresistance (GMR) and spin
valves, 36
CPP-type GMR device schematic, 36
half metal spin valve, 37
modern CPP spin-valve devices, 37
magnetic tunnel junction and spin torque
devices, 38-9
typical MRAM array, 39
tunneling magnetoresistance (TMR) and
spin valves, 367
metal-oxide—semiconductor field-effect
transistor (MOSFET), 24, 73, 98
molecular electronics, 46—8
device features summary, 47
momentum space, 260-3
magnetic field — spintronics, graphene and
topological insulators, 251-8
SOC and other spinor system, 2545
SOC system, gauge and corresponding
Berry’s phase, 256
SHE in semiconductor spintronics, 263
monolayer graphene, 201-7
monopole field
magnetic field in magnetic space, 245-51
gauge potential in B and K spaces, 247

gauge potential of the eigenstate
representation, 247
mathematical properties, 276-9
properties and Dirac string, 271-3

nanoelectric devices
spin dynamics, 118-39
magnetic system, 121-34
non-equilibrium spin current, 137-9
second-quantised spin orbit coupling,
134-7
simple two-current system, 119-21
spin current and transport, 118-19
nanoelectronics, 23
graphene and carbon nanostructure,
198-242
application of graphene spin, 216-24
carbon electronics, 198-201
deformation-induced gauge potential,
214-16
graphene bilayer, 21014
graphene monolayer, 201-7
helicity and masslessness, 236—8
integer quantum Hall effect, 228-31
Klein tunnelling and paradox, 238-42
localisation and Klein tunnelling, 2248
relativistic quantum mechanics, 234—6
spintronics and spin Hall effects, 141-197
overview, 141-4
semiconductor spin transport, 1447
SHE in the Rashba 2DEG system,
169-82
spin current under magnetic fields and
spin orbit coupling (SOC), 158-63,
194-7
spin drift diffusion for collinear spin valve,
1834
spin drift diffusion for non-collinear spin
valve, 184-8
spin dynamics under spin orbit gauge,
163-7
spin orbit coupling (SOC) and Zeeman
effects, 147-58
topological dynamics and gauge potential,
243-79
anomalous Hall effect (AHE), 258-9
Dirac string and monopole properties,
271-3
gauge physics, 243-5
magnetic space — monopole, 245-51
momentum space — spintronics, graphene
and topological insulators, 251-8
monopole fields mathematical properties,
276-9
spin torque induced by spin orbit coupling,
264-71
topological anomalous Hall effect,
259-64
nanoscale devices
electron dynamics, 78-116
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device current formalism, 105-116
electron propagation, 93—105
electron transport, 78—9
equilibrium Green’s function in electron
transport, 79-83
general Kubo conductivity, 84-91
linear response electric current, 83—4
non-equilibrium electron transport, 91-3
nanoscale electronics, 23-74
electron localisation, 72—4
physical length scales of modern
nanoelectric devices and systems, 74
electronic background, 51-2
emerging devices and systems, 34-51
carbon nanotube transistors, 48-9
graphene electronics, 50—1
hybrid and semiconductor spintronics,
39-43
metal spintronics, 35-9
molecular electronics, 46—8
single electronics and quantum dot, 43—-6
interacting electron gas, 6372
electron-electron interaction scalar
strength, 65-72
electron exchange energy, 63—5
jellium illustration, 53
nanoscale condensed matter physics, 32—4
dicrete regions in a standard closed system
device, 34
lead effects on central region non-
equilibrium electron density, 34
non-interacting electron gas, 5262
background energy, 53—4
electron kinetic and direct energy, 54-8
energy band, 58—62
nanoscale physics, 23-74
nanoelectronics and nanoscale condensed
matter physics, 324
nanoscale electronics, 23-32
nanoelectronic fields schematic
description, 31
nanoelectronics overview, 31-2
one dimension nanostructures, 27—-8
relevant fields summary, 30
relevant knowledge areas, 29-31
three dimension nanostructures, 25-6
two dimension nanostructures, 26—7
zero dimension nanostructures, 28-9
nanoscale systems
basic quantum mechanics, 7-18
Greens’ function, 11-18
vector spaces, 711
Fourier transform and Dirac delta functions,
3-7
Dirac delta functions relations and
identities, 4
Dirac delta smooth functions
representation, 6
Fourier transform identities summary, 4
physics and mathematics, 1-22

Index 285

second quantisation for electron accounting,
19-22
vector calculus, 1-3
vector identities summary, 2
nanostructures
one dimension, 27-8
modified transistor device, 28
three dimension, 25-6
multilayer spin valve diagram, 26
two dimension, 267
2DEG device schematic, 27
zero dimension, 28-9
metal island or quantum dot structure
schematic, 29
NM spacer, 187
NM-FM?2 interface, 188
non-Abelian gauge SHE, 177-82
non-collinear spin valve
spin drift diffusion (SDD), 184-8
Col-Cu-Co2 pseudospin-valve trilayer,
186
spin diffusion length for Co and Cu, 187
non-equilibrium effect, 18
non-equilibrium Green’s function (NEGF), 34,
48,93, 143
non-equilibrium transport, 84
number operator, 19

‘orthodox’ rate equation see tunneling rate
equation

Pauli exclusion principle, 19
perturbation theory, 68
phase relaxation length, 72
phase relaxation time, 72
phenomenological physics, 35
physics
nanoscale systems, 1-22
basic quantum mechanics, 7—18
Fourier transform and Dirac delta
functions, 3-7
second quantisation for electron
accounting, 19-22
vector calculus, 1-3
pseudospin, 205-6
analogies of spin Hall and spin torque, 217
electronics, 216-19
relation, 227-8
pseudospin orbit coupling, 218-19
pseudospin valve (PSV), 185

quantum field theory, 79
quantum Hall effects, 123-9
quantum mechanics, 7-18
Greens’ function, 11-18
vector spaces, 7—11
quantum valley Hall effect, 223
illustration, 224
quasi one-dimensional structure see graphene
nanoribbon (GNR)
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Rashba 2DEG system
SHE, 169-82
theories that explain spin transverse
separation, 171
vertical SHE in a semiconductor system,
170
Rashba spin orbit coupling (RSOC), 264
Rayleigh—Ritz principle, 68
relativistic quantum mechanics, 234-6
different representation for the Dirac
matrices, 234
identities involving the o matrices, 235
retarded Green’s function, 14

Schotkky barriers, 40, 49
Schrodinger equation, 15
Schrodinger’s wavefunctions, 7
second quantisation, 54
electron accounting, 19-22
second-quantised representation, 22
semiclassical transport theory, 35
semiconductor spin transport, 144-7
various techniques for the electrical
generation of spin current, 145
semiconductor spintronics, 143—4
SET-spinFET device, 44
Shubnikov—de Haas, 127
Si-MultilayerFM-Si, 40
single electron tunneling, 43
single electronics, 43—6
single electron spintronics, 44
hybrid SET-spinFET device and single
electronic system schematics, 44
single electron tunneling transport
modelling, 45-6
sequential tunnelling events in SET
devices, 46
single-particle electron dynamics
momentum space, 1667
real space, 164—6
solid state memory, 38
spectral function, 16
spin current, 138
magnetic fields and spin orbit coupling
(SOC), 158-63
spin-dependent Yang—Mills SU(2) force, 180
spin diffusion length (SDL), 184
spin drift diffusion (SDD), 39, 142-3
collinear spin valve, 183—4
phenomenological solutions for spin
accumulation, 185
typical multilayer spin valve, 183
non-collinear spin valve, 184-8
Col-Cu-Co2 pseudospin-valve trilayer, 186
spin diffusion length for Co and Cu, 187
spin dynamics
magnetic system, 121-34
magnetic field and Hall effects, 122-3
non-collinear electron spin and magnetic
field, 1324

non-equilibrium electron transport under
magnetic vector potential, 129-32
quantum Hall effects, 123-9
nanoelectric devices, 118-39
non-equilibrium spin current, 137-9
spatial distribution of electrons in a
nanostructure, 138
spin current expressions summary, 139
second-quantised spin orbit coupling, 134-7
simple two-current system, 119-21
spin current and transport, 118-19
spin field-effect transistor (spinFET), 143—4
spin flipping effect see spin orbit coupling
spin Hall conductivity, 173—4
spin Hall effect, 167-9
effects involving charge and spin degrees of
freedom of electrons, 169
nanoelectronics, 141-197
pseudospin analogies of spin torque, 217
Rashba 2DEG system, 169-82
electron acceleration and spin precession,
1724
non-Abelian gauge SHE, 177-82
time-space gauge theoretic, 175-7
semiconductor spin transport, 1447
semiconductor spintronics and their
respective universal conductivity, 168
spin current under magnetic fields and spin
orbit coupling (SOC), 158-63, 194-7
spin drift diffusion for collinear spin valve,
1834
spin drift diffusion for non-collinear spin
valve, 184-8
spin dynamics under spin orbit gauge, 1637
single-particle electron dynamics in
momentum space, 1667
single-particle electron dynamics in real
space, 164—6
spin orbit coupling (SOC) and Zeeman
effects, 147-58
spin orbit coupling, 42, 134-7
spin current under magnetic fields, 158-63
spin torque, 264-71
magnetic multilayer and 2DEG of HEMT,
269
numerical estimates of the effective field H
from SOC effect, 271
switching fields for ferromagnetic
materials, 270
Zeeman effects, 147-58
dispersion relation and cross-section of
Rashba bands, 150
Dresselhaus constants for semiconductor
materials, 151
matrix components of /' @ and '@ in
compact notation, 14
schematic diagram of a device
nanostructure, 154
spin eigenstates of Dresselhaus-Perel
system, 154
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system, 157
systems commonly studied in spintronics,
152
vector and tensor identities, 149
spin orbit gauge, 1637
spin polarisation, 175
spin precession, 172—4
spin relaxation, 158
spin torque
pseudospin analogies of spin Hall, 217
spin orbit coupling, 264—71
magnetic multilayer and 2DEG of HEMT,
269
numerical estimates of the effective field #
from SOC effect, 271
switching fields for ferromagnetic
materials, 270
spin transfer torque, 38-9
spin valve transistors, 3940
spin valves, 25
spintronics, 216
collinear spin valve, 183—4
magnetic field in momentum space, 251-8
nanoelectronics, 141-197
non-collinear spin valve, 184-8
overview, 1414
metal-based, 142-3
semiconductor, 1434
semiconductor spin transport, 144—7
SHE in the Rashba 2DEG system, 16982
spin current under magnetic fields and spin
orbit coupling (SOC), 158-63, 194-7
spin dynamics under spin orbit gauge,
163-7
spin orbit coupling (SOC) and Zeeman
effects, 147-58
sub-band configuration, 25

time-space gauge, 175-7
Hamiltonian in the laboratory and
transformed frame, 175
rotation of eigenvector and generation of an
effective Zeeman field, 176
topological anomalous Hall effect, 259-64
topological dynamics
anomalous Hall effect (AHE), 258-9
Dirac string and monopole properties, 271-3
gauge potential in nanoelectronics, 243—79
magnetic space — monopole, 245-51
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momentum space — spintronics, graphene and
topological insulators, 251-8
monopole fields mathematical properties,
276-9
spin torque induced by spin orbit coupling,
264-71
topological anomalous Hall effect, 25964
local space, 2634
momentum space, 2603
topological insulators, 251-8
tunneling magnetoresistance, 36—7
tunneling magnetoresistance (TMR), 143
tunneling rate equation, 45
two-dimensional electron gas (2DEG), 143

valley electronics, 51
valley filtering, 2202
valley Hall effect
Berry curvature, 222-3
illustration, 223
valley-orbit coupling, 2234
valleyspin, 206—7
electronics, 219-24
valleytronics, 219
vector calculus, 1-3
vector spaces, 7—11
second quantised fermionic operators
identities, 8

Wick’s theorem, 89-90
Wigner crystal, 68
Wigner—Seitz radius, 68
write line method, 41

Yang-Mills gauge potential, 181
Yukawa term, 53

Zeeman effects
spin orbit coupling (SOC), 147-58
dispersion relation and cross-section of
Rashba bands, 150
matrix components of /', @ and X' in
compact notation, 14
spin eigenstates of Dresselhaus-Perel
system, 154
spin polarisation of Dresselhaus-Perel
system, 157
vector and tensor identities, 149
Zeeman magnetic field, 175
zero momentum transfer, 55
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